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Non-dimensional portrayal of
nonlinear elastic response of beams
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Deformation of a cantilever beam
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Non-dimensionality in the

linear case
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Large displacements analysis of
a cantilever beam with a tip-load

F L
» Y,
El d_ =F (L —X—U L) Large displacements
S

2
El d ng) = F' (L —x) Smalldisplacements
dx
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Elastica equation

El ? =F(L-x-u,) Kirchhoff's pendulum analogy
S 2
Differentiate to get dd;g + f sin@ =0

d’0 F dx F
—=———=——-c080
ds El ds EI
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Elastica equation

d
E[—ng(L—x—uL)
ds
Differentiate to get

d’0 F dx F
=———=———co0s0

ds’ EI ds El

(a little manipulation)

d’0d0  F do
= ———C0s0—

ds® ds El ds
Integrate to get

2
l(ﬁj = —isin9+ C
2\ ds EI

Ananthasuresh, 11Sc,

(Curvature is zero at the tip)
F .
C =—sinf,
El



Elastica equation (contd.)

Differential equation now:

d9  [2F

ds E(

sin@, —sin6)

Assumption of no stretching.

jds =L = I a0
2F
E(sm@ —s1n9)
“ do FI?
-2 - _
'([ \/(sin 6, —sin0) Ll ! I =
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Change of variable

iy

'[\/ sind, —sm@

sin@ =2p”sin” ¢ —1

l+sind
2 _ L
P 2

ﬂjZ d¢ \/;

( j\/l p’sin’ ¢ Let see how...
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Change of variable ¢ —¢

0 0 sinf =2p°sin” ¢—1
j . : = /27 , l+sm06,

) \/(smé’L —sin0) P =

sin@ =2p°sin’ ¢—1 2p° —1=sind,

Limits:
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Change of variable ¢ —¢

sin@ =2p°sin’ ¢—1

_[ =217 » 1+sing,
\/smH —sm@ p = 5
Sinﬁzzpzsin2¢_1 SinHL:2p2—1

. . 2 .2 .
cos@dO =4p*sing cosgde sinf=2p~sin“ @—1

\/l—sin2 0dO=4p°sing cosddp
\/1—(21192 sin” ¢—1)2d6’ =4p”sing cosgdd

2psin¢\/1—p2 sin” ¢ d =4p°sing cos@ddd
10 - 2pcosg i
\/l—pzsin2¢

\/sinQL —sinf = \/Epcos¢
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Change of variable ¢ —¢
—\/7 do = 2pc°§¢ d

\/siné?L —sinf = \/Epcos¢

'[\/ sind, —sm@

sinf =2p*sin’ ¢ —1

l+sind
Z L
# 2

/2 Cl’¢
Sm(j J\/l p’sin’ ¢ \/;
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Elliptic integrals

I kind (incomplete) I kind (complete)

/2

_ * ¢ ~F(p,z/2
Fpg) | Ty R

R
o \/1— p*sin’ ¢
IT kind (incomplete) IT kind (complete)

/2

)
[VI-psin’g dgp=E(p.¢") [1-p’sin’¢ dp=E(p,7/2)
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Finally, the solution!

R Y — 2p2—1=SiIl19L
1 ~ /2 d¢
,: L._1 1 \/1—p2Sin2¢
77: FL2 sin (p\/EJ
El -
v@ ¢O = sin_1 (lj
p2
W |
n \/%{F(p,n/2)—F(p,¢o)—2E(P>7T/2)+2E(P»¢o)}
I/lL _ 2E[ 2 . 2 2
e e ‘1)‘1‘J5(2p )
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Transverse and axial
displacements of the loaded tip
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A close-up view
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Index of bending 1 T ¥
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Comparing with geometrically
nonlinear finite element analysis
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A fixed-fixed beam

Wmill:l'JI[Ll
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For a fixed-fixed beam

0.2¢

0.15¢

There may be

more than one

non-dimensional
s parameter!

0.05¢

TRl
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“Beam” finite element stiffness

matrix
Moy o -y 0
L L
12E7 6FEl —12EI  6FE]
O L3 L2 O L3 L2
6El 4E7T —6E]T 2ET
O 2 0 2
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Substitute for A and I for the

rectangular cross-section

0 0
Ebd’>  Ebd’
L 217
Ebd’>  Ebd’
217 3L
0 0
—Ebd’ —Ebd’
L 217
Ebd’>  Ebd’
217 6L

 Ebd
L

0
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0 0
—Ebd® Ebd’
L 217
—Ebd® Ebd’
217 6L
0 0
Ebd’> —Ebd’
L 217
—Ebd® Ebd’
217 3L




Factor out something.

_ . _
% 0 0 e 0 0
o L L o 1
L 2 L 2
1 L 1 L
oo - 2 -~ =
Ebd 2 3 2 6
2
L
L —% 0 0 ra 0 0
o -+ 1 4 1 1
L 2 L 2
o L L 4 L L
: 2 6 2 3
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Define “slenderness” ratio.

Ebd

s
L
0

0 0
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Factor in something using
proportions.

b=a,b
i S2 S2 | -
0 0 -2 0 0 —
7 7 d=ao,d
o L+ L o L1 E=a.E
L 2 L 2 B
1 L 1 L L=o L
o - = 0 = = L
Ebd 2 3 2 6
so | s s
20 0 2= 0 0
L L _a,
1 1 ] ] S =85 —
0O —-—— —— 0 — -—— o
L 2 L 2 d
o L L 4, _1 L
i 2 6 2 3




Proportions used.
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Let us consider force-
displacement relationship

i“—g 0 0 ——2“—3 0 0
dy x,
S R .
o, L 2 o, L 2 U F,
- 0 1 OtLZ 0 1 aLZ Vi F,
Ebd a,a,a; 2 3 2 6 | 0 | _ ) M-,
5’ af __2& 0 0 iﬁ 0 0 U, F,
a; L a v, F,
0 B 1_ 1 0 1_ LG (M,
o, L 2 o, L 2
0 1 a,L 0 1 a,L
} 2 6 2 3
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Non-dimensionalize the

displacements.
_—2“—; 0 0 -5 0
&, &,
o L 1 o -
o, 2 o,
1 oL 1
- 0 il L 0 _Z
Ebd a,o,a; 2 3 2
S BT S T /A
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0 L |
i 2 6 2
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Consistent units for the

forces/moments.

Ebd a,o,a)

S a;

0 0 —Ez%
d
1 1y
o, 2
o
2 3
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0 0 20[—3
d
1y
o, 2
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2 6
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A slight re-arrangement

Ebd

0 0
3 3
apa,a, apa,d,
3 2
a; 2c;
3 3
apo,Qa, apo,Qa,
2
20, 3a,
0 0
3 3
oo, opa,Q,
3 2
a; 20,
3 3
apo,, apo,a,
2
20, 6c,
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0 0
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3 3
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2
20, 3a,
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What does this mean?

* Non-dimensional analysis holds for multi-
beam ensemble.

* For large-displacement analysis too.
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See what emerges... ;

0 0
3 3
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3 2
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See what emerges... ;
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Parameterization with
slenderness ratio, s

Slenderness ratio= §=—
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Comparing with

geometrically nonlinear finite
element analysis

0.8}

s=10
s=30

s=20

Slenderness ratio




A fixed-pinned beam
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A simply supported beam

l l:in * vllid
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Buckingham pi theorem

If there is a physically meaningtul relationship f(p;,

Do, Vs ..., P,,) In n physical parameters, then there is

an equivalent relationship 7(z,,z,,-,7,)

in terms of the non-dimensional parameters

where m =n —r, r being the rank of the dimensional

matrix.

Ananthasuresh, 11Sc,

w/L Four non-

s=L/d dimensional
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7= Ebd

s,=L/b or a= b



Nullspace gives possible non-

dimensional parameters
w F L E b d

2 R R
S,

K
I

W o o For B J% :|:MOLOT0:|
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How about a compliant
mechanism?

e Will this hold?
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Two beams taken together

r 1 .
ﬁ * 0.35
[Iﬂllt =T
ﬁ 2 25t
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A stepped-beam
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b e 3
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Approaching a compliant

mechanism

Ananthasuresh, 11Sc,
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A compliant mechanism!

0.05

0 0.01 0.02 0.03 0.04 0.05
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A compliant mechanism

> > 0 5 10 15 20 25 30
2.5, 2.4, 2.b F 52

=1 . — i=1 ch — i=1 = —
s=y = mb = T Eba
FI’

N

N —number of beam elements
N,- number of beam segments
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Another example

$=16.4
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Input and out displacements

0.16

0.14f

0.12¢

0.1
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0.02¢
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A general compliant mechanism

GA = geometric advantage

11

10.5¢
10}

9.5}

GA

8.5}

7.5

EI Quantities with over-bars are
representative of all the beam segments
for preserving the proportions.
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Cross-section shape does not

matter.

Uou’r
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Comparing two topologies
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Which segment 1s the most
crucial in this?
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Which beam segment is the
most crucial?
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Mechanical advantage (MA)
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MA with slenderness ratio
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MA with non-dimensional gap

N
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Sensitivity of MA with
workpiece stiffness

Non-Dimensional Number n
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Further reading

Bhargav, S. D. B., Varma, H. I., and Ananthasuresh, G. K., “Non-dimensional
Kinetoelastostatic Maps for Compliant Mechanisms,” Proc. ASME 2013

International Design Engineering Technical Conferences, August 4-7, 2013,
Portland, Oregon, USA, Paper no. DETC2013-12178.

“Feasible and Intrinsic Kinetoelastostatic Maps for Designing Compliant
Mechanisms,” Harish V. Indukuri, MSc (Eng.) thesis, IISc, 2013.
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