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1. (a) Show that the proper orthogonal tensor (20)

R(w, α) = I +
1

|w|
sinαW +

1

|w|2
(1− cosα)W 2,

rotates any vector in the plane perpendicular to w (where w is the axial
vetor of W ∈ Skw) by an angle α.

(b) If β(a × b), where a and b are arbitrary vectors, and β is a scalar, is
the axial vector of the skew tensor b⊗ a− a⊗ b, find β.

(c) Let u, v be unit vectors such that u · v 6= −1. Use the above devel-
opment to find an expression for the orthogonal tensor which rotates u
into v about an axis perpendicular to u and v. This expression should
only involve I, u · v, u⊗ u, u⊗ v, v ⊗ u and v ⊗ v.

2. A cylinder made of an incompressible material with initial radius R0 and (30)
length L in its natural state is rotated about its axis of symmetry with
constant angular speed ω. The deformation at steady state with respect to
a frame of reference fixed to the rotating cylinder is

r = aR; θ = Θ; z = fZ,

where a and f are positive constants, and (r, θ, z) and (R,Θ, Z) are cylindri-
cal coordinates in the deformed and undeformed configurations, respectively.
In the deformed configuration, the lateral surface of the cylinder is traction
free, while the top and bottom surfaces are constrained so that the net ax-
ial force Fz is zero. The body force under steady-state conditions is given
by b ≡ (br, bθ, bz) = (rω2, 0, 0), while the constitutive relation is given by
τ = −pI + β−1B

−1 + β1B, where β−1 and β1 are functions of the first two
invariants of B.

(a) Using the expression,

FiJ =
hi
hJ

∂χ̂i

∂ηJ
, no sum on i, J. (1)

with hi ≡ (1, r, 1), hJ ≡ (1, R, 1), and ηJ ≡ (R,Θ, Z), and the fact
that the deformation is isochoric, find F as a function of the constant
f alone.
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Figure 1: Bar subjected to point load F and total frictional force µMg.

(b) Using the traction boundary conditions and other relevant equations,
find an expression for the pressure field, and then find expressions for
the stress components.

(c) Using the fact that, in the deformed configuration, the net axial force
on the top surface is zero, find an equation for determining f (Do not

attempt to solve this equation).

(d) If β−1 < 0 and β1 > 0, then deduce from this equation (without solving
it) whether the cylinder’s length increases, decreases or remains the
same.

3. Starting from the equation of rigid motion, x = χ(X, t) = Q(t)X + c(t), (30)
derive the formulae for the velocity and acceleration, v(x, t) and a(x, t), at
a point with position vector x in a body undergoing rigid motion, in terms
of the axial vector w(t) of Q̇Qt. Use the formula for a(x, t) to find an
expression for a(x, 0) in the case of starting planar motion, i.e., the case
where the motion is in the x-y plane, w(t) = w(t)ez with w(0) = 0, and
v(x, 0) = 0.

Now consider the stationary rigid bar shown in Fig. 1 which, at time t = 0, is
subjected to a point force Fey at x = L/2, and a uniform friction force given
by −µMgey so that

∫
t dS = (F − µMg)ey, where µ is the coefficient of

friction, M is the mass and g the gravitational acceleration. Approximating
the bar in its initial position (as shown in the figure) as a one-dimensional
body with x = xex and ρ dV = M

L
dx, find the acceleration at the point of

application of the force F at time t = 0 by considering the entire bar as
the material volume, and using the appropriate balance laws in their original
integral forms, i.e., by using first principles. You may write all the relevant
equations in the x-y plane.

4. The goal of this exercise is to derive the constitutive relation for an incom- (20)
pressible, Newtonain fluid in a purely mechanical setup (no thermal effects).
Thus, let

ψ = ψ̂(ρ,L),
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τ = τ̂ (ρ,L),

where τ̂ is continuous with respect to L, be the assumed constitutive rela-
tions. Using the second law of thermodynamics in the form (where a super-
posed dot indicates a material derivative)

ψ̇ −
1

ρ
τ : L ≤ 0,

and considering the incompressibility constraint on F , find the form of the
constitutive relation for τ . You may assume that appropriate processes can
be constructed so that arbitrary values of ρ̇, L̇ etc. can be attained.

Next, using the relation F ∗ = QF , derive a relation for L∗, and use this
relation and the axiom of material frame-indifference to derive the final form
of the constitutive relation for an incompressible, Newtonian fluid. (You may
directly use any characterization theorems for isotropic functions).

Some relevant formulae

u× (v ×w) = (u ·w)v − (u · v)w,

(u× v)×w = (u ·w)v − (v ·w)u,

(u× v) · (u× v) = (u · u)(v · v)− (u · v)2,

(a⊗ b)(c⊗ d) = (b · c)a⊗ d.

ρ0 = ρJ,

DJ

Dt
= J∇ · v.

If T ∈ Lin, the components of ∇ ·T in the cylindrical coordinate system
are

(∇ · T )r =
∂Trr
∂r

+
1

r

∂Trθ
∂θ

+
∂Trz
∂z

+
Trr − Tθθ

r
,

(∇ · T )θ =
∂Tθr
∂r

+
1

r

∂Tθθ
∂θ

+
∂Tθz
∂z

+
Trθ + Tθr

r
,

(∇ · T )z =
∂Tzr
∂r

+
1

r

∂Tzθ
∂θ

+
∂Tzz
∂z

+
Tzr
r
.
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