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1. Let V' denote a spherical domain of radius a, and let S denote its surface. Let (1,6, ¢) (55)
denote spherical coordinates. In the following problem, we assume that the problem
is axisymmetric, i.e., p is a function of (r,0). A functional is defined as
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where dV = 2mr?sinfdr df, and dS = 2mwa?sin 0 db.
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(a) By setting the first variation of II to zero, derive the variational formulation.
(b) Using the variational formulation, derive the governing equation and boundary
conditions that have been imposed in this problem.

2. A disc of inner radius a, outer radius b, and unit width along the z-direction is fixed (45)
rigidly at the inner boundary r» = a, and on the outer boundary r = b is subjected to
a constant tangential traction sy as shown in Fig. 1. Body forces are zero. You may
treat this as a two dimensional problem in terms of the polar coordinates (r,8).

(a) It is given that u, = ¢ cosf + csinf. Using the given boundary conditions,
determine the constants ¢; and cs.

(b) By making appropriate assumptions based on the geometry and the nature of
the loading, simplify the following equations

_ou _ L[Louw 2(@)
Crr = or’ 67"9_2 r 00 T(?r r/|’

\50

Figure 1: Hollow disk fixed rigidly at the inner boundary r = a, and subjected to a constant
tangential traction sy on the outer boundary r = b.
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where the Lame parameters (\, p) are constant.

(c¢) Let V denote the domain, and S; denote the part of the surface on which trac-
tions are applied. Specialize the variational formulation
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where dV = rdrdf and dS = adf and bdf for the inner and outer surfaces,
respectively, to the problem at hand, i.e., write this equation in terms of the
individual stress, strain, traction components etc. in the (r, ) coordinate system.

(d) Discretize ug using the two-node element shape functions. Derive the strain-
displacement matrix B, and state the element stiffness matrix K, and the ele-
ment load vector in terms of B, and the shape function matrix N. Do not carry
out the integrations in the expression for K.

(e) Assuming that the components of K are Kj;, Kj3 etc., and using a single 2-
node element, determine the unknown nodal displacements in terms of these
components after incorporating the appropriate boundary conditions.

Some Relevant Formulae

For axisymmetric problems in spherical coordinates
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