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Outline of the lecture 
 Three problems and their solutions from the midterm examination of 
2017. 

 What we will learn: 
 How to apply the concepts and ideas learned so far to solve problems in 
calculus of variations. 
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Midterm question paper 
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Solution to problem 1 
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Begin with the definition of Gateaux variation: 

Interchange the order of differentiation and integration. 
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Solution to Problem 1 (contd.) 

6 

{ } ( )

{ } ( ) { } ( ){ }

2

1

2

1

2
( )

0

2

0

( ) ( ) ( ) ( )

2

x

f x
x

x

x

J f x h x inv f x h x dx

f h inv f h h f h inv f h dx

ε

ε

δ ε ε
ε

ε ε ε ε
ε

=

=

∂  = + + ∂

∂ = + + + + + ∂ 

∫

∫

( ){ } ?inv f hε
ε
∂

+ =
∂ How do we get this? 

Product rule 

Note that { } 1( ( ))
( ( ( ))

inv g x
x g inv g x
∂

=
′∂

Why is this true? 
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Solution to Problem 1 (contd.) 
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Differentiate both sides to get 
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Similarly, { }
( )

1(a ( ))
( ) of ( (a ( ))

inv g x
x a g x inv g x

∂
+ =

∂ ′+ +

{ }
( )

(a ( ) b)
( ) b of ( (a ( ) b)

binv g x
x a g x inv g x

∂
+ =

∂ ′+ +
and 

of ( ( ))g inv g x′To be read as 



ME256@IISc: Variational Methods and Structural Optimization G. K. Ananthasuresh, IISc 

Solution to Problem 1 (contd.) 
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Note that and verify the above calculation. 
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Solution to Problem 1 
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Solution to Problem 2 
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In this problem, we minimize: (load is not considered) 
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Solution to Problem 2 

12 

( )21
2

F EI w′′=

δ

= =

=

′′′− + =

′′ ′ =

0 0

0

0
and

0

x x

x

EIw kw

EIw w

At A… 

This term in J leads to 

=
′′⇒ =

0
0

x
EIw

Since the slope is not specified. 

Shear force is equal 
to the spring force. 

1 

2 

2
0

1
2 xkw =



ME256@IISc: Variational Methods and Structural Optimization G. K. Ananthasuresh, IISc 

Solution to Problem 2 
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Solution to Problem 3 
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Multiply by a trial function and integrate. 

Combine and split. 

Separate the terms. 
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Solution to Problem 3 
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Using Divergence theorem on the second term, and equating the domain and boundary terms 
to zero. 

The term in red is asymmetric, making this differential operator non-self-adjoint. 
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0c d
x x

c
y y t t

φ ψ φ ψψ φψ φ
Ω

∂
∂

 ∂ ∂ ∂ ∂
+ + Ω = ∂ ∂ ∂ ∂

−


∂
∂∫



ME256@IISc: Variational Methods and Structural Optimization G. K. Ananthasuresh, IISc 

Solution to Problem 3 
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Consider this problem (written on the basis of the last equation in the preceding slide. 
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Solution to Problem 3 (contd.) 

18 

2 2

2 20
2 2
c c c

t x x y y t x y t
ψ ψ ψ ψ ψ ψψ

 ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   ⇒ − − − − = ⇒ + = −    ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂    

0
x y t

F F F F
x y tψ ψ ψ ψ

    ∂ ∂ ∂ ∂ ∂ ∂ ∂
− − − =     ∂ ∂ ∂ ∂ ∂ ∂ ∂    

2 2
cF

x y ttx y
cφψφ ψφ ψ ψ φ∂ ∂ ∂ ∂ ∂ ∂

= + + ∂ ∂
−

∂∂ ∂∂ 

0
x y t

F F F F
x y tφ φ φ φ

    ∂ ∂ ∂ ∂ ∂ ∂ ∂
− − − =     ∂ ∂ ∂ ∂ ∂ ∂ ∂    

2 2

2 20
2 2
c c

t x x y
c

xy y tt
φ φ φφ φ φ φ ∂ ∂ ∂ ∂ ∂ ∂   ⇒ − − − − = ⇒    ∂ ∂ ∂ ∂ ∂ ∂    

∂ ∂ ∂
+ =

∂ ∂ ∂

This is what we need: 
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The end note 
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 For Gateaux variation, simply apply the operationally useful definition and 
follow the rules of differentiation. There is absolutely no trick involved. 

For beams, we should write all four boundary conditions as you we still 
have a fourth-degree differential equation. 

For “inverse E-L problem”, first check if the differential operator is self-
adjoint (i.e., there are no asymmetric terms). 
If the differential operator is not self-adjoint, it then means that there is 
“dissipation” in the systems. Then, try to use either  an integrating factor 
(there is guesswork here) or a parallel generative system. 

Calculus of variations is straightforward to use if you are 
clear about all concepts. No other tricks are needed. 
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