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1. Let W ∈ Skw, and let w be its axial vector. Using the representation W = |w| (r⊗ q − (20)
q ⊗ r), where w/ |w|, q and r form an orthonormal basis, determine if {I,W ,W 2} is a
linearly independent set. Next determine if {I,W ,W 2,W 3} is a linearly independent set.

2. Let S ∈ Sym, and let {ek} and {e∗
k} denote the canonical basis of V and the principal (25)

basis of S, respectively. If Q is the matrix with the eigenvectors of S along the rows, i.e.,
Q = ek ⊗ e∗

k, then show that Q ∈ Orth+, and that QSQT is diagonal.

Conversely, if Q ∈ Orth+ diagonalizes S, i.e., QSQT = Λ, where Λ is a diagonal matrix,
then show that

(a) S ∈ Sym,

(b) Λ is comprised of the eigenvalues of S, and

(c) the rows of Q are the eigenvectors of S.

3. Let F denote the deformation gradient. If u(X) and v(x) are related by (20)

u(X) := F Tv(x),

then find a relation between F [∇X × u(X)] and ∇x× v(x).

4. Let C = F TF ∈ Sym be invertible, and let (35)

W (C) =
κ

2
(J − 1)2 +

µ

2
(tr Ĉ − 3),

where J = detF and Ĉ = (detC)−1/3C. Using S(C) = 2∂W/∂C, find an expression for
S(C). Next, find S(I) +DS(I)[2E]. (You may first find S(I) +DS(I)[U ], and then put
U = 2E).

Some relevant formulae

(a⊗ b)(c⊗ d) = (b · c)a⊗ d,

det(T + U) = detT + cof T : U + cof U : T + detU ,

detT =
1

6
εijkεpqrTipTjqTkr,

εpqr(detT ) = εijkTipTjqTkr = εijkTpiTqjTrk.


