
Indian Institute of Science

ME 242: Final Exam

Date: 5/12/06.
Duration: 9.30 a.m.–12.30 p.m.
Maximum Marks: 100

1. The stress at the center of a spinning compound disc shown in Fig. 1 is (20)
100 MPa.
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Figure 1: Spinning compound disc.

Given the displacement solution

u = c1r + c2/r − (1 − ν2)ρω2r3/8E,

calculate the stresses at the interface (r = 1 m) and at the rim (r =
√

2 m).
Tabulate your results as follows:

r Material σr σθ

(m) (MPa) (MPa)
0 A 100 ?
1 A ? ?
1 B ? ?
√

2 B ? ?
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Figure 2: Point load acting in an infinite elastic body.

2. The Navier equations of elasticity for elastostatics in the absence of body (30)
forces can be written as

∇(∇ · u) + (1 − 2ν)∇2u = 0, (1)

where ν is the Poisson ratio. Let α and β be scalar and vector functions (of
position) that satisfy

∇
2α = 0,

∇
2β = ∇ · (∇β) = 0.

Let u be given in terms of α and β as

u = ∇α + (∇β)T x + mβ. (2)

Find the value of the constant m (in terms of ν) such that the representation
given by Eqn. (2) automatically satisfies Eqn. (1).

3. A point load P acts at the origin in the z-direction in an infinite elastic body (30)
(see Fig. 2, where the tractions tr and tθ are shown). The displacements and
nonzero stresses with respect to a spherical coordinate system are given by

ur =
2A(1 − ν) cos θ

µr
,

uθ = −
A(3 − 4ν) sin θ

2µr
,

τrr = −
A(4 − 2ν) cos θ

r2
,

τθθ =
A(1 − 2ν) cos θ

r2
,

τrθ = τφφ =
A(1 − 2ν) sin θ

r2
.

Considering the vertical equilibrium of the imaginary sphere of radius a
shown in Fig. 2, determine the constant A.
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Figure 3: Bar of semi-parabolic cross section.

4. Find the center of flexure component ycf (by symmetry, xcf = 0), for a bar of (20)
parabolic cross section shown in Fig. 3.

(a) Show that Iyy =
∫

A
x2 dA = m

[

ν
(1−ν)

]3/2

a4, where m is a constant you

have to determine.

(b) Since only ycf is to be evaluated, set the appropriate load component
from among (Wx, Wy) to zero, and find the ‘curvatures’

κx =
IxxWx + IxyWy

E(IxxIyy − I2
xy)

; κy =
IyyWy + IxyWx

E(IxxIyy − I2
xy)

.

(c) Find the functions g(x) and f(y) such that the boundary conditions

[

1

2
Eκxx

2
− f(y)

]

dy

ds
= 0,

[

1

2
Eκyy

2 + g(x)

]

dx

ds
= 0,

are satisfied.

(d) Make an appropriate choice of α, and use the governing differential
equation

∇
2φ = −2Gνκyx −

dg

dx
+ 2Gνκxy −

df

dy
− 2Gα,

and the appropriate boundary condition to find φ.

(e) Using

ycf = −

∫

A

[

2φ

Wx
−

Ixx

IxxIyy − I2
xy

x2y +
Ixy

IxxIyy − I2
xy

xy2

]

dA,

set up the integral (with the proper limits) to evaluate ycf. Do not

evaluate the integral.
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Some relevant formulae

The rotation matrix which takes a Cartesian system to a spherical system,
i.e., [u]spherical = [Q][u]Cartesian, etc. is given by

Q =





sin θ cos φ sin θ sin φ cos θ
cos θ cos φ cos θ sin φ − sin θ
− sin φ cos φ 0



 ,

The surface area of a sphere of radius a is

∫ π

0

(2πa2 sin θ) dθ = 4πa2.

∫ π

0

cos θ dθ = 0,

∫ π

0

sin θ dθ = 2,

∫ π

0

cos θ sin θ dθ = 0,

∫ π

0

cos2 θ dθ =
π

2
,

∫ π

0

cos2 θ sin θ dθ =
2

3
,

∫ π

0

sin3 θ dθ =
4

3
.
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