ME237 Introduction to MEMS Jan. — Apr., 2005

Solution to homework #5
Problem 2
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We consider vertical and horizontal forces and the moment at the end because we need to
solve for the end being guided in x and y directions.

T

_ . —bF, +F (a—-x)+M, for 0<x<a
The bending moment is given by M = Y
-F.(a+b-x)+M, for a<x<a+b
F, for 0<x<a

F, for a<x<a+b

The axial force is given by P = {

When the end is guided along the x-axis, the moment and the vertical force need to be
determined such that the slope and the vertical displacement of the point are zero.

Likewise, when the end is guided along the y-axis, the horizontal force and the moment
need to be determined to make the slope and horizontal displacement zero.

See the Maple script, which used the Castiglianos energy method by accounting for both
the bending and axial strain energies, just as the FEA code does.
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Beam FEM solution
Input files:
node.dat elem.dat
1 0.0000 0.0000 11215155E3
2 10.0000 0.0000 22315155E3
3 20.0000 0.0000 33415155E3
4 30.0000 0.0000 44515155E3
5 40.0000 0.0000 55615 155E3
6 50.0000 0.0000 66715155E3
7 60.0000 0.0000 77815155E3
8 70.0000 0.0000 88915155E3
9 80.0000 0.0000 991015155E3
10 90.0000 0.0000 10101115 155E3
11 100.0000 0.0000 111112 15 155E3
12 110.0000 0.0000 12121315 155E3
13 120.0000 0.0000 131314 15 155E3
14 130.0000 0.0000 14 141515 155E3
15 140.0000 0.0000 151516 15 155E3
16 150.0000 0.0000 16 16 17 1 10 155E3
17 150.0000 5.0000 17 17 181 10 155E3
18 150.0000 10.0000 1818191 10 155E3
19 150.0000 15.0000 1919201 10 155E3
20 150.0000 20.0000 202021110 155E3
21 150.0000 25.0000
dispbc.dat for guiding the along along x forces.dat for guiding the tip along x
1 11 0.00 12111
2 1 2 0.00
313 0.00
421 2 0.00
521 3 0.00
dispbc.dat for guiding along y forces.dat for guiding the tip along y
1 11 0.00 12121
2 1 2 0.00
3 13 0.00
421 1 0.00
521 3 0.00

Analytical solution is obtained using Maple. See Maple script next. The expressions
of Maple were pasted into Matlab script. See Matlab script. When you run the
Matlab script, you will see that the results as those obtained with FEM code are
obtained—and this is what we expected as both the FEA code and energy method are
based on the same type of modeling of the beam (Euler-Bernoulli beam theory).
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Crab leg elastostatic analysis
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Maple script
>#HW 5, problem 2; Crab leg suspension problem
restart;

M1 = (-b*Fx + Fy*(a-x) + Mz)"2 /2/E/11;
M2 = (-Fx*(atb-x)+Mz)"2 /2/E/12;
P1 := Fx"2/2/A1/E;
P2 = Fy"2/2/A2/E;
_1(-bFx+Fy(a-x)+Mz)?
ML:=3 Ell
_1(-Fx(a+b-x)+Mz)?
M2:=5 EI2
1 Fx?
Pl ALE
_1Fy’
P2 Ak

>SE = Int(M1,x=0..a) + int(M2, x=a..atb) + int(P1, x=0..a)
+ 1Int(P2,x=a..a+b);

1 2

SE=sEnL 2 = * Ell
ész((a+b)3—a3) ;(—Fx(a+b)+Mz)Fx((a+b)2—a2)
* E 12 * E 2
1 2 l 2 1 2
é(—Fx(a+b)+Mz) b EFX a EFy b
* E 12 TTAlE T OA2E

>SEFx := diff(SE,Fx); SEFy := diff(SE,Fy); SEMz :=
diFF(SE,M2);

1 3.3
_1be#_(4HW+Fya+Mnab+3FX“a+b) )
"2 EIL E Il EI2

;(—a—-b)Fx((a+-bf-—a2) ;(—Fx(a—rb)+—Mz)((a4—bY-—a2)

* E 2 * E 12

+(—Fx(a+b)+|\/lz)b(—a—b)+an
EI2 AlE

SEFX :

1 2
Eang E(—be+Fya4—Mz)a Fy b

SEFY =-g EnL * Ell T A2E
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SEMz =

Lex ((a+b)*-a?%)

}Fya2+(—be+Fya+hM)a 2 (-Fx (a+b)+Mz)b

T2 ENL E Il * E 2 * E 12

>Fx:=1: Fy:=0: Mz:=0: Fxdx := SEFx: Fxdy := SEFy: Fxthz :=
SEMz: Fx:="Fx": Fy :="Fy": Mz :="Mz":
>Fx:=0: Fy:=1: Mz:=0: Fydx := SEFx: Fydy := SEFy: Fythz :=
SEMz: Fx:="Fx": Fy :="Fy": Mz :="Mz":
>Fx:=0: Fy:=0: Mz:=1: Mzdx := SEFx: Mzdy := SEFy: Mzthz :=
SEMz: Fx:="Fx": Fy :="Fy": Mz :="Mz":
>#Guiding along y
eql := Rx*Fxdx + Fy*Fydx + RMz*Mzdx:
eg2 := Rx*Fxthz + Fy*Fythz + RMz*Mzthz:
solnl := solve({eql=0, eq2=0%},{Rx, RMz}); assign(solnl);
Fyy = simplify(Rx*Fxdy + Fy*Fydy + RMz*Mzdy);
(b®A1-6al2)Fya?l2
4b%al2 Al+I11b*Al+1211bal2 + 12 a?12?%
b? Fy a® 12 Al

Rx =3
4b3aI2A1+I1b4A1+12I1ba|2+12a2I22}

solnl := {RMz =

Fyy ::éFy(b?’a“ I2A1A2+a*A211b*Al+12a*A211b 12 +3a°A2 122

+1211b%*al2 A1+311°b°Al+36 11°b*al2+36 11 b a”12%) /(
(4b%al2 Al+11b*Al+1211bal2+12a12%) E 11 A2)

>#Guiding along x

eql := Fx*Fxdy + Ry*Fydy + RMzx*Mzdy:

eq2 := Fx*Fxthz + Ry*Fythz + RMzx*Mzthz:

solnl := solve({eql=0, eq2=0},{Ry, RMzx}); assign(solnl);
Fxx = simplify(Fx*Fxdx + Ry*Fydx + RMzx*Mzdx);
Fxb(211ba*A2+6112b*>+a*12A2+1211bal2)

a’12A2+411ba®A2+1211%b%+1211bal2
a’A2b%Fx I1 )
a’12A2+411ba®A2+1211%b%+1211bal2

solnl := {RMzx =

Ry =3

Fxx ::éFx(b3a4 I2A1A2+a*A211b*Al+12a*A211b 12 +3a° A2 122

+1211b%*al2 A1+311°b° Al +36 11°b%al2+36 11 b a’12%) /(
EI2AL(a*12A2+411ba*A2+1211°b?>+ 1211 b al2))

>kx = simplify(1/Fxx);
>
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kx :=3EI2Al(a*12A2+411ba’A2+1211°b*+1211bal2) /(Fx (b*a*12 AL A2
+a*A211b*Al+12a*A211b12+3a°A2122+1211b*al2 A1+311%°b° Al
+36112b%al2+36 11 b a’12?))

>ky = simplify(1/Fyy);

ky =3 ((4b°al2Al+11b*Al+1211bal2+12a%12°) EILA2) / (Fy (
b*a*12A1A2+a*A211b*Al+12a*A211b12+3a°A212°2+1211b%*al2 Al
+3112b°A1+36112b%a 12+ 36 11 b a® 12?))

> kxbyky := simplify(kx/ky);

byky = I2ALl(a*12A2+411ba®A2+1211%b*+1211bal2) Fy

Fx(4b%al2 A1+11b*Al+1211bal2+12a12%) 11 A2

Matlab script
% HW #5, Problem 2
a = 150;
b = 25;
w = 1; % Thickness of the layer
t1=5;
t2 = 10;
Al = w*tl; A2 = w*t2;
11 = w*t173/12; 12 = w*t2"\3/12;
E = 155E3;
% Displacements under unit Fx
Fx =1,
Fxdx = 1/3*Fx*(3*b"2*a*12*Al+b"3*I11*Al+3*a*I11*12)/(E*I1*12*Al)
Fxdy = -1/2*b*Fx*a"2/(E*11)
Fxthz = -1/2*b*Fx*(2*a*12+11*b)/(E*11*12)
%
% Displacements under unit Fy
Fy=1;
Fydx = -1/2*b*Fy*a"2/(E*11)
Fydy = 1/3*Fy*(@"3*A2+3*b*I11)/(E*I1*A2)
Fythz = 1/2*Fy*a”2/(E*11)
%
% Displacements under unit Mz
Mz =1,
Mzdx = -1/2*Mz*b*(2*a*12+b*I11)/(E*11*12)
Mzdy = 1/2*Mz*a2/(E*I1)
Mzthz = Mz*(a*12+b*11)/(E*11*12)
% When guided along y, Rx and RMz reactions are to be found such that
% Rx*Fxdx + Fy*Fydx + RMz*Mzdx = 0
% Rx*Fxthz + Fy*Fythz + RMz*Mzthz = 0
% Ay = [Fxdx Mzdx; Fxthz Mzthz];
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% by = -[Fy*Fydx; Fy*Fythz];

% s1 = inv(Ay)*by;

% Rx = s1(1)

% Mz =s1(2)

Rx = 3*b"2*Fy*a"2*12*Al/(4*a*12*b"3*Al+12*a"2* 12" 2+11*bN*Al+12*11*b*a*12);
RMz = (b"3*Al-
6*a*12)*Fy*a2*12/(4*a*12*b"3*Al+12*a"2* 12" 2+11*b"4*Al+12*11*b*a*12);

% Displacements of the tip under this condition

% Fy =1,

% ydx = Rx*Fxdx + Fy*Fydx + RMz*Mzdx

% ydy = Rx*Fxdy + Fy*Fydy + RMz*Mzdy

% ythz = Rx*Fxthz + Fy*Fythz + RMz*Mzthz

%

Fy=1;

ydyAnal =
1/3*Fy*(b"3*aM4*12*A1*A2+3*a"5*A2* 127 2+a"3* A2* 1 1*bN* Al+12*a 4 * A2* | 1*b*|
2+ ...

12*11*bM*a*12*A1+36*11*b*a2* 12/ 2+3* 17" 2*b"5* A1+36*11"2*b"2*a*12)/((4*a*12
*pA3*AL+ ...
12*an2* 127 2+11*b N *Al+12*11*b*a*12)*E*I11*A2)
%
Fx =1,
xdxAnal =
1/3*Fx*(b"3*a*12*A1*A2+3*a5* A2* 12" 2+a"3* A2* | 1*bM*Al+12*a 4> A2*11*b*|
2+ ...

12*11*pM*a*12*A1+36*11*b*an2* 127 2+3* 117" 2*b"5* A1+36* 11" 2*b"2*a*12)/(E*I12*A
1*(@M4*12*A2+ ...

12*11*b*a*12+4*11*b*a"3*A2+12*11"2*b"2))
% Stiffness of the crab leg
kx =
I*E*12*AL1*(aM*12*A2+4* 1 1*b*ar3* A2+ 12* 1 17" 2*b"2+12* 11 *b*a*12)/(Fx* (b 3*ar4*
12*A1*A2+ ...

aN3*A2*|1*pM*AL1+12*aM*A2* |1 1*b*12+3*aN6*A2* |2/ 2+12*11*b M *a*12* Al1+3*| 1N
2*bN5* AL+ ...

36*11/2*b"2*a*12+36*11*b*a2*12/2))
ky =
3*(4*b"3*a*12*Al+11*bNM*AL+12*11*b*a*12+12*a"2*12"2)*E*11* A2/ (Fy*(b"3*a 4*
12*A1*A2+ ...

aN3*A2*1*bN* AL+12%aNM* A2* | 1*b*12+3*aN5* A2* |2\ 2+12* | 1*b N *a* 12* AL +3* | 1N
2*pN5*Al+ ...

36*11"2*h"2*a*12+36* 1 1*b*a"2*12/'2))
% Since there are four legs, kx and ky need to be multiplied by 4
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