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1. The governing equation for a symmetric second-order tensor ǫ is given by (60)

∇
2
ǫ+∇[∇(tr ǫ)]−∇(∇ · ǫ)− [∇(∇ · ǫ)]T = 0,

where ∇
2 is to be interpreted as ‘∇ · ∇’. Develop the variational formulation for

the above governing equation. Denote the variation of ǫ by ǫδ. You may leave the
boundary terms as they are without incorporating any boundary conditions. The
final result should be in tensorial form. Denote the tensorial form of ∂ǫij/∂xk by ∇ǫ.
The final variational form may be unsymmetric.

2. The governing equation for the circumferential velocity uθ through a circular channel (40)
of inner and outer radii a and b, assuming that ur = uz = 0, uθ = uθ(r), is given by
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where k and ν are given constants. The boundary conditions are uθ|r=a = uθ|r=b = 0.

(a) Develop the variational formulation based on the above equation (Hint: Com-
bine the first two terms under one derivative sign). Incorporate the boundary
conditions in this formulation. Take the length of the channel along z to be
unity. Your variational formulation should be such that the associated bilinear
form a(u, v) is symmetric.

(b) State the associated potential energy functional (but do not use to formulate
the finite element formulation, which should be based on the variational formu-
lation).

(c) Using one quadratic element (with midnode at the center of the element), for-
mulate the stiffness matrix in terms of the strain-displacement matrix B and
shape function matrix N (give the expressions for these matrices in natural co-
ordinates), and the load vector. The formulation should be done using natural
coordinates. Do not evaluate any integrals that arise (just give the mathemat-
ical expressions). State the boundary conditions to be imposed on the nodal
variables û.


