
ANALYTICALLY SOLVING  
BAR OPTIMIZATION 

PROBLEMS

BY
RAHUL PRATAP SINGH

SR NUMBER: 17531
ME (MTECH)
FEB., 2021



PROBLEM 1

( )

'2

( )

''

*

*

1 
2

subjected to

( ) : 0

: 0

: , ( ), ,

A x
Min SE EAu dx

x EAu P

Adx V

Data L P x E V

λ

=

+ =

Λ − ≤

∫

∫

Minimize the strain energy for given volume of material 
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Minimize volume of material to be used with an upper bound 
constraint on strain energy under given loading.
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Minimize volume of material to be used with an upper bound
constraint on mean compliance under given loading.
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Minimize the strain energy, expressed in terms of internal
forces in a bar, subject to the volume constraint.
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PROBLEM 6
Minimize the mean compliance for given volume of material with 
the governing equation in the weak form.



STEP 1: WRITING LAGRANGIAN
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STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)
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STEP 3a: VARIATION W.R.T STATE VARIABLE u(x)
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STEP 4: COLLECTING ALL EQUATIONS
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STEP 5: OPTIMALITY CRITERIA
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STEP 6: BOUNDARY CONDITIONS
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For minimum SE,
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        where  & C are given by eq 10 &  BCs respectively
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STEP 7: SOLVING FOR DESIGN VARIABLE



PROBLEM 7
Minimize the volume of a statically determinate bar with a deflection 
constraint at a point somewhere on its axis. Internal force, P, due to 
some applied load, and that due to a unit virtual load at the point of 
interest are given.
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STEP 1: WRITING LAGRANGIAN
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STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)
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STEP 5: SOLVING FOR DESIGN VARIABLE
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STEP 4: COLLECTING ALL EQUATIONS



PROBLEM 8
Minimize the volume of a bar (indeterminate or determinate) for 
a deflection constraint at a  point.
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STEP 1: WRITING LAGRANGIAN
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STEP 3a: VARIATION W.R.T STATE VARIABLE u(x)
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STEP 5: OPTIMALITY CRITERIA
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STEP 6: BOUNDARY CONDITIONS
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STEP 7: SOLVING FOR DESIGN VARIABLE
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PROBLEM 9
Minimize the volume of a bar (indeterminate or determinate) for a 
deflection constraint at a point and strain energy constraint. 
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STEP 5: OPTIMALITY CRITERIA
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PROBLEM 10
Minimize the mean compliance of a bar for given volume and upper 
and lower bounds on the displacement
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STEP 3: VARIATION W.R.T STATE VARIABLE u(x)
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λ µ
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λ µ
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Complementarity Criteria
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STEP 4: COLLECTING ALL EQUATIONS



µ

λ

=

⇒
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Λ
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'
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e

ASE 
0

Comparing Adjoint & Governing Eq, we g t
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 1
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Eq

E

BOUNDARY CONDITIONS
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∂
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 

(BCIII)  
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'

'

Consider when volume constraint is inactive
=0

0
0 or 0

If u 0 0    not possible everywhere

0

            from eq 2

 Min MC possible only if P<0
If 0 then u<u  

CASE b: u=u

u

u u

u

u
u

P

P

P

λ
λ

λ

µ

µ

⇒ Λ

∴ =

⇒ = =

= ⇒ =

∴ =

⇒ = −

∴
= − = ⇒ given by case a

If volume constraint is active then only solution is when  u=u  occur at end.u



PROBLEM 11
Minimize the mean compliance of a bar for given volume with stress 
constraints.
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STEP 1: WRITING LAGRANGIAN

STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)
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STEP 3: VARIATION W.R.T STATE VARIABLE u(x)
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STEP 4: COLLECTING ALL EQUATIONS
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PROBLEM 12
Find the world load distribution for a bar of given geometry 
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STEP 1: WRITING LAGRANGIAN

STEP 2: VARIATION W.R.T DESIGN VARIABLE P(x)
'

' Euler –Lagrange Equation
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STEP 3: VARIATION W.R.T STATE VARIABLE u(x)
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STEP 4: COLLECTING ALL EQUATIONS



STEP 5: OPTIMALITY CRITERIA
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( )

λ = −

Λ = ←

Λ
⇒ ⇒

∴
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Comparing eq 2 &  3 , we get

Equation 1  becomes

2  Optimality Criteria               ---- 6

u=  = constant u =0  
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 Governing eq 3  become P=0
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PROBLEM 13
Minimize a general objective function for given volume

( )

2

( )

' '

0

*

*

 MSC

subjected to

: 0

: 0

: , ( ), ,

A x

L

Min Pu dx

EAu v Pv dx

Adx V

Data L P x E V

=

Γ − =

Λ − ≤

∫

∫

∫



STEP 1: WRITING LAGRANGIAN
( )

( )

*
2 ' '

*
2 ' '

VL Pu EAu v Pv A dx
L

VL Pu EAu v Pv A
L

∧

  
= + Γ − +Λ −  

  
 

= + Γ − +Λ − 
 

∫

STEP 2: VARIATION W.R.T DESIGN VARIABLE A(x)
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STEP 3a: VARIATION W.R.T STATE VARIABLE u(x)
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STEP 4: COLLECTING ALL EQUATIONS
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STEP 5: OPTIMALITY CRITERIA
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Note: Comparing eq 2 &  3 ,  we get the sign of  is opposite of 
Volume constraint is always active

0                      ---- 6   
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Numerical Steps
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ing eq 6

b) Calculate  from governing equation 3

c)Calculate  using adjoint equation 2 .

d)A = A

) Calculate  using A &  eq 6
f) Repeat steps b) to e)
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Λ 
 
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