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Degrees of freedom (DoF)

• Minimum number of scalar inputs needed 
to define the complete configuration of the 
mechanism.

• Also equal to the minimum number of 
inputs needed for deterministic motion.
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Kutzbach‐Grübler’s formula

1 2 3 4 56( 1) 5 4 3 2DoF n f f f f f      

number of rigid bodies (called links)n 
joints that allow  relative motionsif i

3D

1 23( 1) 2DoF n f f   
2D
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Familiar examples
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How many DoF do these have?
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Let’s derive the Grübler’s formula.
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DoF formula extended to 
compliant mechanisms

   
2 2 3

1 1 1

3( 1) 3 3 3seg Kj Cj fix scj
j j j

DoF n j n j n n j n
  

         

   
5 5 6

1 1 1
6( 1) 6 6 6seg Kj Cj fix scj

j j j
DoF n j n j n n j n

  

         
3D
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Midha, Murphy, and Howell (1995)
Ananthasuresh and Howell (1996)
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Let us understand the formula.

   
2 2 3

1 1 1
3( 1) 3 3 3seg Kj Cj fix scj

j j j
DoF n j n j n n j n

  

         
2D
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Let us understand the formulae.

   
2 2 3

1 1 1
3( 1) 3 3 3seg Kj Cj fix scj

j j j
DoF n j n j n n j n

  

         
2D

   
5 5 6

1 1 1
6( 1) 6 6 6seg Kj Cj fix scj

j j j
DoF n j n j n n j n

  

         
3D
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Example 1

   
2 2 3

1 1 1
3( 1) 3 3 3seg Kj Cj fix scj

j j j
DoF n j n j n n j n

  

         
2D
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Understanding 
“segment compliance”

   
2 2 3

1 1 1
3( 1) 3 3 3seg Kj Cj fix scj

j j j
DoF n j n j n n j n

  

         
2D
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A simple example
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Example 2

   
2 2 3

1 1 1
3( 1) 3 3 3seg Kj Cj fix scj

j j j
DoF n j n j n n j n

  

         
2D
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Virtual rigid segments (VRSs) to take 
care of applied forces/moments

   
2 2 3

1 1 1
3( 1) 3 3 3seg Kj Cj fix scj

j j j
DoF n j n j n n j n

  

         
2D
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Elastic arm example
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A compliant gripper
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Let us count…

4‐6,
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Compliant stapler
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DoF of the rolamite elastic pair
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DoF of a nail‐clipper

1

2
34

       
1 2 13(4 1) 2 3

3 3 2 1 1 3 2 1 1
9 2 1 6 1 1

K K fix scdof n n n n     

        

     

   
2 2 3

1 1 1
3( 1) 3 3 3seg Kj Cj fix scj

j j j
dof n j n j n n j n
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Main points

• Extended Grubler’s formula gives maximum DoF for 
compliant mechanisms.

• Segment compliance
– Needs interpretation
– Assume 3 (in 2D) and 6 (3D) when in doubt

• Introduce a Virtual Rigid Segment (VRS)
– where there is a force on an elastic segment
– where two elastic segments meet

   
2 2 3

1 1 1

3( 1) 3 3 3seg Kj Cj fix scj
j j j

DoF n j n j n n j n
  

         

   
5 5 6

1 1 1
6( 1) 6 6 6seg Kj Cj fix scj

j j j
DoF n j n j n n j n

  

         
3D

2D
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Further reading
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An example that does not work
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Kaleidocycle mechanism 
with elastic pairs
Six‐tetrahedrons joined together 
with six flexural hinges
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Bricard linkage: formula fails!

A closed‐loop 6R linkage

1 2 3 4 56( 1) 5 4 3 2
6(6 1) ( 6) 05 (4 0 0 0

0
) (3 ) (2 ) (1 )

30 30

DoF n f f f f f      

           
  


