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. Let S denote the surface, V' denote the domain of a body, ¢ denote the static (30)
traction field acting on S, and 7 the stress field. The body force and the
acceleration can be assumed to be zero throughout this problem.

(a) If Q(t) € Orth", determine if QTQ is skew-symmetric, symmetric,
orthogonal or none of these.

(b) T
/SQt (Qz)dS = a,

where « is a constant, determine « by converting the left hand side of
the above equation to a volume integral using the divergence theorem,
and then simplifying. Justify every step in your derivation. You may
directly use the Cauchy relation relating the traction and stress fields.

. A rigid inclusion of radius a is inserted into a hole of radius @ in an unbounded (25)
domain, and its surface is bonded to the surface of the hole as shown in Fig. 1.

The rigid inclusion is rotated by an angle ¢ about its axis so that for example,

the point A on the periphery of the hole is now displaced to point B as shown

in the figure. The relevant plane-stress solution is given by

2(1 F ~ A 1 A
2Fu, = —% +4(1—=v)rCy +2 {(1 — 3v)r*Cy + %} cos 6
+2 [(1 — 3v)r?D, + %} sin 0
r
+(1+v)(3—v)logr(Jecosf — Hysinb)
2(1 E: ~ 1 A_
2Fug = —% +2 {(5 +v)r?Cy + W#} sin 6
A 1 B_
-2 {(5 +v)r*Dy + %} cos 6
T

— Hy(1+v)(1+v+ (3—v)logr)cosf
—Jo(1+v)(14+v+(3—v)logr)sinb
o LA . B_
Trr:—21—|—201—|—2<TCQ——32)C089+2<TD2——32)SH’19
r r r
(34 v) (Jocos® — Hysin6)
+ 2r




F R , A ~ B
Tog = ——; +2C, + 2 <37’CQ + —32) cost + 2 <3TD2 + —32) sin 0
r r r

N (1 —v)(Hysin® — Jycosd)

2r
F. , AL - B_
Trg = —22 +2 <7’CQ — —32) sinf — 2 <7’D2 — —32) cos 6
r r r
(1 —v)(Hycosf + Jysinf)

2r

State the boundary conditions with respect to the polar coordinate system
(Hint: Find in Cartesian and then transform to polar). Determine the
nonzero constants in the above solution. Finally, determine the in-plane
principal stresses at r = a in terms of the nonzero constants (you need not
simplify by substituting for these constants).

. Consider the torsion of a beam of rectangular cross section as shown in Fig. 2
From among the various choices

=y + i A, cos a,,x cosh o, y, (1a)
n=1

= xy + i A, sin o,z cosh oy, (1b)
n=1

= xy + i A, cos a,,x sinh ay,y, (1c)
n=1

= xy + i A, sin ai,,x sinh o,y (1d)
n=1

choose the correct form of the warping function by providing a justification
for your choice. Next, determine the constants a,, and A,, as a function of n
using the boundary condition

(VY) - n=yn, —an,.

In your results, you can have one and only one unevaluated integral (which
should be stated with the proper integration limits though).

. Consider the bending by a terminal load W, = P along the y-axis of a beam
of semi-parabolic cross section as shown in Fig. 3. With x, = P/(EI,,), the
nonzero stresses are given by

Tez IL‘(Cl - 3y)
kyG =Ty 6 ’
(c2 = 3y)(y +a)

—Tyz = axr +
kyG N 3 '

You may guess the value of o (with proper justification). Then solve for the
constants ¢; and c¢o. Let A denote the domain occupied by the cross section

(30)

(15)



of the beam at z = ¢ (2 = 0 and z = L are the left and right ends of the
beam). Without actually evaluating any integrals state the values of

/ Tz dA =7 / TTyy dA =7

A A

/ Ty dA =7 / YTo, dA =7
A A

/ T, dA =7 /(m'yz — YTp,) dA =7
A A

Some relevant formulae

d(cosh z)

1
coshz = 5(6”3 +e ), = sinh z,
d(sinh
sinhx = 5(«3m —e "), w = cosh z,

cos(0 + ¢) = cos B cos ¢ — sin O sin ¢,
sin(f + ¢) = sin @ cos ¢ + sin ¢ cos 6.

Figure 1: Perfectly bonded rigid inclusion in a circular hole of radius a rotated
by an angle ¢ about its axis.



Figure 2: Rectangular bar undergoing torsion.
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Figure 3: Bar of semi-parabolic cross-section subjected to a terminal load
along the y-direction.



