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ME 243: Endsemester Exam
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Instructions:

You may directly use the formulae at the back.

1. Let Q1,Q ∈ Orth+. Then show that Q1 = Q2 if and only if (25)

e(Q1) = e(Q2) and trQ1 = trQ2 and â(Q1−QT
1 )·e(Q1) = â(Q2−QT

2 )·e(Q2),

where e(Q) denotes the axis of Q ∈ Orth+, i.e., the eigenvector correspond-
ing to the eigenvalue 1 of Q, and â(W ) denotes the axial vector of any
W ∈ Skw. You may directly use the following representation for Q in order
to prove this result:

Q = eW = I +
sin(|w|)

|w|
W +

[1− cos(|w|)]

|w|2
W 2,

where w = â(W ). Assume sin(|w1|)W 1 6= 0 and sin(|w2|)W 2 6= 0, so that
Q1 = eW 1 and Q2 = eW 2 are unsymmetric.

2. Evaluate if the following constitutive relations are frame-indifferent: (25)

S = λ(trV )I + 2µV ,

τ̇ − τLT − Lτ = µ(τD +Dτ ),

q̇ − ṘRTq = µBg,

where a superposed dot represents the material time derivative, V and R

are the stretch and rotation tensors in the polar decomposition of F , q and g

are the (spatial) heat flux and temperature gradient, λ and µ are constants,
B = FF T , L is the velocity gradient and S is the second Piola-Kirchhoff
stress. You may directly use x∗ = Q(t)x + c(t) and F ∗ = Q(t)F , but
derive the transformation relations for other kinematical quantities. State
any assumptions you make clearly.

3. A rigid rectangular block of mass M slides along a frictionless rigid groove (25)
in a rotating disc as shown in Fig. 1. The center of mass of the block is at
a distance x0 from the center of the disc, and the block is at rest at t = 0.
The groove makes an angle θ(t) with the horizontal. Recall that the center
of mass is given by Mx̄ =

∫

V (t)
ρx dV . Using the appropriate balance laws

in integral form (for a material volume), and assuming that the center of
mass of the block always moves along the centerline of the groove, derive the
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Figure 1: Rigid block sliding along a rigid groove in a rotating disc.
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Figure 2: A cylindrical bar squeezed between two rigid frictionless surfaces.

governing equation for the distance of the center of the mass from the center
of the disc x̄(t) , and state the initial conditions for solving this equation
(Do not attempt to solve this governing equation.). Next, find the total
normal force (along with its direction) exerted by the groove on the block as
a function of x̄(t) and θ(t) (recall that the tangential force is zero since all
surfaces are assumed to be frictionless). You may neglect gravity and treat
the problem as two-dimensional.

4. A circular cylinder made of an incompressible material with initial radius R0, (25)
length L0 and density ρ0 in its natural state is squeezed between a moving
punch and a rigid bottom surface as shown in Fig. 2. Assume that the top
and bottom surfaces are frictionless, and that the bar remains prismatic, i.e.,
the radius of any cross section along Z is the same. Neglect body forces, and
assume the constitutive relation to be given by τ = −pI + β1B, where β1

2



is a constant. The motion of the punch is controlled so that the length of
the cylinder at time t is given by the prescribed function L(t) = L0(1 − αt)
where α is a positive constant. After making suitable assumptions about
the nature of the deformation (state these assumptions clearly), formulate
the deformation map between (r, θ, z) and (R,Θ, Z) in terms of the known
quantities such as L(t), L0 etc. Using the relation

FiJ =
hi

hJ

∂χ̂i

∂ηJ
, no sum on i, J.

with hi ≡ (1, r, 1), hJ ≡ (1, R, 1), and ηJ ≡ (R,Θ, Z), find the deformation
gradient. Using the governing equations and boundary conditions in the
deformed configuration find the pressure field. State the expression for the
total normal force exerted by the punch on the top surface in terms of p (no
need to evaluate any integrals that arise).

Some relevant formulae

wi = −
1

2
ǫijkWjk,

Wij = −ǫijkwk,

b = QT [b∗ − c̈]− Ω̇× x−Ω× (Ω× x)− 2Ω× v.

Qij = e∗

i · ej,

Ω =





ė2 · e3

ė3 · e1

ė1 · e2



 ,

If T ∈ Lin, the components of ∇ ·T in the cylindrical coordinate system are

(∇ · T )r =
∂Trr

∂r
+

1

r

∂Trθ

∂θ
+

∂Trz

∂z
+

Trr − Tθθ

r
,

(∇ · T )θ =
∂Tθr

∂r
+

1

r

∂Tθθ

∂θ
+

∂Tθz

∂z
+

Trθ + Tθr

r
,

(∇ · T )z =
∂Tzr

∂r
+

1

r

∂Tzθ

∂θ
+

∂Tzz

∂z
+

Tzr

r
.
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