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1. A solid circular bar of radius a and length L with bottom surface z = 0, is (15)
subjected to a radial traction on its lateral surface of the type p1 + p2z with
the top and bottom surfaces traction free. The displacement and stresses are
given by

2µur = −

[

A

2
+ (1− ν)(Â1 + 2Â2z)

]

r,

2µuz = (A + 2νÂ1)z +
[

(1− ν)r2 + 2νz2
]

Â2,

τrr = −
A

2
− (1 + ν)(Â1 + 2Â2z),

τθθ = −
A

2
− (1 + ν)(Â1 + 2Â2z),

τzz = A,

τrz = 0.

Assuming that the stress field satisfies the equilibrium equations, evaluate
the constants A, Â1 and Â2.

2. Take the dot product of the equilibrium equations ∇x · τ + ρb = 0 with (25)
the displacement vector u, and integrate over the domain V occupied by the
body. By using appropriate tensorial identities (that you should derive), find
a tensorial expression that relates the strain energy to the work done by the
loads.

Now consider a circular cylinder of radius a and length L with polar moment
of inertia J that is subjected to a torque T by applying suitable tractions on
the top surface z = L with the lateral surfaces traction free, and the bottom
surface z = 0 fixed. By taking

uθ = αrz,

τθz =
Tr

J
,

with the remaining displacement and stress components zero, evaluate the
constant α using the equation that you have derived earlier. Ignore body
forces.
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Figure 1: Problem 3.

3. A prismatic bar with cross section as shown in Fig. 1 is subjected to a distri- (30)
bution of tractions on its top and bottom surfaces with the lateral surfaces
traction free. The equation of the surface of the cross section is given by
r = 4 sin2(θ/2) (or

√
r = 2 sin(θ/2)). The expressions for the nonzero stresses

(which satisfy the equilibrium equations) are

τrz = c1r
−1/2 cos

θ

2
+ c2 sin θ,

τθz = c3r + c2 cos θ − c1r
−1/2 sin

θ

2
,

τzz = c4r sin θ.

By using the appropriate boundary conditions, find the constants c1, c2, c3
and c4 in terms of the torque T and bending moment M applied about the
x-axis. Note that a stress singularity at r = 0 is permitted in this problem
(due to the notch there). Also write the expressions for the net force vector
on the top cross section. You need not evaluate the integrals that arise, but

they should have the proper integration limits.

4. Consider the bending by a terminal load of a beam of rectangular cross section (30)
as shown in Fig. 2 The nonzero stresses in terms of a harmonic function χ
are given by

τxz
G

= −αy +
∂χ

∂x
−

κx

4

[

3x2 + y2 + 2ν(x2
− y2)

]

−
κyxy

2
(1 + 2ν),

τyz
G

= αx+
∂χ

∂y
−

κxxy

2
(1 + 2ν)−

κy

4

[

x2 + 3y2 + 2ν(y2 − x2)
]

,

τzz = −E(L− z)(κxx+ κyy),

κx =
IxxWx + IxyWy

E(IxxIyy − I2xy)
, κy =

IxyWx + IyyWy

E(IxxIyy − I2xy)
.

You may guess the value of α (with proper justification). Choose the appro-
priate expression for χ from among

χ = c1(x
3
− 3xy2) + c2x+

1

G

∞
∑

m=1

Ama

(2m− 1)π
sin

(2m− 1)πx

a
cosh

(2m− 1)πy

a
,

2
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Figure 2: Bar of rectangular cross-section acted upon by a statically equiva-
lent load P through its centroid.

OR

χ = c1(x
3
− 3xy2) + c2x+

1

G

∞
∑

m=1

Ama

2mπ
cos

2mπx

a
sinh

2mπy

a
.

based on symmetry considerations (Justify your choice). Then solve for the
constants c1, c2 and Am using the appropriate boundary conditions. Integrals
in the denominator should be evaluated. You need not evaluate the integrals

that arise in the numerator, but they should have the proper integration limits.

Some relevant formulae

∇φ =









∂φ
∂r

1

r
∂φ
∂θ

∂φ
∂z









,

cosh x =
1

2
(ex + e−x),

d(cosh x)

dx
= sinh x,

sinh x =
1

2
(ex − e−x),

d(sinh x)

dx
= cosh x,

τ = λ(tr ǫ)I + 2µǫ, sin θ = 2 sin
θ

2
cos

θ

2
, cos θ = 1− 2 sin2

θ

2
.
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