
Springer 
London 
Berlin 
Heidelberg 
New York 
Barcelona 
Hong Kong 
Milan 
Paris 
Santa Clara 
Singapore 
Tokyo 

Behrooz Hassani and Ernest Hinton 

Homogenization and 
Structural Topology 
Optimization 
Theory, Practice and Software 

With 144 Figures 

Springer 



HOMOGENIZATION THEORY 
FOR MEDIA WITH PERIODIC 
STRUCTURE 

2 

In this chapter an overview of the theory of homogenization for com­
posites with regular structure is presented. Periodicity and asymp­
totic expansion are defined and an application of homogenization 
to the simple case of a one dimensional elasticity problem is given. 
Derivation of the basic formulas for the general case of a boundary 
value problem in strong form is discussed. Finally, the homogeniza­
tion equations for the elasticity problems in weak form for perforated 
media are derived. 
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2.1 Introduction 

Advances in technology in recent years have been paralleled by the increased 
use of composite materials in industry. Since materials have different proper­
ties, it seems sensible to make use of the good properties of each single ingredi­
ent by using them in a proper combination. For example, a simple mixture of 
clay, sand and straw produced a composite building material which was used 
by the oldest known civilizations. The further development of non-metallic 
materials, composites has attracted the attention of scientists and engineers 
in various fields, for example, aerospace, transportation, and other branches 
of civil and mechanical engineering. Apart from the considerably low ratio of 
weight to strength, some composites benefit from other desirable properties 
such as corrosion and thermal resistance, toughness and lower cost. Usually 
composite materials comprise a matrix which could be metal, polymeric (like 
plastics) or ceramic, and a reinforcement or inclusion which could be particles 
or fibres of steel, aluminum, silicon etc. 

Composite materials may be defined as a man-made material with different 
dissimilar constituents which occupy different regions with distinct interfaces 
between them [l]. The properties of a composite are different from its indi­
vidual constituents. A cellular body can be considered as a simple case of a 
composite, comprising solids and voids. This is the case for the material model 
used in structural topology optimization. 

In this chapter composites with a regular or nearly regular structure are consid­
ered. Having sufficiently regular heterogenities enables us to assume a periodic 
structure for the composite. It should be emphasised that compared with the 
dimensions of the body the size of these non-homogeneities should be very 
small. Because of this, these types of material are sometimes called composites 
with periodic micro-structures. 

Even with the help of high-speed modern computers, the analysis of the bound­
ary value problems consisting of such media with a large number of heterogen­
ities, is extremely difficult. A natural way to overcome this difficulty is to 
replace the composite with a kind of equivalent material model. This pro­
cedure is usually called homogenization. One way of finding the properties of 
such composites is by doing experimental tests. It is quite evident that because 
of the volume and cost of the required tests for all possible reinforcement types, 
experimental measurements are often impracticable. 

The mathematical theory of homogenization, which has developed since the 
1970's is used as an alternative approach to find the effective properties of the 
equivalent homogenized material [2-4]. This theory can be applied in many 
areas of physics and engineering having finely heterogeneous continuous media 
like heat transfer or fluid flow in porous media or, for example, electromag­
netism in composites. In fact the basic assumption of continuous media in 
mechanics and physics can be thought of as sort of homogenization, as the 
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materials a.re composed of atoms or molecules. 

From a mathematical point of view the theory of homogen!zation is _a li~it 
theory which uses the asymptotic expansion and the as_su~pt10n of_ p_enodic'.ty 
to substitute the differential equations with rapidly oscillatmg coeffi:1ents with 
differential equations whose coefficients are constant or slowly varymg m such 
a way that the solutions are close to the initial equations [5], 

This method makes it possible to predict both the overall and local properties 
of processes in composites. In the first step the appropriate local problem on 
the unit cell of the material is solved and the effective material properties_ are 
obtained. In the second step the boundary value problem for the homogemzed 

material is solved. 

2,2 Periodicity and asymptotic expansion 

A heterogeneous medium is said to have a regular periodicity if the functions 
denoting some physical quantity of the medium - either geometncal or some 
other characteristics - have the following property 

:F(x +NY)= :F(x). (2.1) 

[ ]T 1·s the position vector of the point, N is a a x 3 diagonal x = x1,x2,x3 
matrix 

[
rq 

N= 0 
0 

where n 1 ,n2 and n 3 are arbitrary integer n~mbers and Y = [Yi, Y2, Y;i]'I' is 
a constant vector which determines the period of the structur'.' and :F can 
be a scalar or vectorial or even tensorial function of the posit10n vector x. 
For exaniplc in a composite tissued by a periodically repeatmg cell Y, the 
mechanical behavior is described by the constitutional relations of the form 

CTij = CijklCkl 

and the tensor c,jkl is a periodic function of the spatial coordinate x, so that 

Cijkl(x + NY) = Cijkl(x) 
(2.2) 

or 
Cijkl(x 1 + n 1Y1, x2 + n2Y2, x3 + n3Y3) = c;Jkl(x1. x2, x3). 

d . ( F" 2 1) Note t,hat a,·1· and ekl are re-c;jkl (x) is called Y-perio ic_ see igure . . 
spectively the stress and stram tensors. 
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Figure 2.1 

Homogenization and Structural Topology Optimization 

P, ~ ~ 

1;'1 OP, P, 

Periodicity requires that the functions 
have equal values at points Pi, P2 , •. ·, P6 . 

In the theory of homogenization the period Y compared to the dimensions 
of the overall domain is assumed to be very small. Hence the characteristic 
functions of these highly heterogeneous media will rapidly vary within a very 
small neighbourhood of a point x. This fact inspires the consideration of two 
different scales of dependencies for all quantities: one on the macroscopic or 
global level x which indicates slow variations and the other on the microscopic 
or local level y which describes rapid oscillations. 

The ratio of the real length of a unit vector in the microscopic coordinates 
to the real length of a unit vector in the macroscopic coordinates, is a small 
parameter c; so <Y = x or y = x/ E. Consequently, if g is a general function 
then we can say g = g(x,x/<) = g(x,y). To illustrate the technique let us 
assume that <l>(x) is a physical quantity of a strongly heterogeneous medium. 
Thus <I>(x) will have oscillations. See Figure 2.2. 

<j)(:x) 

i i+l X 

Figure 2.2 A highly oscillating function 

To study these oscillations using this double-scale expansion, the space can be 
enlarged as indicated in Figure 2.3 . 

The small parameter f also provides an indication of the proportion between 
the dimensions of the base cells of a composite and the whole domain known 
as the ch~racteristic inhomogeneity dimension. As a hypothetical example, E 

for the skm cells of the human body is larger than E for the atoms of which it is 
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<I>( x.y) 

Figure 2.3 

i+l y=X/£ 

One of the oscillations in the expanded 
scale 

composed. The quantity 1/< can be thought of as a magnification factor which 
enlarges the dimensions of a base cell to be comparable with the dimensions 
of the material [6-8]. See Figure 2.4 . 

Figure 2.4 Characteristic dimension of inhomogene­
ity and scale enlargement 

In the double-scale technique, the partial differential equations of the problem 
haYe coefficients of the form o.(xj,) or a(y) where a(y) is a periodic function of 
its arguments. The corresponding boundary value problem may be treated by 
asymptotically expanding the solution in powers of the small parameter E. This 
technique has already proved to be useful in the analysis of slightly perturbed 
periodic processes in the theory of vibrations. The same principle is extendible 
to processes occurring in composite materials with a regular structure. 

°If we assign a coordinate system x = ( x 1, x 2 , x3 ) in JR3 space to define the 
domain of the composite material problem fl, then assuming periodicity, the 
domain can be regarded as a collection of parallelepiped cells of identical di­
mensions ,Y1, cY2, cY3, where Y1, Y2 and Y3 are the sides of the base cell Y in 
a local (microscopic) coordinate system y = (Y1, Y2, Y:\) = xf, .. So for a fixed x 
in the macroscopic level, any dependency on y can be considered Y-periodic. 
Moreover it is assumed that the form and composition of the base cell varies in 
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a smooth way with the macroscopic variable x. This means that for different 
points the structure of the composite may vary, but if one looks through a 
microscope at a point at x, a periodic pattern can be found. 

Functions determining the behavior of the composite can be expanded as 

~•(x) = ~o(x,y) + €~1(x,y) + €2~2(x,y) + ... 

where€ ➔ 0 and functions ~ 0(x,y), ~ 1(x, y), ··•are smooth with respect to x 
and Y-periodic in y which means that they take equal values on the opposite 
sides of the parallelepiped base cell. 

2.3 One dimensional elasticity problem 

To clarify the homogenization method the simple case of calculation of de­
formation of an inhomogeneous bar in the longitudinal direction is considered. 
Here we attempt to derive the modulus of elasticity without recourse to ad­
vanced mathematics. 

According to the assumptions of the theory, the medium has a periodic com­
posite microstructure. (See Figure 2.5). 

J 

CIY { 
A__/ 

Base cell 

Figure 2.5 Deformation of a composite bar 

The governing equations, in the form of Hooke's law of linear elasticity and 
the Cauchy's first law of motion (or equilibrium equation) , are 

' - E'&u' 
u - ax' 

au' 
7fx +7' = 0. 

(2.3) 

(2.4) 

T~e ~ependency of the quantities to the size of the unit cell of inhomogeneity 
IS md1cated by the superscript€. u' is the stress, u' is the displacement, E'(x) 
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is the Young's modulus and 7' is the weight per unit volume of material. It 
is assumed that E' and 7' are macroscopically uniform along the domain and 
only vary inside each cell, 

E'(x,x/E) =E'(x/E) =E(y) 

and 
7'(x,x/€) = 7'(x/€) = 7(y). 

Using the double scale asymptotic expansion 

u'(x) = u0(x,y) + w 1(x,y) + E2u2(x,y) + .. · 

and 

(2.5) 

(2.6) 

(2.7) 

(2.8) 

where ui(x, y) and ui(x, y), (i = 1, 2, • • •) are periodic on y and the length of 
period is Y. In due course the following facts will be referred to: 

Fact {1). The derivative of a periodic function is also periodic with the same 
period. 

Fact (2). The integral of the derivative of a function over the period is zero. 
(These facts can easily be verified by the definition of derivative and periodic­
ity.) 

Fact (3). If~= ~(x,y) and y depends on x, then 

d~ a~ a~ ay 
dx =ax+ ayax· 

In this case, as y = x/E so 

Using the latter fact and substituting the series (2. 7) and (2.8) into equations 
(2.3) and (2.4) we obtain, 

auo 1 auO au1 au1 
-+--+E-+-+--·+7(y) =0. 
ax Eay ax ay 

By equating the terms with the same power of€, (2.9) yields 

auo 
0 = E(y)( 8y ), 

(2.10) 

(2.11) 
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and similarly from (2.10) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

From (2.11) and (2.14) it is concluded that the functions u0 and u0 only depend 
on x (i.e. u0(x) and u0 (x)). Bearing in mind that the relationship between 
u0(x) and u0(x) is sought (because they are independent of the microscopic 
scale), (2.12) can be written as 

uo(x) = E(y) [ du:x) + aui~:, y)] . (2.16) 

Dividing by E(y) and integrating both sides of (2.16) over the period Y and 
using fact (2) yields 

uo(x) = (YI f -'.!!!._) duo(x). 
lv E(y) dx 

(2.17) 

Now by substituting the value of u0 (x) into (2.16), we obtain 

i:Jul(x,y) = [YI (E( ) f -'.!!!._)-1] duo(x) 
8y y lv E(y) dx ' 

and by integrating this equation, we conclude that u1 has the following form: 

1 du0(x) 
u (x,y) = x(y)~ +{(x) (2.18) 

where x(y) is the initial function of the terms inside the square brackets and 
{(x) is the constant of integration due toy. From (2.18) and (2.16) it follows 
that 

uo(x) = E(y) (1+ d~~)) du:x). (2.19) 

Differentiating (2.19) with respect to y, one concludes 

.!!._ [E(y) (1 + dx(y))] = 0 on Y 
dy dy ' (2.20) 

and x(y) takes equal values on the opposite faces of Y, (i.e. x(O) = x(Y)). 
Integrating (2.20) yields 

E(y) (1 + dx(y)) = a 
dy ' ( a is a constant ) (2.21) 

I 
I 
I 

I 
I 
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or 
dx(y) _ _ a __ 1 

dy - E(y) . (2.22) 

Integrating (2.22) it follows that 

x(y)= t (E~TJ) -1)d11+b (2.23) 

where 1J is the dummy variable of integration and b is a constant. Now using 
the boundary condition x(O) = x(Y) yields 

fy a 
lo E(11) dTJ - Y = O 

or 

a= ll ( i lay i~)) · 
Note that comparing (2.19) and (2.21) one can see that 

uo(x) = a duo(x) 
dx 

and substituting for a from (2.25) yields 

o( ) = ll (.!. f Y ..!!!I_) duO(x) 
u x Y lo E(11) dx · 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

By integrating (2.15) over the length of the period (0, Y) and using fact (2) 
mentioned earlier, the following result is obtained 

(2.28) 

where 'f = } J y -y(y )dy is the volumetric average of -y inside the base cell. 

By studying (2.27) and (2.28), we realize that they are very similar to the 
equations of one dimensional elasticity for the homogeneous material and u0 

and u0 are independent of the microscopic scale y. The only difference is the 
elasticity coefficient which should be replaced by an homogenized one. Hence 
the problem can be summarized as : 

where 

{ 
u0(x) = EHdu0(x)ldx 

du0 (x)ldx + 'f = 0 

EH = ll (.!_ f y .!:!}_) 
Y lo E(11) 

is the homogenized modulus of elasticity. 

(2.29) 

(2.30) 

Ananthasuresh
Highlight

Ananthasuresh
Highlight

Ananthasuresh
Highlight



20 Homogenization and Structural Topology Optimization 

To find the displacements, we follow the same process as for the homogeneous 
material bar problem. Combining the equations of (2.29) we obtain 

a2uo(x) 'Y 
~=-En· 

By integrating twice and using the boundary conditions (x = 0 ; u = 0) and 
(x = L ; du/dx = 0) we obtain 

Problem of heat conduction 

The one dimensional heat conduction is very similar to the one dimensional 
elasticity problem. The governing equations, Fourier's law of heat conduction 
and the equation of heat balance, are 

{ 
q'(x) = K'dT;;x) 
~+f=O. 

(2.31) 

where q' is the heat flux, T' is the temperature and K' ( x) is the conductivity 
coefficient. Following a very similar procedure to that used for the one dimen­
sional elasticity problem the homogenized coefficient of heat conduction can 
be obtained as 

which is as expected, the same as (2.30). 

Similarly starting from the equations of heat conduction in the general three 
dimensional case and following the same procedure as for the one dimensional 
problem, the following results will be obtained [6]: 

where 

{
q;(x) =K;1lif£;l, 
~+f=O 

KlJ = 1~ 1 [[ K(y)(a;i +:~:Jay] 

and xi (y) is the solution of the partial differential equation: 

(2.32) 

(2.33) 

a!; [K(y)(o;i + ~~; )] = 0 on Y (2.34) 

o;i is the Kronecker delta symbol and the boundary conditions are concluded 
from the periodicity, i.e. xi takes equal values on the opposite sides of the 
base cell. In (2.32), q and 8q;J8x; are the volumetric average value of qf (x) 
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and 8q? /8x; over Y. The volumetric average of a quantity a(x, y) over Y is 
defined by: 

a(x) = l~I [ a(x,y)dy. (2.35) 

2.4 General boundary value problem 

Many physical systems which do not change with time - sometimes called 
steady state problems - can be modelled by elliptic equations. As a general 
problem the divergent elliptic equation in a non-homogeneous medium with 
regular structure is now explained. Let n C JR3 be an unbounded medium 
tissued by parallelepiped unit cells Y whose material properties are determined 
by a symmetric matrix a;i(x,y) = a;j(Y) where y = x/c and x = (x1,x2,x3) 
and the functions a;j are periodic in the spatial variables y = (YI, Y2,y3). The 
boundary value problem to be dealt with is 

A'u' = I 
u' = 0 

where the function f is defined in n and 

inn 

on an 

A' = ~ (a; (y)~) 
8x; 3 8xi 

(2.36) 

(2.37) 

(2.38) 

is the elliptical operator. The superscript c is used to show the dependency of 
the operator and the solution to the characteristic inhomogeneity dimension. 

Using a double-scale asymptotic expansion, the solution to (2.36) and (2.37) 
can be written as 

u'(x) = u0 (x,y) + c1u1(x,y) + c2u2(x,y) + • · · (2.39) 

where functions ui(x,y) are Y-periodic in y. Recalling the rule of indirect 
differentiation (fact 3) yields 

A' = ..!_A1 + !A2 + A3 (2.40) 
€2 € 

where 

and 

A2 = a!; ( a;j(Y) a:J + a:; ( a;j(Y) a!J . 
Applying (2.39) and (2.40) into (2.36) yields 

(2.41) 
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and by equating terms with the same power of e, we obtain 

A1u0 = 0 

A 1u 1 +A2 u0 =0 
(2.42) 

(2.43) 

(2.44) 

If x and y are considered as independent variables these equations form a 
recurrent system of dif!er,,ntial equations with the functions u0 , u 1 and u 2 

parameterized by x. Before proceeding to the analysis of this system, it is 
useful to notice to the following fact: 

Fart (4). The equation 

in Y 

for a Y-periodic function ·u has a unique solution if 

- I f 
F = fYT }y Fdy = 0 

whne IY I denotes the rnlume of the base cell. 

From this fact and using (2.42) it immediately follows that 

u0 = u(x), 

and by substituting into (2.43) we find 

Alu! = -A2uo = _ 8Uij(Y) au(x) 
ayi 01,3 

(2.45) 

(2.46) 

(2.47) 

(2.48) 

As in the right hand side of (2.48) the variables are s,,parated, the solution of 
this equation may be represented in the form 

I · au(x) 
u (x,y) =x3 (y) D:rj +((x) (2.49) 

where xi(y) is the Y-pcriodic solution of the local equation 

in Y. (2.50) 

Now turning to (2.44) for u 2 and taking x as a parameter, it follows from fact 
(4) that (2.44) will have a unique solution if 

1 ( 21 30 -)Yi )y (A u + A u )dy + f = 0, (2.51) 

which when combined with (2.49) results in the following homogenized (macro­
scopic) equation for u(x) 

(2.52) 
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where the quantities 

(2.53) 

are the effective coefficients of the homogenized operator 

Thus it is demonSt.rated that. the initial equation has been split into two dif­
ferent problems: 

l. Determine xi(y) from (2.50) which is solved on the base cell. 

2. Solve (2.52) on n with u = 0 on 8fl. The homogenized coefficients aIJ are 
obtained from (2.53). 

2.5 Elasticity problem in cellular bodies 

So far the application of the homogenization theory in one dimensional 
elasticity and as a more general problem in elliptic partial differential equations 
has been discussed. For the sake of completeness, we now briefly explain the 
honwgenization method for cellular media in weak form, which is suitable 
for the derivation of the finite element formulation, using the procedure and 
notation used by Guedes and Kikuchi [9]. This is the case applied in topological 
structural optimization by Bends0e and Kikuchi [10-14]. 

General elasticity problem Cellular structure 

Figure 2.6 Elasticity problem in a cellular body 

Let us consider the elasticity problem constructed from a material with a 
porous body with a periodic cellular microstructure. Body forces f and trac­
tions t are applied. See Figure 2.6. fl is assumed to be an open subset of 
JR3 with a smooth boundary on r comprising rd (where displacements are 
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prescribed) and I\ (the traction boundary). Thc base ce]Jt of the cellular 
bodv Y is illustrated in Figure 2. 7. Y is assumed to be an open rectangular 
par~llelepiped in JR 3 defined by 

Y =]0, Yi[x]O, Y2[x]O, 1':i[, 

with a hole v in it .. The boundary of v is defined by s ( /Jv = s) and is assumed 
to be sufficiently smooth and as a more general case the tractions p can also 
exist inside the holes. The solid part of the cell is denoted hy ¥, therefore the 
solid part of the domain can be defined as 

Also we define 

Figure 2.7 

fl'= {x E fl i (y = x/t) E ¥}. 

all cells 

S' = lJ s;. 
i=l 

Base cell of the cellular body 
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Find u' E V', such that 

l E kl /Ju .. ~. ~v; d!l = { f{v;d!l + ( t;v;df + f_ PiVidS 
w '1 /J,·1 Dxj lo, lr, ls, 

where 

V = { v E (H1 (!1'))3 and vlrd = 0}, 

\fvE V'. 

(2.56) 

and Hl is the Sobolev spacet. The elastic constants of the solid are assumed 
to have symmetry and coercivity properties 

E;1kt = E1,kl = Ei;lk = Eklij 

3a > 0: Eijkze;1ekl = ae;1e;1 \fe;j = e1;. 

Now using the double-scale asymptotic expansion and fact (3), (2.56) becomes 

where 

E ---+ --+- + . l { 1 au2av; 1 [(/Ju2 /Jul) /Jv; au2f!:1i] + 
n, i1kl ,2 /Jy1 ayj , /Jx1 Dvt /JyJ 8Yt /Jxi. 

[( auZ_ + /Jul,) av;+ ([)uk + au%) /Jv;] +,( .. )}do 
OX[ 8y1 OXj ax, /Jy1 8y] 

\/vE Ynx¥· 

Vnx¥ = {v(x,y); (x,y) En x ¥ I v(.,y) Y-periodic; 

v smooth enough and vlr" = O}. 
Similarly, we define V n and V ¥ as 

(2.57) 

It is assumed that none of the holes v; intersect the boundary r, i.e. Vn = {v(x) defined inn Iv smooth enough and vlrd = O} 

r n S' = 0. y.'£ = {v(y) defined in¥ I v(y), Y- periodic and smooth enough}. 

r,; ow considering the stress-strain and strain-displacement relations Introducing the following facts: 

aij = E1jkle'1<1, (2.54) 

, _ 1 (auk /Juf) 
ekl - 2 OX[ + /Jxk ' (2.55) 

1.he virtual displacement equation can be constructed as: 

f Having periodic microstructure does not mean that the form and composition of the basP 
cell can not vary butt.he variations in the macroscopic scale ano assumed to be smooth enough. 

H 1 (n') is defiur.d <1.S 

{ . aw(x) , } H'(fl') = w(x) I w(x) E L,(ff) and fix: E £,(fl) 

whPrP 

L,('1') = { w(x) I L (w(x))' dx < oo and x E !1'}, 
which assures the integra.bilit.y of the functions and their derivatives. 
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Fact (5). For a Y-periodic function 1Ji'(y) when,--+ Owe have 

k. w (;) d!l = l~I fn l w(y)dY an , (2.58) 

fs, 1Ji' (;) d!l = •l~I In I. 1Ji'(y)dsd!l , (2.59) 

and assuming that the functions are all smooth so that when , --+ 0 all integrals 
exist and by equating the terms with the same power of , we obtain 

VvEVnx¥, (2.60) 

= In C~I J. p;v;dS) d!l VvE V nx¥, (2.61) 

In { l~I l Eijkl [ ( ::~ + :: ) ::; + ( ::: + ~::) ::; ] dY} d(l 

=Inc;, 1/;v;dY) d!l + £, t;v;dI' VvE Vnx¥· (2.62) 

Now, as vis an arbitrary function we choose v = v(y) (i.e. vE V¥), Then, 
integrating by parts, applying the divergence theorem to the integral in ¥, and 
using periodicity from (2.60) we obtain 

l;I k { k [-a!i ( E;jkl :: ) ] v;dY + J. Eijkl ::~ njv;dS} d!l = o Vv. 

v being arbitrary results in 
(2.63) 

_ .!!._ (E; 'kl 8u2) = 0 Vy E ¥, 
8yj J 8v1 (2.64) 

8u0 

Eijkl 8y:nj = 0 on s. (2.65) 

Considering fact (4) and (2.64) it is concluded that 

(2.66) 

This means that the first term of the asymptotic expansio~ only depends on 
the macroscopic scale x. ( 
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Now, as v is an arbitrary function if we choose v = v(x) (i.e. v is only a 
function of x) then from (2.61) it is concluded that 

In ( l~I J. p;dS) v;(x)d!l = 0 VvE V n, (2.67) 

which implies that 

/. p;(x,y)dS = 0. (2.68) 

This means that the applied tractions have to be self-equilibrating. So the 
possible applied tractions are restricted. 

On the other hand, introducing (2.66) into (2.61) and choosing v = v(y) yields 

r Eijkl (8ua 2 + a8ul) av8;(y) dY = !.p;v;dS VvE V¥, (2.69) A,. X/ YI Y1 s 

Integrating by parts, using the divergence theorem and applying the periodicity 
conditions on the opposite faces of Y, it follows from (2.69) that 

-l ~j [ Eijkl ( 8t\x) + ~::)] v;dY + J. Eijkl ( 81x\x) + :: ) v;njdS 

= I. p;v;dS VvE V¥. (2.70) 

Since v is arbitrary, it is concluded that 

_.!!._ (E; 'kl 8ul) = .!!._ (Ent 8u2(x)) on¥, (2.71) 
8yj 1 8y1 8yj 1 8x1 

8u1 8u0 (x) 
E;jkl By~ = -E;jkl /x1 nj + Pi on s. (2.72) 

Now considering (2.62) and choosing v = v(x) results in a statement of equi­
librium in the macroscopic level: 

r [_!_ r E; 'kl (8u2 + 8ul) dY] 8v; (x) d!l 
In IYI 1¥ 1 8x1 8y1 8xj 

= lo C~I lf;dY) v;(x)d!l + h, t;v;(x)dl' VvE Vn, (2.73) 

If in (2.62) we assume that v = v(y) leads to 

l [ ,t, l Eijkl ( :: + ~:n 8~~:) dY] d!l = l Ct1 k f;v;(y)dY) d!l 

VvE V¥· (2.74) 
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or equi,·alently 

l E;jkl (~:~ + 8-a:-n 8-~-iy_(;_) dY = _{fiv;(y)dY VvEV¥, (2.75) 

which represents equilibrium of the base cell in the microscopic level. 

The procedure followed so far can be applied for higher terms of the expan­
sion. However 1 in this case the first order terms are enough. The macroscopic 
mechanical lwhaviour is represented by u 0 and u 1 represents the microscopic 

behaviour. 
A8 we have noticed earlier 1 our goal is to lind the homogenizPd elastic constants 
such that the equilibrium equation ( or equivalently the equation of virtual 
displacements) can be constructed in the macroscopic system of coordinates. 
These homogenized constants should be such that the corresponding equilib­
rium equation reflects the mechanical behaviour of the microstructure of the 
cellular material without explicitly using the parameter e. To accomplish this 
we consider (2.69) once again. As this equation is linear with respect to u 0 

and p, we consider the two following problems: 

(i} Let xkl E V¥ be the solution of 

{ E. axt1 av;(y) dY - { E - av,(y) dY Vv EV¥, (2.76) 
1¥ iJpq 8yq 8yj - 1¥ i;kl 8yj 

(ii} and let IJi E V¥ be the solution of 

h 81Jik iJv;(y) , 1 Pijkl -- --8-d} = PiVi(y)dY 
¥ 8y1 Yj s 

Vv EV¥ 

where x plays the role of a parameter. 

It can be shown that the solution u1 will be 

I kl . i)ui(x) . -l( u, = -Xi (x,y) - 8-- - '¥, (x,y) + U; x), 
Xl 

where u} are arbitrary constants of integration in y. 

Introducing (2. 78) into (2. 73) yields 

{ [_]_ { ( _ _ _ _ _ Ox~1) d ] 8u2(x) av;(x) d!l 
ln iYI 1¥ E,1kl E,1pq 8yq y 8x1 8xj 

{ ( 1 { awk ) av;(x) { ( 1 { ) = .In )YT]¥ E;jkl&JidY ~d!l + ln ]YT l¥ f;dY v;(x)d!l 

Now demoting 

+ f l;v;(x)df 
./rt 

VvE Vo. 

(2.77) 

(2.78) 

(2.79) 

(2.80) 
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(2.81) 

and 

(2.82) 

(2. 79) can be written as 

{ EH /Ju~(x) fJv;(x) d!l _ { ( J8v,(x) d!l 
ln •Jkl ax, 8xj - ln 7'·1 X axj 

+ { b;(x)v;(x)d!l + { t;(x)v;(x)df VvE Vo, 
ln lr, 

(2.83) 

This is Yery similar to th,, equation of virtual displacement (2.56) and it rep­
resents the macroscopic equilibrium. E!Jkl defined by (2.80) represents the 
homogenized elastic constants. Tij arP averagP 'residual' stresses within the 
cell due to the tractions p inside the holes and b, are the average body forces. 

As we notice the microscopic and macroscopic problems are not coupled and 
the solution of the elasticity problem can be summarized as: 

1. Find )( and '1i within the base cell by solving the integral equations (2. 76) 
and (2.77) on the base cell. 

2. Find E;Jkl• Tij and b; by using (2.80), (2.81) and (2.82). 

S. Construct (2.83) in macroscopic coordinates. 

If the whole domain of the cellular material comprises a uniform cell structure, 
as well as uniform applied tractions on the boundaries of the holes of the cells, 
then it is only necessary to solve the microseopic equations (2.76) and (2.77) 
once. Otherwise thes,; equations must be solved for every point x of !1. 
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3 
SOLUTION OF HOMOGENIZATION 
EQUATIONS FOR TOPOLOGY 
OPTIMIZATION 

In this chapter motives for using the homogenization theory for 
topological strnctural optimizat.ion are briefly explained. Different 
material models are described and the analytical solution of the ho­
mogenization equations, derived in the last section of Chapter 2, for 
the so called 'rank laminate composites' is presented. The finite el­
ement formulation is explained for the material model based on ;i 

microstructure consisting of an isotropic material with rectangular 
voids. Using the periodicity assumption, the bonndary conditions are 
derived and the homogenization equation is solved. The results to be 
used in topology optimization arc presented. 
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