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ME 243: Endsemester Exam

Date: 12/12/12.
Duration: 9.30 a.m.–12.30 p.m.
Maximum Marks: 100

Instructions:

You may directly use the formulae at the back.

1. We saw in the test that {I,W ,W 2} is linearly independent. Is {I,Q,QT} (15)
linearly dependent or linearly independent? If not linearly independent, un-
der what conditions is it linearly dependent?

2. Assuming the relation x∗ = Qx + c between the position vectors x and (35)
x∗ in two frames of reference, find the relation between ∇x

∗ · v∗ and ∇x ·
v. Starting from the integral form of the balance of angular momentum,
derive the consequences of assuming ‘frame indifference’ of this integral form
(balance law has the same form in all frames of reference). Do not assume
balance of mass or linear momentum to hold. You may assume that dV ∗ =
dV , and

ρ∗(x∗, t) = ρ(x, t), τ T = τ , t = τn,

t∗(x∗, t,n∗) = Qt(x, t,n), (b∗ − a∗) = Q(b− a),

τ ∗ = QτQT , ∇x
∗ · τ ∗ = Q∇x · τ .

(Hint: Careful with the use of transport theorems.)

3. Let x∗-y∗ be a ‘fixed’ frame of reference with body force b = ge∗

x. A rod of (25)
length l and mass per unit length m, which is pinned at one end, oscillates in
the x∗-y∗ plane as shown in Fig. 1. The pin support itself oscillates along the
y∗ axis with its distance from the x∗-y∗ origin being given by u = u0 sinωt.
Using the appropriate transformation laws, find the body force field in the
x-y frame. Approximating the rod as a one-dimensional rigid body (ρdV ≡
mdx), and applying the appropriate balance laws in integral form in the x-y
frame, find the governing equation for the angle θ, and the reactions exerted
at the pinned-support with respect to the x-y axes. Linearize the governing
equation for θ and solve it.

4. We have seen that the equation of rigid motion in a Cartesian system is (25)
given by v = Wx + c, where W ∈ Skw. By using appropriate tensorial
transformations, find the expressions for (vr, vθ, vz) for a rigid motion. Your
final expressions for these components should be functions of (r, θ, z) (in-
cluding some constants). Now, solve the following problem. A Newtonian,
incompressible viscous fluid is contained in a rotating cylindrical container
of radius a rotating with constant angular speed ω0 as shown in Fig. 2. The
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Figure 1: Oscillating rod.
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Figure 2: Problem 4.
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fluid inside reaches to a steady-state velocity. Assuming vz = 0, and assum-
ing the velocity field in a stationary frame of reference with b = 0 to be of
the form you have derived above, first find the velocity field and then the
pressure field from the momentum equations assuming p|r=0 = 0.

Some relevant formulae
d

dt

∫

V (t)

f(x, t) dV =

∫

V (t)

∂f

∂t
dV +

∫

S(t)

f(v · n) dS,

d

dt

∫

V (t)

ρf(x, t) dV =

∫

V (t)

ρ
Df

Dt
dV =

∫

V (t)

ρ

{

∂f

∂t
+ v · (∇f)

}

dV,

∫

V (t)

(x×Wx)φ dV = 0 ∀W ∈ Skw & ∀V (t) =⇒ φ = 0,

W = |w| (r ⊗ q − q ⊗ r),

Q = I + sinαW + (1− cosα)W 2,

b = QT [b∗ − c̈]− Ω̇× x−Ω× (Ω× x)− 2Ω× v.

Qij = e∗

i · ej,

Ω =





ė2 · e3

ė3 · e1

ė1 · e2



 ,

Qij = ēi · ej .

Drr =
∂ur

∂r
, Drθ =

1

2

[

1

r

∂ur

∂θ
+ r

∂

∂r

(uθ

r

)

]

,

Dθθ =
1

r

(

∂uθ

∂θ
+ ur

)

, Dθz =
1

2

(

∂uθ

∂z
+

1

r

∂uz

∂θ

)

,

Dzz =
∂uz

∂z
, Drz =

1

2

(

∂ur

∂z
+

∂uz

∂r

)

.

The momentum equations in r, θ and z directions:

∂vr
∂t

+ (v ·∇)vr −
v2θ
r

= −
1

ρ

∂p

∂r
+ ν

[

∇
2vr −

vr
r2

−
2

r2
∂vθ
∂θ

]

+ br,

∂vθ
∂t

+ (v ·∇)vθ +
vrvθ
r

= −
1

ρr

∂p

∂θ
+ ν

[

∇
2vθ −

vθ
r2

+
2

r2
∂vr
∂θ

]

+ bθ,

∂vz
∂t

+ (v ·∇)vz = −
1

ρ

∂p

∂z
+ ν∇2vz + bz.

where ν = µ/ρ, and

v ·∇ ≡ vr
∂

∂r
+

vθ
r

∂

∂θ
+ vz

∂

∂z

∇
2 ≡

1

r

∂

∂r

(

r
∂

∂r

)

+
1

r2
∂2

∂θ2
+

∂2

∂z2
.
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