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1. A rotation can be represented as (30)

R = e⊗ e + cosα(I − e⊗ e) + sinα(r⊗ q − q⊗ r),

where {e, q, r} forms an orthonormal basis. Determine the eigenvalues of R in terms of α.
Find the axis of R (guesswork allowed). Determine the values of α for which R = I and
for which R ∈ Sym − {I}. When R ∈ Sym − {I} find the eigenvectors of R in terms of
{e, q, r} (if nonunique, one choice is fine).

2. Let H := cof (W − αW 3), where α > 0, and W is a skew-symmetric tensor whose axial (40)
vector w is of unit magnitude. Determine H in terms of the axial vector w and α. Next
find (I + H)−1 in terms of w and α. Justify all steps.

3. Let W (x, t) ∈ Skw, and let w(x, t) be its axial vector. (30)

(a) Find an expression for ∇×W in terms of the gradient, divergence etc. of w.

(b) Let W = ∇u − (∇u)T be a skew-symmetric tensor. Find the axial vector of W in
terms of the curl of u. Use the expression that you have derived in part (a) to find
∇× [∇u − (∇u)T ] in terms of curl of u. Simplify this expression until no further
simplification is possible.

Some relevant formulae

wi = −1

2
εijkWjk,

Wij = −εijkwk,

(cof T )ij =
1

2
εimnεjpqTmpTnq,

I2(T ) = tr (cof T ) =
1

2

[
(trT )2 − trT 2

]
,

detT = εijkTi1Tj2Tk3 = εijkT1iT2jT3k,

(cof T )TT = (detT )I,

(∇× T )ij = εirs
∂Tjs
∂xr

,

x3 − ax2 + ax− 1 = (x− 1)(x2 + (1− a)x+ 1)


