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1. Let {λ1, λ2, λ3} denote the eigenvalues of T (which is not necessarily symmetric). Let (30)

P1 = λ1 + λ2 + λ3,

P2 = λ21 + λ22 + λ23,

P3 = λ31 + λ32 + λ33.

Show that if any invariant can be expressed in terms of the principal invariants I1 = trT ,
I2 = 1/2[(trT )2−tr (T 2)] and I3 = detT , it can also be expressed in terms of P1, P2 and P3.
Derive any formula for detT that you require in terms of T by using the Cayley–Hamilton
theorem

T 3 − I1T 2 + I2T − I3I = 0.

2. Let (35)
F = λe⊗ e + cosα(I − e⊗ e) + sinα(r⊗ q − q⊗ r),

where λ > 0, and {e, q, r} forms an orthonormal basis. Find the factors R, U and
V in the polar decomposition of F (in terms of λ, e, q and r). You may directly use
formulae related to dyadic products such as the formulae for (a⊗ b)(c⊗d) etc. Using the
polar decomposition, and assuming R to be proper orthogonal, find detF (Hint: Find the
components of U with respect to a convenient basis that will allow finding its determinant
easily).

3. Let Q ∈ Orth+ be a constant rotation (not dependent on x or x∗). Let (35)

x∗ = Qx,

T ∗ = QTQT .

Find an expression for ∇x∗ · T ∗ (which denotes the divergence of T ∗ with respect to x∗)
in terms of ∇x · T (which denotes the divergence of T with respect to x) and Q.


