ANALYTICALLY SOLVING
BAR OPTIMIZATION
PROBLEMS

BY
RAHUL PRATAP SINGH
SR NUMBER: 17531
ME (MTECH)
FEB., 2021




PROBLEM 1

Minimize the strain energy for given volume of material
under given loading.

Min SE = lEAu'za’x
A(x) 2

subjected to

A(x):(EAu') +P=0

A:|ddx—V" <0
Data : L, P(x),E,V"




STEP 1: WRITING LAGRANGIAN
L= j{ EAu” +/1{EAu')'+P}+A(A—VT*ﬂdx

LY +/1{(EAu ) +P}+A(A—V—j
2 I

STEP 2: VARIATION W.R.T DEGINE VARIABLE A(x

6L

5 L 0= —-— {a—L} 0 Euler Lagrange Equation

0A O0A

/1 N
— | —EAu*+ AEu +Aj (AEu) —0
2

ST | ' i i
= |A=FEul _EEAM > Design Equation




STEP 3: VARIATION W.R.T STATE VARIABLE u(x)

) i =0= oL _ 8L' + G_L =0 Euler Lagrange Equation
u ou ou ou

= 0—(EAu' + AEA') —(AEA) =0

= (EA/I' ) +P=0 Adjoint Equation

STEP 4: COLLECTING ALL EQUATIONS

A=Eul —%EAu'2

(EAA')+P=O
(EAU) +P =0

A{I(A—%de}zo

jAdx—v*so




STEP 5: OPTIMALITY CRITERIA

Comparing eq (2)& (3), we get
A=U
Equation (1) becomes

A = %Eu'2 < Optimality Criteria ----(6)

Clearly, A>0
— Volume constraint is active

s [Adx-V" =0 - (7)
From (6), we get

u = ir\/% ----(8)




STEP 6: BOUNDARY CONDITIONS

1
2

L

=O:(/1Eu')5A|§ 0=

L

0

*

EAu® + z{(EAu')' + P} + A[A —V—j
L

(uu')64, =0

=0= | (EAu'+ AEA')~(AEA) |ou

L
0

| =0= (AEA)SU| = |(Au)du'| =0

L
0

(BCT)

L
0

(BCII)

=0=

(Automatically Satisfied) (BCII)




STEP 7: SOLVING FOR DESIGN VARIABLE

From (2)& (8), we get
P +[EA[i\/%D' =0
P

=

From (7) & (9), we get A as

L

Hq%dﬂc}:v*

CONCLUSION

For minimum SE,

P
A(x)—ijﬁdx+c

where A & C are given by eq (10)& BCs respectively




PROBLEM 2

Minimize volume of material to be used with an upper bound
constraint on strain energy under given loading.

Min V = | Adx

A(x)

subjected to
A(x):(EAu') +P=0

A:leAu'zdx—SE*so
2

Data: L,P(x),E,SE"




STEP 1: WRITING LAGRANGIAN

L :j{A+/1{(EAu')' +P}+A(%EAu'z—STE*de

L= A+/1{(EAu')' +P}+A[%EAu'2—S%)

STEP 2: VARIATION W.R.T DEGINE VARIABLE A(x

5,42 =0= oL _ [ 0 L} =0 (Euler Lagrange Equation)

OA O0A

( " 1 1 !
— |1+ AEu +§Eu2j—(/1Eu) -0
\ 2

= |A = EZ'Z (Eu i —1) (Design Equation)
u




STEP 3: VARIATION W.R.T STATE VARIABLE u(x)

slL-0=9L_|OL | |OL| _,
u ou ou ou

— 0—(AEAu + AEA') +(AEA) =0

(Using governing eqution in between)

= (EA A j +P=0 < (Adjoint Equation)

STEP 4 Collecting all Equations

Design Equation

(EA% j +P =0 Adjoint Equation
(EAU ) +P=0 Governing Equation---(3)

1 2 SE : .
A[I(EEAuz i X ComplementarltyCrlterla--(4)

1EAu'2 dx-SE <0 Feasibility Criteria




STEP 5: OPTIMALITY CRITERIA

Comparing eq (2)& (3), we get
A=AuU
Equation (1) becomes

A = 2.2 « Optimality Criteria ----(6)
Eu
Clearly, A>0

= Strain Energy constraint is active

= %EAU'Z dx-SE =0 —(7)

From (6), we get

U = J_r\/g ----(8)




STEP 6: BOUNDARY CONDITIONS

Z=A+/1{(EAM')'+P}+A(

N

oL
0A

0A

N

oL

L

0

N

oL

ou

oL
ou

L
Jé‘u'
0

1

L

0

= 0= (AEA)SU | =

_EAuﬂ_Si
2 L

=0=> (AEu")SA| =0=|(uu") 54 =0

(Au)5u'|§ =0

(BCI)

} =0= [(AEAu'+ lEA')—(}LEA)']&t

(BCIII)

L

0

=0=

(Automatically Satisfied) (BCII)




STEP 7: SOLVING FOR DESIGN VARIBLE

From (2)& (8), we get

(e o2 ] -

— A(x)=ijg\/§dx+c
From (7) & (9), we get A as

j J‘%E‘[;-J‘g\/%dx+dex+C}—SE*
"CONCLUSION

For minimum Volume,

A(x):ijg\/%dx+c

where A & C are given by eq (10)& BCs respectively




PROBLEM 3

Minimize volume of material to be used with an upper bound
constraint on mean compliance under given loading.

Min V = | Adx

A(x)

subjected to

A(x):(EAu’) +P=0

A:qudx—MC* <0
Data: L, P(x),E,MC"




STEP 1: WRITING LAGRANGIAN
i Mc
7 ] dx

MC ]

L:j_A+z{(EAu')'+P}+A(Pu—

2=A+/1{(EAu')' +P}+A(Pu—
L

STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)

3 oL |orL
oL=0—= — -1 =0 Euler Lagrange Equation
F Y [@4} ( grange Eq )

= (1+2Eu")—(AEu') =0

= |Fu i =1 (Design Equation)




STEP 3: VARIATION W.R.T STATE VARIABLE u(x)

ol |oL oL
= — - |+ -1 =0
ou ou ou

— AP —(AEA) +(AEA) =0

(Using governing eqution in between)

— [EA% j +P =0 <— (Adjoint Equation)

STEP 4: COLLECTING ALL EQUATION

Eui = Design Equation
a0 . .
(EAX J +P =0 Adjoint Equation
(EAu' ) +P=0 Governing Equation---(3)
[I(P —%j dx} =0 Complementarity Criteria--(4)

[ Pudx ~SE* <0 Feasibility Criteria




STEP 5: OPTIMALITY CRITERIA

Comparing eq (2)& (3), we get
A=Au
Equation (1) becomes

A= 2.2 « Optimality Criteria ----(6)
Eu
Clearly, A>0

= Mean Compliance constraint is active
*. [Pudx—-SE" =0 -—-(7)

From (6), we get

TR RN —(8)
EA EA




STEP 6: BOUNDARY CONDITIONS

MC” J

A\

L=A+/1{(EAu')'+P}+A(Pu—

L
A

OL 54| =0= (AEu)SA| =0=[(uu') 545 =0| (BCI)

L

=0= [(ZEA')—(AEA)']&,{L =0= (BCII)

0

| =0= (AEA)Su| = |(Awysu|, =0| (BCII)




STEP 7: SOLVING FOR DESIGN VARIABLE

From (2)& (8), we get

()

= |A +IP\/§dx+ C

From (7) & (8), we get A as

L

I

0

CONCLUSION

For minimum Volume,

J_rjE Adx+C
E\2

where A & C are given by eq (10)& BCs respectively




PROBLEM 4

Minimize the strain energy, expressed in terms of internal
forces in a bar, subject to the volume constraint.

P2
Min SE = j dx
A(x) 2AF

subjected to
A:| Adc-V" <0

Data:L,P(x),E,V"




STEP 1: WRITING LAGRANGIAN

STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x) & SOLUTION

0A 0A

= oL _ { 0 LJ =0 (Euler Lagrange Equation)

P

T 2EA J2EA

Clearly A = 0 = Volume constraint is active

:>jAdx =0

or A(x)= (Design Equation)

I dx V' <« This eq give A




PROBLEM 5

A min-max formulation for the stiffest bar for given volume of

material
Problem can be restated as

Max Min PE = j L B Py by Min -f5)
THNE ) .
subjected to

subjected to =/.3— _[(f (% EAu"™— Puja'x

AijAdx—V*SO A:fAddx—V™ <0

Data:L,P(x),E,V" Data: L, P(x),E,V"




STEP 1: WRITING LAGRANGIAN

L =J‘{—ﬂ+A(§—%EAu'2+Puj+A(A—V—*)}dx

2=—ﬂ+A(£—lEAu'2+Puj+A£A—V—j

L

L 2 L

STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)

A oL |oL
oL=0———| — | =0 Euler Lagrange Equation
J Yy [@4} ( grange Equation)

_TEu”
2

= (A (Design Equation)




STEP 3a: VARIATION W.R.T STATE VARIABLE u(x

sL=0=92L_|OL| 1 OL ) g
u ou ou ou

=TP-T(—EAu') =0

= P+ (EAu' ) =0 < Adjoint Eqution

STEP 3b: VARIATION W.R.T STATE VARIABLE [(x)

ai} {aiT
2 I R
o3 o3

<— Adjoint Eqution




STEP 4: COLLECTING ALL EQUATION

Design Equation

Adjoint Equation (w.r.t 3)
u ) =0 Adjoint Equation (w.r.t u) ---(3)

z—%EAu'Z+ Pujdx} =0 Complementarity Criteria (w.r.t §) -—(4a)

AUOLAdx -V *} =0 Complementarity Criteria (w.r.t volume) -(4b)

L1 ' — o
8- IO (EEAU 2 Pujdx <0 Feasibility Criteria-----(5a)

[Adx-v" <0 Feasibility Criteria---—--(5b)




STEP 5: OPTIMALITY CRITERIA

Comparing eq (1)& (2), we get

<« Optimality Criteria

Clearly, I'’'A >0
— Both constraints are active

'(%EAu'%Pujdx:o

[Adx -V =0
(6), we get

u=ji 2—Adx+C1
EL




STEP 6: BOUNDARY CONDITIONS

—ﬂ+A(£—lEAu'2+Puj+A a-r
L 2 L

L

=0=(0) 5A|(L) = 0 (Automatically Satisfied) (BCI)

L

0= (FEAu')au

L
0

= 0= |(Au")Sul =0| (BCID
0

0




STEP 7: SOLVING FOR DESIGN VARIABLE

From (2)& (8), we get

P+(EA(i‘/2—AJJ =0
EL
= |A(Xx) = ,/ZAEIPdXJrC

From (7) & (8), we get A as

j[+\/;dex+dex vV’

CONCLUTION

For minimum Volume,

A(x):i‘/ = dex+C
2AE

where A & C are given by eq (10)& BCs respectively




PROBLEM 6

Minimize the mean compliance for given volume of material with
the governing equation in the weak form.

Min MC = | Pudx

A(x)

subjected to

I: j‘(EAu'v' —Pv)dx =0
0

A j Adx—V" <0
Data: L,P(x),E,V"




STEP 1: WRITING LAGRANGIAN
L= j{Pu +T(EAuv —Pv)+A[A—VT*ﬂdx

izPu+F(EAu'v' —Pv)+A(A—V—*]
L

STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)

5,42 =0= Zj —[ : Euler —Lagrange Equation

— (FEu'v')+A =0

= |A=—Fuld| (where A=TV) Design Equation




STEP 3a: VARIATION W.R.T STATE VARIABLE u(x)

o 2 =0= oL _ aL, + 8_L =0 Euler Lagrange Equation
u ou ou ou

— P—(TEAV) =0

= [P+ {EA (—/1)'} =0 Adjoint Equation

STEP 3b: VARIATION W.R.T v

5 L 0:> [ ] ( ] Euler Lagrange Equation

= P + EAu = (Governing Equation)




STEP 4: COLLECTING ALL EQUATIONS

A=-Eui Design Equation
{EA(—Z )} +P=0 Adjoint Equation

(EAu' ) +P=0 Governing Equation---(3)

A J(A - VT] ax Complementarity Criteria--(4)

|Adx-v" <0 Feasibility Criteria-----(5)




STEP 5: OPTIMALITY CRITERIA
Comparing eq (2)& (3), we get

A=-U

Equation (1) becomes

A = Eu?| « Optimality Criteria ----(6)
Clearly, A>0
= Volume constraint is active

s [Adx-V' =0 -—-(7)

From (6), we get

u = J_r\/% --(8)




STEP 6: BOUNDARY CONDITIONS

2 :Pu+F(EAu'v' —Pv)+A(A—V—*J
L

L
A

a—lf5A =0= (O) 5A|§ = 0 = Automatically satisfied (BCI)

OA

0
L

=0= [(FEAV')':|5ML =0= (Av')&tz

0

=0| (Automatically Satisfied) (BCII)

0




STEP 7: SOLVING FOR DESIGN VARIABLE

From (3)& (8), we get

p{EAHQ] o

P
— A(x):ijﬁdx+c

From (7) & (9), we get A as

E{ij%dx+C}=V*
CONCLUSION

For minimum SE,

A(x) = ij%dx +C

where A & C are given by eq (10)& BCs respectively




PROBLEM 7

Minimize the volume of a statically determinate bar with a deflection
constraint at a point somewhere on its axis. Internal force, P, due to
some applied load, and that due to a unit virtual load at the point of

iInterest are given.

Min V = | Adx

A(x)

subjected to

Data: L,P(x),P,(x),E,A"




STEP 1: WRITING LAGRANGIAN
L=I[A+A[Z%—A;j}dx

2=A+A[PP"—A j

AFE L

STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)

) 2 =0= oL _ 8_L =0 Euler —Lagrange Equation
A O0A 0A

:>1—(APP‘ZJ:O

2

2
= A = AE or Design Equation
PP,




STEP 4: COLLECTING ALL EQUATIONS

2
A _AE

= — Design Equation
PP, 9 9

J‘ PR, _A dx =0 Equality Constraint
AE L

STEP 5: SOLVING FOR DESIGN VARIABLE

PP, A Numerical Steps
AE - X a) Choose A

AP
.. Eq(2) become b)Calculate A= | 2224

from optimality criteria

A:LIL Adx A, = %jz‘ldx
A" J0
d) Repeat steps a) to ¢)




PROBLEM 8

Minimize the volume of a bar (indeterminate or determinate) for
a deflection constraint at a point.

Min V = | Adx

A(x)

subjected to

Ax):(Edu') +P=0

2,(x):(EAu,) + P, =0
A: jEAu'u;idx—A* =0
Data: L, P(x),P,(x),E,A




STEP 1: WRITING LAGRANGIAN

L= j{AM{(EAu')' +P} + 4, {(EAu;, ) +Pd} +A[EAu'u;, _Af*ﬂ dx

L=A+2 {(EAu) + P} + A, {(EAud ) + Pd} + A(EAu'u;, _Afj

STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)

5/12 =0=> oL _ ( g L] =0 Euler —Lagrange Equation

0A | 04

= (1 +AEu + A, Eu, + AEuu, ) —(/1Eu' +A,Eu, ) =0

= |AEuu, = AEu+ A,Eu, -1 Design Equation




STEP 3a: VARIATION W.R.T STATE VARIABLE u(x)
52:0:@—[@] +[£J =0
u ou ou ou’

= 0—(AEAu, + AEA) +(AEA) =0

— (IEA — AEAu, ) =0 <« (Adjoint Equation w.r.tu (x))

STEP 3b: VARIATION W.R.T u«,

'

52:O:8L_ aLv N aL" _0
g ou, | Ou, ou,,

= 0—(AEAu +2,EA) +(A,EA) =0

= (A(L,EA' — AEAu ) =0 < (Adjoint Equation w.r.t u(x)




STEP 4: COLLECTING ALL EQUATIONS
AEuu, = AEu+ A,Eu, -1 Design Equation
(1EA— AEAu, ) =0 Adjoint Equation

A,EA — AEAU') =0 Adjoint Equation

(
(EAU ) +P=0 Governing Equation---(3a)
(

Governing Equation---(3a)

j[EAu'u; _ATJ dx =0 Equality Constraint---(4)




STEP 5: OPTIMALITY CRITERIA

Comparing eq (2a)& (3b), we get

(%j = (EAU,) = (’ffAj +P, =0

= |A = Auy

Similiarly,
Comparing eq (2b)& (3a), we get
A, = Au

Putting 4 = Au, & 4,=Au in equation (1), we get

AEuu, =1| <« Optimality Criteria ----(6)
From (6)&(4), we get

L
Euu, =% = A=%J‘Adx -—--(8)
0




TEP 6: BOUNDARY CONDITIONS

L=A+ A{(EAu')' + P} + 4, {(EAud ) + Pd} + A(EAu'u; —ATJ

A\

9L 54

L

0=

=0

L
0

(uu;, + udu')é'A

L

0= [(/IEA' + AEAu,) —(ﬂEA)}&u =0=

(0)Su,|; =0

(BCI)

L

(Automatically Satisfied) (BCII)

0

=0 (BCII)

(Automatically Satisfied similiar to previous condition) (BCIV)



STEP 7: SOLVING FOR DESIGN VARIABLE

Numerical Steps
a) Choose initial Area profile A (x)

L
b) Calculate A=% I Adx from equation (8)
0

c)Calculate u(x) & u, (x) using FEM
DA, =(AEAuY, )A,
d) Repeat steps b) to d)




PROBLEM 9

Minimize the volume of a bar (indeterminate or determinate) for a

deflection constraint at a point and strain energy constraint.
Min V = | Adx
A(x)

subjected to
Ax):(EAu’) +P=0

A,(x):(EAu, ) +P, =0
A IEAu'u;ldx—A* =0

L
I: leAu'zdx—SE* =0
2

0

Data: L,P(x),P,(x),E,A",SE"




STEP 1: WRITING LAGRANGIAN

L= J{A+/1{(EAL/)' +P} + 4, {(EAu;, ) +Pd} +A£EAu'u;, —AT*)+F[%EAL/2 —S%H dx

L= AM{(EAM')' +P} + 4, {(EAu;l ) +Pd} +A[EAu'u;, —A—)+F(1EAL/2 —Sij
L 2 L

STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)
o1 (o1

0A 0A

5A2 =0=>—- [—J =0 Euler —Lagrange Equation

( ) . o E ' ' N
= | 1+ AEu +/1dEud+AEuud+FTuj—(/1Eu +A,Eu,) =0

\

T'Eu”?

= |AEuu, + = AEu+ A,Eu, -1 Design Equation




STEP 3a: VARIATION W.R.T STATE VARIABLE u(x

sL=0=2L | 0L oL} _,
u ou ou ou

= 0—(AEAu, + AEA +TEAu') +(AEA) =0

= (AEAu;, +TEAu ) = (IEA)' < Adjoint Equation w.r.t u(x)

STEP 3b: VARIATION W.R.T 1,

52203(%_ 8L' N aL" _0
ty ou, | ou, ou,

= 0—(AEAu + 2,EA) +(2,EA) =0

= (AEAu')'=(/’LC'ZEA')' < Adjoint Equation w.r.tu, (x)




STEP 4. COLLECTING ALL EQUATIONS

= /1Eu+iEu

) =(AEAU, +TEAU')

(,EA)) = (AEAU)

(EAU) +P =0
(EAU,) +P, =0

-1

Design Equation

Adjoint Equation
Adjoint Equation-----(2b)
Governing Equation---(3a)

Governing Equation---(3a)

Equality Constraint---(4a)

Equality Constraint---(4b)




STEP 5: OPTIMALITY CRITERIA

Comparing eq 2b 3a , we get

(ﬂ‘dEAj =(EAu;,)' — [ﬁdEAJ +P, =0
A A

= |4y = Au

Similiarly,
Comparing eq (2a)& (3b), we get

(i§5j={EAqJ+(r%fuj

- (’1‘%} EA] - P = K’“%J EA] ‘P,

= |A=Au, +Tu

Putting A = (Au,+T'u) & 4,=Au in equation (1), we get

‘2
AEU U, + FE2u =1| <« Optimality Criteria ----(6)

Multiply b/s by A & integrate, we get

Eu?

jAEu uddx+j = jAdx
0

rSE*+AA*:jAdx
0




STEP 6: BOUNDARY CONDITIONS

A+/1{(EAu)+P}+/1 {(EAud)+P}+A(EAuud—ATj+rGEA 2 SEJ

N

9L 54

L

=0=

0

L

1 =0=

L

, , , L
(AEu u, + Abuu, +1"Euu ) N 0 (BCI

8L] }514

L

0

—0=> | (AEA + AEAw, +TEA') ~(AEA) |6u) =0=>|(0)

(AEAu, +TEAu) 5u|

0

L

L

" =0| (Automatically Satisfied) (BCII)

0

=0 (BCII)

ou, |§ =0

(Automatically Satisfied similiar to previous condition) (BCIV)

&; J }5140, =0=1(0)

0

(Au)é‘ud'E =0




PROBLEM 10

Minimize the mean compliance of a bar for given volume and upper
and lower bounds on the displacement

Min MC = _‘-pudx

A(x)

subjected to
A(x): (EAu') +P=0

A j‘Adx V' =0
0

M, (x):u—uu <0
Data:L,P(x), E, V*,uu




STEP 1: WRITING LAGRANGIAN
szl{pqu/l{(EAu')'+P}+A[A—%*]+uu(u—uu)}dx
2=pu+z{(EAu')'+P}+A[A—Vf*j+yu(u—uu)

STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)

; L | ol .
5AL =0= oL _ { g , J =0 Euler —Lagrange Equation

0A | 0A

= (lEu" + A) —(lEu')' =0

=|A= AEu Design Equation




ou ou

=0

STEP 3: VARIATjON W.R.T STATE VARIABLE u(x)

= (P+p,)~(AEA) +(AEA) =0

= P+(EA/1')+,uu =0 <« Adjoint Equation w.r.t u(x)

STEP 4: COLLECTING ALL EQUATIONS

Design Equation
Adjoint Equation

Governing Equation---(3)
Complementarity Criteria--(4a)

Complementarity Criteria--(4a)

Feasibility Criteria




CASE a): u<u,

#, =0

— Comparing Adjoint & Governing Eq, we get

A=U

Eqg 1 become

A=Eu?

<— optimality criteria

Su-x R
BOUNDARY CONDITIONS

L= pu+/1{(EAu)+P}+A(A—VTj+,u (u—u,)

5_L§A
0A

L

0

=0= (2Eu") 64 =0= |(uu')S54r =0

L

L

=0=>| (1EA")~(AEA) |Su 0

0

(Auysu|; =0

(BCI)

=0=

(BCIII)

(BCII)




CASE b: u=u,

Consider when volume constraint 1s inactive
= A=0

Au =0

— A1 =0o0ru =0

Ifu=0=P=0 (not possible everywhere)

A =0

=i, (from eq 2)

. Min MC possible only if P<0
If £, =—P =0 then u<u, = given by case a

If volume constraint 1s active then only solution 1s when u=u, occur at end.




PROBLEM 11

Minimize the mean compliance of a bar for given volume with stress
constraints.

Min MC = jpudx

A(x)

subjected to
A(x):(EAu') +P=0

A TAdx'—V* =0
0

)7 (x) : Eu —
)75 (x):O't —Eu <0
Data: L,P(x),E,V", o,,0,




STEP 1: WRITING LAGRANGIAN
L:J‘{pu+/1{(EAu')'+P}+A(A—Vf*j+,ut(Eu'—O't)+,uc(ac—Eu') dx

i:pu+/1{(EAu')'+P}+A(A—Vf*j+,ut(Eu'—Gt)+,uc(GC—Eu')

STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)

5 L 0= 8_L — {G—L] =0 Euler —Lagrange Equation

04 | 04

= (AEd +A)~(AEu) =0

=|A= AEu Design Equation




STEP 3: VARIATION W.R.T STATE VARIABLE u(x)

sL=0=2L_ | OL 1L _
u ou ou ou

= P—(AEA + 4E— p,E) +(AEA) =0

= P+(EA/1' ) +(u.-1,)E=0 <« Adjoint Equation w.r.t u(x)




STEP 4: COLLECTING ALL EQUATIONS

Design Equation

Adjoint Equation

Governing Equation---(3)
Complementarity Criteria--(4a)

Complementarity Criteria--(4b)

1, (0' —Eu ) Complementarity Criteria—-(4c)

[Adx-V' <0 Feasibility Criteria-—---(5a)
Eu-o,<0 Feasibility Criteria-—---(5b)
o,-Eu <0 Feasibility Criteria-----(5¢)




CASE a): o, = Eu (upper limit of stress reached)

(using governing equation no (3))

CASE b): o, = Eu (Lower limit of stress reached)

' ' o)
Eu =0, >u =—*%
E

= A =— (using governing equation no (3))

O

CASE c): o.,<o<o, (Stress constraint are inactive)
Mo =1 =0
= Adjoint eq becomes P+(EAA ) =0

—

= | <« optimality criteria




BOUNDARY CONDITIONS

N

L=pu+/1{(EAu')'+P}+A[A—V7*j+,ut(Eu'—at)+,uc (O'C—Eu')

L
A

oL

=0= (AEu") 54| =0=|(uu")545 =0| (BCI)

L

0= [(/IEA')—(/IEA)Jé‘uz —0=

0

L
0

| =0= AEDSU| = |(Awysu| =o| BCID




PROBLEM 12

Find the world load distribution for a bar of given geometry

Min (—MC) = j(—Pu)dx

A(x)

subjected to
A(x):(EAu') +P=0

A: dex—W* =)
0

Data: L, A(x),E.W"




STEP 1: WRITING *LAGRANGIAN
L:j{puu,{(EAu')'+P}+A(P—W7de

2 =pu+/1{(EAu')' +P}+A[P—WT*]

STEP 2: VARIATION W.R.T DESIGN VARIABLE P(x)

OP | OP

5})2 =0= oL _ [G—LJ =0 Euler —Lagrange Equation

=>-u+A+A=0

= lu= A+A Design Equation




STEP 3 VARIATION W.R.T STATE VARIABLE u(x)

(2] () -

= —P—(AEA) +(AEA) =0

= P+(EA(—/1)')=O < Adjoint Equation w.r.t u(x)

STEP 4: COLLECTING ALL EQUATIONS
Pj {/::LA/Z—A)'}' -0 z::nrl Z:::::

P +(EAU ) =0 Governing Equation---(3)

A[J'(P —WTJ dx} =0; A=0 Complementarity Criteria——(4)

j Pdx —-W" <0 Feasibility Criteria




STEP 5: OPTIMALITY CRITERIA

Comparing eq (2)& (3), we get
A=-U
Equation (1) becomes

A =2u| < Optimality Criteria
A

= u=§ = constant = u =0

:. Governing eq (3) become




PROBLEM 13

Minimize a general objective function for given volume
Min MSC = | Pu’dx

A(x)

subjected to

I: j‘(EAu'v' —Pv)dx =0
0

A:|ddx—V" <0
Data: L,P(x),E,V"




STEP 1: WRITING LAGRANGIAN
L= j {Puz +T(EAuv —Pv)+A(A—VT*ﬂdx
-

2 = Pu’ +F(EAu'v' —Pv)+A(A——j
L

STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)

5AL =0= oL {8 L} =0 Euler —Lagrange Equation

o4 | o4

— (rEu'v‘)+A =0

= |A=—Ful (where A=I1"Vv) Design Equation




STEP 3a: VARIATION W.R.T STATE VARIABLE u(x)

) i =0= oL _ 8L' + G_L =0 Euler Lagrange Equation
u ou ou ou

—2Pu—(TEAV) =0

= [2Pu + {EA (—/1)'} =0 Adjoint Equation

STEP 3b: VARIATION W.R.T v

52:0: oL [6L] +[8L] =0 Euler Lagrange Equation

oV E

ov

= P+ (EAu' ) =0 (Governing Equation)




STEP 4: COLLECTING ALL EQUATIONS

A=-Eul Design Equation
(EA(-2)} +2Pu=0 Adjoint Equation

(EAu ) +P=0 Governing Equation---(3)

A[I(/‘\ _VTJ dx} =0;A>0 Complementarity Criteria--(4)

j Adx -V <0 Feasibility Criteria




STEP 5: OPTIMALITY CRITERIA

Note: Comparing eq (2)& (3), we get the sign of 4 is opposite of u

= Volume constraint is always active

L *
- jo Vdx—V' =0 —-(6)

Numerical Steps

a) Choose initial A & Area profile A (x) satisfying eq (6)
b) Calculate u from governing equation (3)

c)Calculate A using adjoint equation (2).

dA,,= (Eu%j Ay

e) Calculate A, using A, & eq (6)

f) Repeat steps b) to e)




THANKYOU
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