Indian Institute of Science, Bangalore

ME 243: Endsemester Exam

Date: 28/11/24.
Duration: 9.00 a.m.—12.00 noon
Maximum Marks: 100

Instructions:
You may directly use the formulae at the back.

T (I+u®v—vQ®u) = 0, where w and v are arbitrary vectors,
find the most general form of T'. Your answer should be in the form of a
single expression. For example, if your answer is that 7" should be such that
det T = 1, you should write it as (det T)~'/3T, so that any ‘constraints’ are
automatically satisfied by your solution.

. An elastic rod is constrained within a rigid sleeve which oscillates with a
given O(t) in the ef-e} plane, and hence with a given angular velocity fes
(see Fig. 1) The elastic rod can slide frictionlessly within the sleeve along
the ey direction. The (undeformed) length of the rod is L before the start
of the motion. The gravitational body force g acts along the e] direction.
We are interested in finding the governing equation of motion along the e;
direction along with the appropriate boundary conditions (you do not need
to state the initial conditions). Assume xo = X5, x5 = X3 and x7 = x(X, t),
so that this problem is effectively a ‘1-D’ problem along the e; direction.
Let S := S11(E) = AE1; be the constitutive relation, where \ is a constant.
Find the governing equation for x(X,t) along with the boundary conditions
at X =0 and at X = L. Do not attempt to solve this equation.

. A rigid cylindrical container of radius a containing an incompressible New-
tonian fluid is rotated about the e, axis with constant angular velocity
we, as shown in Fig. 2. Let the constitutive equation be given by 7 =
—p(x,t)I + 2uD. Let the coordinate frame be the fized r-0-z frame shown
in the figure; thus, the only body force in this stationary frame of reference is
—ge, (you should solve this problem with respect to this fixed frame of refer-
ence). The velocity field that automatically satisfies the continuity equation
V -v =0is given by v, =0,

Vg = 11 + 2,

,

Uz = C3,

where ¢, ¢o and c¢3 are constants.

(a) Using the appropriate boundary and symmetry conditions, determine
the constants in the velocity field

(b) Assuming that the top surface of the fluid is traction free, find the
equation of the free surface.

(25)
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4. Let the free energy, second-Piola Kirchhoff stress, entropy and heat flux

vectors be given by
poth = c(tr B)® + oatr (E?) — csa(tr E) (6o — O) + cagy - 9o
0
+ poc (00 — 0 — By log —0) :
Or
S = SQ(E, 90) + C5E,

o = ﬁ(Eu 907 90)7
gy = (sC~" + 7 E)gj,

where 0y denotes the actual temperature, 6y is the reference temperature,
go = V xby and cq-c; are constants. Starting from

81/10) <890) 1 ; do " 9o
- + — ——S:E+—=—= <0,
( ot ) x "\ o x Po poto  —

and assuming that a suitable thermodynamically admissible process can be
constructed, find

(a) Expressions for Sy(E, ) and 7.

(b) Using the fact that So(E, 6y) should agree with the constitutive relation
for a St Venant-Kirchhoff material S = A\(tr E)I + 2uE when 6, = 0,
and that S = 0 when E = «(0y—0g)I and E = 0, find either the values
of the constants ¢;-cz, or restrictions to be imposed on them (e.g., some
constant has to be greater than, or less than, or equal to zero). For
those constants that are expressed in terms of (A, i), no restrictions
need be found.

(c¢) Determine whether the final constitutive relations for S, n and g, that
you have obtained are frame-indifferent.

Some relevant formulae

2
Vx - (FS) + pobo
ty = T'ny,
(cof F)n,
~ |(cof Fn|
dS = |(cof F)ny| dSy,
to(X,t,ng) = |(cof F)ng|t(x(X,t),t,n),
bo( X 1) = b(x(X, 1) 1),
b=QT(b'—¢) -0 xx—-—QX (X x)—2Q X v.
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Figure 1: An elastic rod constrained in a rigid oscillating sleeve.
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Figure 2: Fluid-filled cylinder rotating at constant speed.



