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1. The purpose of this exercise is to show that the axis of Q ∈ Orth+ − {I} is (30)
a one-dimensional subspace. Towards this end

• Find all three principal invariants in terms of constants or trQ (use
appropriate formulae to achieve this).

• Solve the characteristic equation to find the eigenvalues of Q as a func-
tion of trQ.

• Use the Euler angle representation of Q, i.e.,

Q =





cosφ cosψ − cos θ sinψ sinφ − sinφ cosψ − cos θ sinψ cos φ sin θ sinψ
cosφ sinψ + cos θ cosψ sinφ − sinφ sinψ + cos θ cosψ cosφ − sin θ cosψ

sin φ sin θ cosφ sin θ cos θ



 .

to find an expression for trQ, and use that to deduce that the axis of
Q is a one-dimensional subspace.

2. Starting from the relation (50)

J = ǫijk
∂χ1

∂Xi

∂χ2

∂Xj

∂χ3

∂Xk

.

show thatDJ/Dt = J(∇·v). (Hint: Use the relation ǫpqr(detT ) = ǫijkTpiTqjTrk.)

3. A rod of undeformed length L rotates about a point with a constant angular (40)
velocity ω as shown in Fig. 1. The reference configuration is taken to be
the state when the rod is stationary, and the rod is assumed to be stress-
and strain-free in this configuration. The distance of any point from the axis
of rotation with respect to an observer rotating with the rod is given by x
(see figure). Approximating the rod as a one-dimensional continuum, (i.e.,
only τxx ≡ τ , Exx ≡ E, Fxx ≡ F etc. are assumed to be nonzero), and
taking the body forces with respect to a stationary observer to be zero, write
the governing linear momentum equation for the Cauchy stress, τ , under
steady-state conditions. Multiplying this relation by J = detF = F and
using the relation ∇X · (FS) = J∇x · τ , transform this equation to the
reference configuration. Next, assuming the constitutive relation to be given
by S = λE, where λ is a given constant and E is the Lagrangian strain,
and letting x = h(X), find the governing differential equation for h(X) (do
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not attempt to solve), and the associated boundary conditions. [Note: (i)
Write only one-dimensional equations; do not write the full 3 × 3 matrices.
(ii) The differential equation for h(X) should obviously involve only known
quantities defined on the reference configuration].

4. The motion of a sleigh is often modeled as shown in Fig. 2. The point O is (50)
constrained such that it cannot move along the η direction, i.e., if v denotes
the velocity component along the η direction, then v = v̇ = v̈ = 0. This
constraint gives rise to a force F as shown. However, the sleigh is free to
move in the ξ direction, and has a velocity component u in that direction
(in general, u̇ 6= 0). The sleigh is also free to rotate about the point O–its
angular velocity and angular accleration are given by ω = φ̇, and ω̇ = φ̈,
respectively. The center of mass, G, is at a distance of a from O along the
ξ axis. Assuming the mass of the sleigh to be M , the moment of inertia
about an axis perpendicular to the plane of the sleigh and passing through
G, to be I, and the body forces with respect to the stationary frame xy to be
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negligible, find the equations of motion with respect to the xy frame. Using
the mechanical energy balance

dK

dt
= f̂ · ˙̄x+mx̄ ·w.

show that the kinetic energy, K, remains a constant.

5. Show that the inequality (30)

λ(trD)2 + 2µD : D ≥ 0 ∀D ∈ Sym

is equivalent to the inequalities

µ ≥ 0, 3λ+ 2µ ≥ 0.

(Hint: Write D in terms of its deviatoric part D0, i.e., D = D0+αI, where
α = 1

3
trD.)

Some relevant formulae

cos(α + β) = cosα cos β − sinα sin β,

sin(α + β) = sinα cos β + sin β cosα.

Relation between the body forces, b and b∗, when axial vector of W is fixed:

b = Qt [b∗ − c̈]− (Ẇ +W 2)x− 2Wv.

Euler’s equations of motion:

m1 = J1ẇ
∗

1(t) + (J3 − J2)w
∗

2w
∗

3

m2 = J2ẇ
∗

2(t) + (J1 − J3)w
∗

1w
∗

3

m3 = J3ẇ
∗

3(t) + (J2 − J1)w
∗

1w
∗

2.
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