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HOMOGENIZATION THEORY
FOR MEDIA WITH PERIODIC
STRUCTURE

In this chapter an overview of the theory of homogenization for com-
posites with regular structure is presented. Periodicity and asymp-
totic expansion are defined and an application of homogenization
to the simple case of a one dimensional elasticity problem is given.
Derivation of the basic formulas for the general case of a boundary
value problem in strong form is discussed. Finally, the homogeniza-

tion equations for the elasticity problems in weak form for perforated
media are derived.
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2.1 Introduction

Advances in technology in recent years have been paralleled by the increased
use of composite materials in industry. Since materials have different proper-
ties, it seems sensible to make use of the good properties of each single ingredi-
ent by using them in a proper combination. For example, a simple mixture of
clay, sand and straw produced a composite building material which was used
by the oldest known civilizations. The further development of non-metallic
materials, composites has attracted the attention of scientists and engineers
in various fields, for example, aerospace, transportation, and other branches
of civil and mechanical engineering. Apart from the considerably low ratio of
weight to strength, some composites benefit from other desirable properties
such as corrosion and thermal resistance, toughness and lower cost. Usually
composite materials comprise a matriz which could be metal, polymeric (like
plastics) or ceramic, and a reinforcement or inclusion which could be particles
or fibres of steel, aluminum, silicon etc.

Composite materials may be defined as a man-made material with different
dissimilar constituents which occupy different regions with distinct interfaces
between them [1]. The properties of a composite are different from its indi-
vidual constituents. A cellular body can be considered as a simple case of a
composite, comprising solids and voids. This is the case for the material model
used in structural topology optimization.

In this chapter composites with a regular or nearly regular structure are consid-
ered. Having sufficiently regular heterogenities enables us to assume a periodic
structure for the composite. It should be emphasised that compared with the
dimensions of the body the size of these non-homogeneities should be very
small. Because of this, these types of material are sometimes called composites
with periodic micro-structures.

Even with the help of high-speed modern computers, the analysis of the bound-
ary value problems consisting of such media with a large number of heterogen-
ities, is extremely difficult. A natural way to overcome this difficulty is to
replace the composite with a kind of equivalent material model. This pro-
cedure is usually called homogenization. One way of finding the properties of
such composites is by doing experimental tests. It is quite evident that because
of the volume and cost of the required tests for all possible reinforcement types,
experimental measurements are often impracticable.

The mathematical theory of homogenization, which has developed since the
1970’s is used as an alternative approach to find the effective properties of the
equivalent homogenized material [2-4]. This theory can be applied in many
areas of physics and engineering having finely heterogeneous continuous media
like heat transfer or fluid flow in porous media or, for example, electromag-
netism in composites. In fact the basic assumption of continuous media in
mechanics and physics can be thought of as sort of homogenization, as the
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materials are composed of atoms or molecules.

From a mathematical point of view the theory of homogeni‘zation is a 1‘ir{1it
theory which uses the asymptotic expansion and the as.sum.ptxon of p‘erlodxc?ty
to substitute the differential equations with rapidly oscillating coefﬁ.men‘ts with
differential equations whose coefficients are constant or slowly varying in such
a way that the solutions are close to the initial equations [5].

This method makes it possible to predict both the overal.l and local properties
of processes in composites. In the first step the ap;?roprlate }ocal probllem on
the unit cell of the material is solved and the effective material propermes. are
obtained. In the second step the boundary value problem for the homogenized

material is solved.

2.2 Periodicity and asymptotic expansion

A heterogeneous medium is said to have a regular periodicity if t.he functions
denoting some physical quantity of the medium - either geometrical or some
other characteristics - have the following property

F(x +NY) = F(x). (2.1)

x = [:cl,a:g,a:;;]T is the position vector of the point, N is a 3 X 3 diagonal
matrix

ny 0 0
N=|0 n2 0O},
0 0 mn3

, T .
where nq,np and ng are arbitrary integer numbers and Y = [Y7,Y2,¥3]" is
a constant vector which determines the period of the structgr? and F can
be a scalar or vectorial or even tensorial function of the pos.mon vector Xx.
For example in a composite tissued by a periodically repejatmg cell Y, the
mechanical behavior is described by the constitutional relations of the form

0ij = CijklCkl
and the tensor c;jx; is a periodic function of the spatial coordinate X, so that

cijr(x + NY) = cijri(x) (2.2)

or
cijki(@1 +n1Y1, o2 +no¥2, 73 + n3¥3) = cijki(21,72,73)-

cijri(x) is called Y-periodic (see Figure 2.1). Note that oj; and ey are re-
spectively the stress and strain tensors.
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Figure 2.1 Periodicity requires that the functions

have equal values at points Py, Py, - - -, P;.

In the theory of homogenization the period Y compared to the dimensions
of the overall domain is assumed to be very small. Hence the characteristic
functions of these highly heterogeneous media will rapidly vary within a very
small neighbourhood of a point x. This fact inspires the consideration of two
different scales of dependencies for all quantities: one on the macroscopic or
global level x which indicates slow variations and the other on the microscopic
or local level y which describes rapid oscillations.

The ratio of the real length of a unit vector in the microscopic coordinates
to the real length of a unit vector in the macroscopic coordinates, is a small
parameter €; S0 €y = X or y = x/e. Consequently, if g is a general function
then we can say g = g(x,x/€) = g(x,y). To illustrate the technique let us
assume that ®(z) is a physical quantity of a strongly heterogeneous medium.
Thus ®(z) will have oscillations. See Figure 2.2 .
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Figure 2.2 A highly oscillating function

To study these oscillations using this double-scale expansion, the space can be
enlarged as indicated in Figure 2.3 .

The small parameter € also provides an indication of the proportion between
the dimensions of the base cells of a composite and the whole domain known
as the characteristic inhomogeneity dimension. As a hypothetical example, e
for the skin cells of the human body is larger than e for the atoms of which it is
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i+l y=x/e
Figure 2.3 One of the oscillations in the expanded
scale

composed. The quantity 1/€ can be thought of as a magnification factor which

enlarges the dimensions of a base cell to be comparable with the dimensions
of the material [6-8]. See Figure 2.4 .

17e

base cell

Figure 2.4 Characteristic dimension of inhomogene-
ity and scale enlargement

In the double-scale technique, the partial differential equations of the problem

have coefficients of the form a(x/€) or a(y) where a(y) is a periodic function of
its arguments. The corresponding boundary value problem may be treated by
asymptotically expanding the solution in powers of the small parameter €. This
technique has already proved to be useful in the analysis of slightly perturbed
periodic processes in the theory of vibrations. The same principle is extendible
to processes occurring in composite materials with a regular structure.

If we assign a coordinate system x = (z},7g,3) in JR3 space to define the
domain of the composite material problem 2, then assuming periodicity, the
domain can be regarded as a collection of parallelepiped cells of identical di-
mensions €Y7, €Y2, €Y3, where Y7, Y2 and Y3 are the sides of the base cell Y in
a local (microscopic) coordinate system y = (y1, y2, y3) = x/e. So for a fixed x
in the macroscopic level, any dependency on y can be considered Y-periodic.
Moreover it is assumed that the form and composition of the base cell varies in
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a smooth way with the macroscopic variable x. This means that for different
points the structure of the composite may vary, but if one looks through a
microscope at a point at x, a periodic pattern can be found.

Functions determining the behavior of the composite can be expanded as
2(x) = 8%(x,y) + €@l (x,y) + 282(x,y) + - -

where € — 0 and functions ®%(x, y), ®l(x,y), - -+ are smooth with respect to x
and Y-periodic in y which means that they take equal values on the opposite
sides of the parallelepiped base cell.

2.3 One dimensional elasticity problem

To clarify the homogenization method the simple case of calculation of de-
formation of an inhomogeneous bar in the longitudinal direction is considered.
Here we attempt to derive the modulus of elasticity without recourse to ad-
vanced mathematics.

According to the assumptions of the theory, the medium has a periodic com-
posite microstructure. (See Figure 2.5).
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Figure 2.5 Deformation of a composite bar

The governing equations, in the form of Hooke’s law of linear elasticity and
the Cauchy’s first law of motion (or equilibrium equation) , are

s
€ = EE
4 e (2.3)
a €
T+ =0, (2.4)

The dependency of the quantities to the size of the unit cell of inhomogeneity
is indicated by the superscript €. o€ is the stress, u€ is the displacement, E¢(z)
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is the Young’s modulus and +¢ is the weight per unit volume of mater'ial. It
is assumed that E€ and ¢ are macroscopically uniform along the domain and
only vary inside each cell,

E“(@,z/e) = B(a/e) = E(y) (2.5)
and
(=, z/e) =+ (z/€) = (y). (2.6)
Using the double scale asymptotic expansion
u(z) = u'(z,y) + eu (z,9) + U’ (2,y) + - 27
and
o¢(z) = 0"(z,y) + eo' (z,y) + 0 (z,y) + - (2:8)

where w(z,y) and o(z,y), (i = 1,2,---) are periodic on y and the length of
period is Y. In due course the following facts will be referred to:

Fact (1). The derivative of a periodic function is also periodic with the same
period.

Fact (2). The integral of the derivative of a function over the period is'zefo.
(These facts can easily be verified by the definition of derivative and periodic-
ity.)

Fact (3). If ® = ®(z,y) and y depends on z, then
dv_ov 0ady
dz ~ 8z ' Oy dz

In this case, as y = z /e so
av_os 100

dr 0Oz €0y’

Using the latter fact and substituting the series (2.7) and (2.8) into equations
(2.3) and (2.4) we obtain,

o’ 1840 Bul  Aul 23_111 ou?

0, .. 1,22 _ ou” low = ou | Jdu ou”
o +eo +e“0“+.. = E(y) o +€ By +€8z + By +e€ e +eay
(2.9)
and
9% 186° 9o B!
w—t - tez—+ 55—+ +7(y) =0 (2.10)
Br+58y +€8w Ay 7w)
By equating the terms with the same power of €, (2.9) yields
oud
0= By)(5-), (2.11)

Oy
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) 0 Sul
o= E(y)(guz— + 51;— , (2.12)
oul  Bu?
o' = E(y) a5t ol (2.13)
and similarly from (2.10)
909
—37 = 0, (214)
900 ot
.t By +7(y) =0. (2.15)

From (2.11) and (2.14) it is concluded that the functions u° and o® only depend
on z (i.e. u®(z) and 0%(z)). Bearing in mind that the relationship between
o%(z) and «°(z) is sought (because they are independent of the microscopic
scale), (2.12) can be written as

0/ n _ du®(z)  Oul(z,y)
(@) = 5) [ e (2.16)
Dividing by E(y) and integrating both sides of (2.16) over the period Y and
using fact (2) yields
0 dy \ dul(z)
g'(z) =Y, — ) .
@ =" | 25) "2 @10

Now by substituting the value of 0%(z) into (2.16), we obtain

B o f )] 442,

and by integrating this equation, we conclude that «! has the following form:

0
ua,) = x(0) 22D 4 e@) (218)

where x(y) is the initial function of the terms inside the square brackets and
&(z) is the constant of integration due to y. From (2.18) and (2.16) it follows

that
0 dx() du’(z)
=FE 14 =20 ) — 2
#e) = By (1+ 2 2 (219)
Differentiating (2.19) with respect to y, one concludes
d dx(y)
% [E(y) (1 + sz")} =0, onY (2.20)

and x(y) takes equal values on the opposite faces of Y- (i.e. x(0) = x(Y)).
Integrating (2.20) yields

£ (14 50) <,

dy (ais a constant ) (2.21)
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or . d ( )
X\Y a
AN -1 2.22
@ ~ EQ) @22
Integrating (2.22) it follows that
) /y (—“ 1) dn+b (2.23)
= - + .
W=, \mem )

where 7 is the dummy variable of integration and b is a constant. Now using
the boundary condition x(0) = x(Y') yields

Y a (
——dn—-Y =0 2.24
b )
or v
1 dn
a=1 —/ —_ 2.25
/ (Y ; E(n)) (2.28)
Note that comparing (2.19) and (2.21) one can see that
0
o(z) = a‘h‘d—f”) (2.26)

and substituting for a from (2.25) yields

Y 0
oO(z) =1/ (%/O %) d”dix)‘ (2.27)

By integrating (2.15) over the length of the period (0,Y) and using fact (2)
mentioned earlier, the following result is obtained
do®(z)

L 47=0, (2.28)

where 7 = }17 Jy 7(y)dy is the volumetric average of ~ inside the base cell.

By studying (2.27) and (2.28), we realize that they are very similar to the
equations of one dimensional elasticity for the homogeneous material and o®
and u? are independent of the microscopic scale y. The only difference is the
elasticity coefficient which should be replaced by an homogenized one. Hence
the problem can be summarized as :

{ o%(z) = E¥duO(z)/dx
(2.29)
do¥(z)/dz +7 =0
where v
#_qy (L[ dn
B =1 (Y k E(n)) 230

is the homogenized modulus of elasticity.
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To find the displacements, we follow the same process as for the homogeneous
material bar problem. Combining the equations of (2.29) we obtain

0%u0(z) _ 7

9z2 EH'

By integrating twice and using the boundary conditions (z=0; u=0)and
(z =L ; du/dz = 0) we obtain

IS

32 7,
u(zr) = “gEy Tt E*EL.I).

Problem of heat conduction

The one dimensional heat conduction is very similar to the one dimensional
elasticity problem. The governing equations, Fourier’s law of heat conduction
and the equation of heat balance, are

€ — predl(z)
o

where ¢¢ is the heat flux, T is the temperature and K ¢(x) is the conductivity
coefficient. Following a very similar procedure to that used for the one dimen-
sional elasticity problem the homogenized coefficient, of heat conduction can

be obtained as
v 1 /Y 4
KH =1 _/ _dn_
/(Y o K(n)

which is as expected, the same as (2.30).

Similarly starting from the equations of heat conduction in the general three
dimensional case and following the same procedure as for the one dimensional
problem, the following results will be obtained [6]:

- T
(x) = KH T

i i (2.32)
=0
where .
. 1 ) ox?
KH=_— / K(y)(0i + =2 .
5= gy | K6+ Frar) (239
and x/(y) is the solution of the partial differential equation:
o[, ax?
Em [I& () (45 + —5y—1)] =0 onY (2.34)

3 is the Kronecker delta symbol and the boundary conditions are concluded
from the periodicity, i.e. X7 takes equal values on the opposite sides of the
base cell. In (2.32), 7 and 87;/8z; are the volumetric average value of qzo (z)
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and Bq? /0z; over Y. The volumetric average of a quantity a(x,y) over Y is
defined by:

a(x) = l—%‘i/)’a(X7 y)dy. (2.35)

2.4 General boundary value problem

Many physical systems which do not change with time - sometimes called
steady state problems - can be modelled by elliptic equations. As a general
problem the divergent elliptic equation in a non-homogeneous medium with
regular structure is now explained.  Let  C IR? be an unbounded medium
tissued by parallelepiped unit cells Y whose material properties are determined
by a symmetric matrix a;;(x,y) = a;;(y) where y = x/e and x = (z1, 22, 73)
and the functions a;; are periodic in the spatial variables y = (y1,¥2,y3). The
boundary value problem to be dealt with is

Au = f in (2.36)
u =0 on 0N (2.37)

where the function f is defined in Q2 and
d a
€= — (a;;(y)=—— 2.38
A By (az] ) 6IZJ' > ( )

is the elliptical operator. The superscript € is used to show the dependency of
the operator and the solution to the characteristic inhomogeneity dimension.

Using a double-scale asymptotic expansion, the solution to (2.36) and (2.37)
can be written as

wé(x) = ul(x,y) + elul(x,y) + 52u2(x,y) 4 (2.39)

where functions u/(x,y) are Y-periodic in y. Recalling the rule of indirect
differentiation (fact 3) yields
A = 32—,41 iy (2.40)
€ €

where
7] 0 3 0 [é] )
U 2 gi(v) — . = 7 | i (v)—
A= Oyi <a”(Y) 9?/1) ' A oz; (a” ) dz;

a l7] 7] 1] )
2_ 0 (3O, O [ O
A= Em (au()’)azj> + dz; (az](Y)ayj
Applying (2.39) and (2.40) into (2.36) yields

(5"2A1 +etA% 4 As) ('uo +eul + 2?4 - ) =/ (241)
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and by equating terms with the same power of €, we obtain
Al =0 (2.42)
Alul + 420 =0 (2.43)
Al 4 A2+ B = - (2.44)
If x and y are considered as independent variables these equations form a
recurrent system of differential equations with the functions u?, u! and w2

parameterized by x. Before proceeding to the analysis of this system, it is
useful to notice to the following fact:

Fact (4). The equation
Alu=F inY (2.45)

for a Y-periodic function u has a unique solution if

e _1_ _
F= ,Yl/Ypdy-o (2.46)

where [Y| denotes the volume of the base cell.
From this fact and using (2.42) it immediately follows that

u® = u(x), (247)
and by substituting into (2.43) we find

6 .o
Al = 20 = 205 dulx) (2.48)
ayi az]'
As in the right hand side of (2.48) the variables are separated, the solution of
this equation may be represented in the form

w9 =X ) 5 0 (2.49)

where x7(y) is the Y-periodic solution of the local equation
; Oa;j
AlXi(y) = Baij(y) inY. (2.50)
Oy;

Now turning to (2.44) for u? and taking x as a parameter, it follows from fact
(4) that (2.44) will have a unique solution if

1
¥ /y(A%l + A3u)dy + f =0, (2.51)

which when combined with (2.49) results in the following homogenized (macro-
scopic) equation for u(x)
0%u(x)
H
a;j a—zTa?] =f (2.52)
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where the quantities

1 I
aff = il /Y (%’(Y) + aik()’)%;) dy (2.53)
are the effective coefficients of the homogenized operator
32
H_H_°2
AT =ay dz;0z;

Thus it is demonstrated that the initial equation has been split into two dif-
ferent problems:

1. Determine x7(y) from (2.50) which is solved on the base cell.

2. Solve (2.52) on 2 with u = 0 on 992. The homogenized coefficients ag are
obtained from (2.53).

2.5 Elasticity problem in cellular bodies

So far the application of the homogenization theory in one dimensional
elasticity and as a more general problem in elliptic partial differential equations
has been discussed. For the sake of completeness, we now briefly explain the
homogenization method for cellular media in weak form, which is suitable
for the derivation of the finite element formulation, using the procedure and
notation used by Guedes and Kikuchi [9]. This is the case applied in topological
structural optimization by Bendsge and Kikuchi [10-14].

General elasticity problem Cellular structure

Figure 2.6 Elasticity problem in a cellular body

Let us consider the elasticity problem constructed from a material with a
porous body with a periodic cellular microstructure. Body forces f and trac-
tions t are applied. See Figure 2.6. () is assumed to be an open subset of
IR?® with a smooth boundary on T' comprising I'y (where displacements are
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prescribed) and Ty (the traction boundary). The base celll of the cellular
body Y is illustrated in Figure 2.7. Y is assumed to be an open rectangular
parallelepiped in IR3 defined by

Y =]0,Y1[x]0, Y2[x]0, Y3,

with a hole v in it. The boundary of v is defined by s (9v = s) and is assumed
to be sufficiently smooth and as a more general case the tractions P can also
exist inside the holes. The solid part of the cell is denoted by ¥, therefore the
solid part of the domain can be defined as

QA ={x€N|(y =x/e) € ¥}.

Also we define

all cells
S€ = U Si.
=1
Y
¥y
Figure 2.7 Base cell of the cellular body

It is assumed that none of the holes v; intersect the boundary T, i.e.

rnsc=0.

Now considering the stress-strain and strain-displacement relations

5 = Efjueis, (2.54)
1[0uS  Ouf
e 1[0y 1
€k =3 (axl + sz) ) (2.55)

the virtual displacement equation can be constructed as:

t Having periodic microstructure does not mean that the form and composition of the base
cell can not vary but the variations in the macroscopic scale are assumed to be smooth enough.
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Find u¢ € V¢, such that

€ .
Ei'kl%%dﬂz‘/ ffv,'dﬂwL/ tividF+/ piv;dS Yve V€.
e 7 317[ a.’t] Qe Tt Se
(2.56)

where 3
V= {u € (Hl(m)) and vlr, = 0},
and H! is the Sobolev spacel. The elastic constants of the solid are assumed
to have symmetry and coercivity properties
Eijki = Ejirt = Eijik = Epyij
Ja>0: Eiéjkleijekl = Q€€ Veij = €ji -

Now using the double-scale asymptotic expansion and fact (3), (2.56) becomes
0 0 1 . 0 .
B S0 O 1 (O | Dug) Oui | Dug Ovi
Qe €2 0y, dy; e |\ Oz Oy ) Oy; Oy Ox;
3u2 Bu}c v; Bu}C o2\ o
=+ 5| 5 St | m| Fe(-e) pdQ
[(Bw[ o ) o\ G A ) ay | T
= / FfvidQ +/ tiv;dl’ +/ pjuids  YveE Voyy. (2.57)
Qe Tt Se

where
Vaxy¥ ={v(x,y);(x,y) € Q x ¥ | v(.,y) Y- periodic ;
v smooth enough and v|p, = 0} .
Similarly, we define V¢ and Vy as
Vq = {v(x) defined in Q | v smooth enough and v|p, =0}.

Vy = {v(y) defined in ¥ | v(y), Y— periodic and smooth enough} .

Introducing the following facts:

P H'(Q) is defined as

HY(Q) = {w(x) | w(x) € Ly(5) and 22

oz,

) € LZ(Q‘)}

where

L,(Q) = {w(x) | A (w(x))’dx < oo and x € Q‘},

which assures the integrability of the functions and their derivatives.
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Fact (5). For a Y-periodic function ¥(y) when € — 0 we have

/Qe v (%) Q= l_;—l /n /¥\Il(y)deQ ) (2.58)

/E v (%) o= JIY—I /n/s\p(y)dsdn , (2.59)

and assuming that the functions are all smooth so that when € — 0 all integrals
exist and by equating the terms with the same power of € we obtain

%L/;Eijk,jg—f%dwrﬂ Yve Vo, (2.60)

=/Q (ﬁ/spiuids) Y Vve Vay, (2.61)
/{ﬁlf.l/E[(g_+g_y)g_+(g_+g_y) 37] dy}dn

=/Q (%/iffiuidy) dn+/rt twidl  Yve V. (2-62)

Now, as v is an arbitrary function we choose v = v(y) (i.e. ve Vy). Then,
1nf:egratmg by parts, applying the divergence theorem to the integral in ¥, and
using periodicity from (2.60) we obtain

1 8 ouf
— " | B —k
mil L (i)

Bug
UidY+/Eijkla_"jUidS dQ=0 Vo.
s Y

) ) (2.63)
v being arbitrary results in
5} ouf
e | By —k | =
B ( ikl 33/1) 0 Vye¥, (2.64)
ou

Eijkl'—ay—:cnj =0 on 8. (265)

Considering fact (4) and (2.64) it is concluded that
u(x,y) = ul(x) . (2.66)

This means that the first term of the asymptotic expansion only depends on
the macroscopic scale x.
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Now, as v is an arbitrary function if we choose v = v(x) (i.e. v is only a
function of x) then from (2.61) it is concluded that

1
/ (— /pidS) v(x)dQ =0 VYove Vq, (2.67)
Q ‘Y' s
which implies that
[ pibyyas =o. (2.68)
8

This means that the applied tractions have to be self-equilibrating. So the

possible applied tractions are restricted.
On the other hand, introducing (2.66) into (2.61) and choosing v = v(y) yields

o oul Bv;(y)

Eju | 52+ 3£ | =224y = / widS  VYve Vy. 2.69
/¥ 15kl (awl c’)yt) 3yj spl i ¥ ( )

Integrating by parts, using the divergence theorem and applying the periodicity
conditions on the opposite faces of Y, it follows from (2.69) that

d oud(x) = Oul ud(x)  Oul
'L@[E”"’( bz om ”fd“/sEif“ ozt oy )Y

oyl
= /p,—vidS Yve Vy. (2.70)
s
Since v is arbitrary, it is concluded that
S dul d dul (x)
_-(gj (Eijkla_y{ = 5—3—/; Eijkl-——(,—;—z—l-— on ¥, (2.71)
du} Aul(x)
Eijktgyf = ‘Eijkl;—zl”j +pi ons. (2.72)

Now considering (2.62) and choosing v = v(x) results in a statement of equi-
librium in the macroscopic level:

1 ol Bul
— | By | = + =) dy
/Q[IYI/L‘ ’f’“(az, oy
- / (L / fidY) vi(x)d2 + / bu(0dl  Yue Vo,  (273)
o \|Y| Je T

If in (2.62) we assume that v = v(y) leads to

! dup , 0uf )\ duily) 1
= | Eyn | 52+ 52 | 24y dQ:/(——/ o dY)dQ
/n[m/¥ J“(au ay,> dy; L e f )

Yve Vy. (2.74)

Jv; (x) a0
Oz
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or equivalently

dul  ul\ oui(y) .. /
| =k k) 22y = v (y)dY Yve Vy, (2.75)
/ale”kl (3901 * oy, | Oyj ¥f1 i)

which represents equilibrium of the base cell in the microscopic level.

The procedure followed so far can be applied for higher terms of the expan-
sion. However, in this case the first order terms are enough. The macroscopic
mechanical behaviour is represented by u® and u! represents the microscopic
behaviour.

As we have noticed earlier, our goal is to find the homogenized elastic constants
such that the equilibrium equation (or equivalently the equation of virtual
displacements) can be constructed in the macroscopic system of coordina.t.es.
These homogenized constants should be such that the corresponding equilib-
rium equation reflects the mechanical behaviour of the microstructure of th.e
cellular material without explicitly using the parameter €. To accomplish this
we consider (2.69) once again. As this equation is linear with respect to u’
and p, we consider the two following problems:

(i) Let x*! € Vi be the solution of
kl X .
/ Eijpe Oxp Q“i(_yldyz/ Eijk,a”’(y)dy VoeVy, (276)
¥ Oyq  9y; X dy;
(ii) and let ¥ € Vy be the solution of

oYy dui(y) /
By 20k Qi) gy paiy)dy Vo e Ve @.77)
/¥ Tk 5y " (

where x plays the role of a parameter.

It can be shown that the solution ul will be
8l (x -
up = =x;' (%,¥) _53(7) - Wi (xy) + 5 (), (278)

! are arbitrary constants of integration in y.

)

Introducing (2.78) into (2.73) yields

kI 0
1 X Buy (%) Bvy(x) a0
/n l:m /¥ (Eijkl — Eijpq Y ) dY] oz, Oz

1 a‘I’k 6vi(x) / ( 1 / . 7) .
_ - Tk do + — dY | v;(x)dQ
= [ (71 Lo av) Tgpan [ (g JL ) v

+/ t;v;(x)dl’ Yve Vq. (2.79)
T

where 4

Now denoting

Kl
1 oxp
Effy(x) = V] /y(Eijkl ~ Eijpg “az’q—)dY, (2.80)
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22 7%
(X)) = | Eyp —— .
Tij (x) /¥ ijkl a1 dy, (2.81)
and

1
b(x) = 7 /¥ fiay, (2.82)

(2.79) can be written as

ud(x) vi(x) Ov;(x)
H k 7 = - 2
/Q R /ﬂ () 0

+/ bi(x)vi(x)dﬂ+/ ti(x)vi(x)dl  Vve Vq. (2.83)
Q I

This is very similar to the equation of virtual displacement (2.56) and it rep-
resents the macroscopic equilibrium. Egkl defined by (2.80) represents the
homogenized elastic constants. 7;; are average ‘residual’ stresses within the
cell due to the tractions p inside the holes and b; are the average body forces.

As we notice the microscopic and macroscopic problems are not coupled and
the solution of the elasticity problem can be summarized as:

1. Find x and ¥ within the base cell by solving the integral equations (2.76)
and (2.77) on the base cell.

2. Find Egk,, 7;; and b; by using (2.80), (2.81) and (2.82).
3. Construct (2.83) in macroscopic coordinates.

If the whole domain of the cellular material comprises a uniform cell structure,
as well as uniform applied tractions on the boundaries of the holes of the cells,
then it is only necessary to solve the microscopic equations (2.76) and (2.77)
once. Otherwise these equations must be solved for every point x of Q.
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SOLUTION OF HOMOGENIZATION
EQUATIONS FOR TOPOLOGY
OPTIMIZATION

In this chapter motives for using the homogenization theory for
topological structural optimization are briefly explained. Different
maten'gl models are described and the analytical solution of the ho-
mogenization equations, derived in the last section of Chapter 2, for
the so called ‘rank laminate composites’ is presented. The ﬁnit; el-
en}ent formulation is explained for the material model based on a
mx?rostructure consisting of an isotropic material with rectangular
vou_is. Using the periodicity assumption, the boundary conditions are
derived and the homogenization equation is solved. The results to be
used in topology optimization are presented.
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