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Outline of the lecture

Posing and solving the shape optimization of 2D elastic problem in
which design variables are concerned with the shape of the boundary.

Considering the objective of maximizing stiffness with area constraint.

What we will learn:

How to implement the algorithm consisting of six steps to identify the
optimality criterion and use it in the numerical method to solve 2D
shape optimization problems.




Steps in the solution procedure
Step 1: Write the Lagrangian

Step 2: Take variation of the Lagrangian w.r.t. the design variable and
equate to zero to get the design equation.

Step 3: Re-arrange the terms in the design equation to avoid computing
the sensitivity of the state variables and thereby get the adjoint
equation(s).

Step 4: Collect all the equations, including the governing equation(s),
complementarity condition(s), resource constraints, etc.

Step 5: Obtain the optimality criterion by substituting adjoint and
equilibrium equations into the design equation, when it is possible.

Step 6: Use the optimality criteria method to solve the equations
numerically.



Shape Optlml 7 atlon Find the optimum shape to

Minimize the Strain Energy of a

Min SE = 1 j < 'De JO 2D elastic problem.
0Q, 27 o
Subject to Q =Domain
. . . 0Q) = Neumann Boundary
I _[8 D&, dQ - jb vdQ - I t' vdoQ, =0 0Q = Dirichlet Boundary
Q 9) 0Q 0Q,= Variable Boundary
A: [dQ-4 <0 ;,;55
? * 8QN
Data:D, b, t, 4 ,Q,0Q,
D = Elasticity Matrix \ 0O
b = Body force \
t = Traction \ N
u = Displacement S
v = Weak variable 0€2 J N ~ GQD
A = Area Constraint S rffrl;\ -0



Weak and strong forms after the domain
changes upon perturbing the boundary

Weak form becomes,

[elDe, dQ, - [b,v,d0, - [ tv,do0, =0 t

d
Q, Q, Qyy '5,5555
0Q

The above eq is the weak form to the following
strong form

Nd

(Find u, € U such that

V-Dg, +b, =0 inQ, \ 2,
< De,, =0, \\

u, =0 on 0Q),, 59;\\~ o€,

De, n=0 on 0Q), =~ (ff{lf] —0
Dg,n=t, on o€, d

: : 1
Now, strain energy can be written as SF = — j € LT: ,De ,dQ,
2
Qd



Taking the adjoint variable as Vwhere V=1V

L:% [elDe, d0, +[&],De, d0, - [b,/v,d0Q, - [ t,v,doQ,, +A[ [ ao, —A*J
Q, Q,

Q, Q, 0Q g

dL d [;Isngaudde +

d d :
0 )(Iadeavdde— jdevdde— J thVddaQNdJer(an){A[J dQ, -4 J]:O

d@9,) de0,) 24 o)\ 4 5, i

\ )\ J \ J
Y Y Y
(a) (b) (c)

Excluding the area term (term c); sensitivity of this will be done later in Slide 28.
dL  dSE A[ dA J

0  Design equation

a(ea,) d(ee,) "\ d(e,)




Reynolds Transport Theorem for (a)
Reynolds Transport Theorem (RTT):

d[jfdg] jfdgz+jf n)deQ,

Applying RTT to term (a)

— ¢, ,De, dQ, |=—\¢,De, dQ,+—|¢,De,, d2, +— | |(g,De, )V -n)doQ
d(@Qd)[Zé[ dV%ud d} 2(_2[ d % 432y 2(!; dP%ua A32g zaid( d d)( ) d

—j e! De  dQ, +—j ¢! De )(V-n)d@Qd

Q, 09,

Converting spatial derivative to material derivative using f'= f -Vf-V

d(09,)| 2 5 o 0,

d [1 .[ g,,DEg,, dQ ] jsngsud dQd, - J(V(Sgd)'V)Dgud dd, +% I (Sngaud)(V'n)dan




Gauss Divergence Theorem

We know that dot product rule is V(A-B)=A-VB+B-VA
Applying this to each second term inside square bracket

+% I (s ngsud)(V-n)dGQd

0Q,

= | &, De, dQ, —| | V(€ VD2 |dQ, — | (£,4° V)V (De,, )dQ,
(V) (1Y)

Q Q, Qy

Using the Gauss divergence theorem on the second term,

[ V-FdQ, = [ F-ndoQ,
Qd

o0,

= [el,Ds,,dQ,-| [ (&1, V)(Ds,, -n)doQ, - | (ggd.v)v.(naud)dgd]+; [ (e,pe,,)(V-n)acQ,

Q, | a0, Q, 0Q,

Separate the boundary terms, material derivative, and others

- [0, | [ (8V) 0wz, - [ (o2 V)9 - (D1, i,

Q, 0Q, Q,

+% J- (a Zstud)(V-n)d(’BQd

o0,

Term (a) completed




Reynolds Transport Theorem for (b)

We know that, Reynold’s Transport Theorem (RTT) is d { j f de]: j 1dQ, + J’ £(V-n)da,
d
Applying RTT to the term (b)

& & 0y

d jadeavdde—jdevdde— I t,'v, doQ, |= jsf,dDavdde+ J.adesv'ddQﬁ j (angavd)(V-n)d(?Qd—
i)} L : ;

_[ t,'v, doQ,,

0Qyy

[ v,d0,+ | (devd)(V-n)déﬂd}

Q, o0,

Converting spatial derivative to material derivative using ~ f''= f -Vf-V

= - -

[ £i.pe, d0, —( [V((ek)-v)(De,)ae, - | ((agd).v)v-(nsvd)dgd]

Q Q Q

J' el De. dQ, - j (V(a fd)-V)(Dsud)de

Q Q

[ (#1Dz,)(V-n)dae, { [/, d0, = [ V(b,v, ) VaQ, + [ (b, )(V-n)daq,
o0, Q, Q, oy

| v doqy,
o




Dot Product rule

We know that dot product rule is V(A-B)=A-VB+B:-VA

Applying this to each second term inside square bracket

:_jggdnsvd qQ, -[{v(((s;’d)-v)navd)dﬂd - {((sid)-V)V-(std)de] +

Q,

{.. ¢! De,, dQ, —Uv(((g{d).v)neud Jag, - {((82)-V)V-(Dsud)d9d}

Q

_|_

[ (elDe,, )(V-n)doQ, -

oQ,

| v, d00,,

0Q vy

[,7%,d0, = [ (bVv,)-vae, + [ (b,v,)(V-n)deQ,
Q, Q,

oQ,




Gauss Divergence Theorem

Using the Gauss divergence theorem on each second term inside the square bracket,

[ V-FdQ, = [ F-ndoQ,
Q

o0,

: -"85"])8” " _{ j ((8 5d)°V)(ng’ n)doQ, - I((‘c’ ;f)'V)V'(Davd)de} =
{..sgd])ﬁv'd dQ), —[ j ((Sfd)-V)(Dsud .n)d&Qd . J((sfd)'v)v’(Dﬁud)de] .

j (8 Zstvd)(V-n)dc?Qd E

0Q,

[b,7%,d0,~ [ (b,/Vv,)-vdQ, + [ (b, v,)(V-n)don,

Q, Q, 0Q,

j t, v, doQ,,

0Qy,




Separate the terms

Separate the boundary terms, material derivative, and others

+
Qd

=@8ng8‘)€,de—[ J- ((8§d)-V)(Davd-n)dﬁQd—J.((agd)-V)V-(std)de]

_|_

Usdeav.d dQ, —[ I ((afd)-V)(Daud n)doQ, - J.((afd)V)V(Daud)dej

Q, o0, Q,

[ (D2, )(V-n)dee, -

oQ,

[0,/ %40, = [ (b, Vv, )-VdQ, + [ (b,/v,)(V-n)dce,

Q, Q, 0Q,

| tv,d00,

0Qyy

Term (b) completed




Combine terms (a) and (b)

From slides 8 and 12
d?ggd) =Q{a£stud dQ, - 5g[d(s Z,-V)(Daud n)doQ, —é[(a L-V)V-(Daud)dﬂd +%6£J;d (a Zstud)(V.n)dan +

[ ez, a0, | [ ((el,)-V)(Dz, -n)dee, - j(( 1) V)V-(De, )de, ||+

| Q, oQ,
J‘sngsv.d dQ, - j ((afd) ) De,, -n)doQ), - J.( ) )dQ, | [+
Q, oQ, Q,

J.a De , Vnd&Q

0Q,

[ b/ v,d0, = [ (b, Vv,)- Va0, + | (devd)(V.n)dan]{ [t daﬂw}
Q, Q oQ, 0

QNaf




Strong and weak forms of adjoint/state
variable

Step 3: re-arrange the terms in the design equation to
avoid computing the derivative of the state variables

Collect the terms withv , and form weak form of structural problem to get u,

[ el e, d0, - [bv,d0, - [ ¥, do0,, =0
Qd Qd aQNa/
Collect the terms with u ,and form adjoint structural problem

(Find v, € U such that
T T _
JaldeSz,ld dQ), + _[ e, De, dQ, =0 V-Dg, —b,=0 in Q,
Q Q
' ' .. : Deg , =

=V, =-u, Adjoint equation J v =0
vy =0 on 0€),,
De n=0 on o€,
| Dg ,n=—t, on 0€2,,

14



Final Sensitivity Integral

Using the adjoint variable, the strong forms mentioned before and Vu, = (8 o ), the
sensitivity becomes

dzi;gd) :—ag[d(agd'V)(Daud n)doQ, + J(sfd.v V- (De—]dQ, %Ad(agdl)aud)(v.n)dmd +
¢ (el V) e m)dee, - [{{eL)-V)SABeTTaY, + | ((eL)-¥)(De,, n)ae, -
Q, 3 0,

£V (Dg,, )dQ, - j (afdnsud)(v-n)dagd—w+ j [b,"uy)(V-n)dog,
Q 09 Q, aQ,

Also since there is no load on the 0C) g hence (Dau ] -n) becomes zero

dfggd) ) _%aid (8 ! De | )(V-n)d@Qd +a£d (deud)(V-n)d(?Qd




Step 4-6 will be continued from slide 29




Shape optimization-Load dependent

1
Min SE:-jagnsu a0
0Q, 2
0
Subject to Q =Domain
. . . 0Q) = Neumann Boundary
I _[8 (DE, dC— jb vdQ— j t' vdoQ, =0 0Q = Dirichlet Boundary
Q Q 0Q, 0Q = Variable Boundary
A: o [dQ-4 <0
O
Data:D, b, t, 4 ,Q,0Q,
D = Elasticity Matrix
b = Body force % {2
t = Tracti “
{ = Traction t %y 00,
1splacement >y 50
v = Weak variable o€ d Ox},} D
A = Area Constraint g s rffrl;\ 0

17



Weak and strong forms after the domain
changes upon perturbing the boundary

Weak form becomes,
[ ez, a0, - [b,v,d0, - [ t,/v,doQ, =0
Q, Q, 00,

The above eq is the weak form to the following
strong form

(Find u, € U such that

V-De,, +b, =0 inQ, ) =
< De,, =0, t “(9,} aQNd

u, =0 on 0€),, 59 x,.,’? 891‘?{{(\

De, n=0 on 0Q), 77!*,7 u, =0
Dg,n=t, on o€,

Now, strain energy can be written as SE = l j € LT: ,De ,dQ,
2

Q,

18



Step 1: Lagrangian
Taking the adjoint variable as Vwhere V=1V

L= ;jsustuddQ JaustvddQ J‘b v, dQ, - [ t,"v,doQ, +A[jdg AJ

Q, o0,

Step 2: Derivative of Lagrangian

1 T d T T T d _ * —
~[ &0, de} +d(an)[ [elDe, d0, - [b]v,d0,- [ ]y, dmd}rd(ag )H a0, -4 ﬂ_o

L d
d@q,) d@)| 2] : : s )| g

(a) (b) (©)

Excluding the area term (term (c)); sensitivity of this will be done later on.

The term (a) expression remains same as slide 8

The boundary terms, material derivative, and others

= J. & nggud dQ, -

Qn’

j( . V)(Daud n)doQ, — J' g, V-(Daud)de

+% J. (a Ldesud)(V-n)d(?Qd

-
0Q,

19



Reynolds Transport Theorem for (b)

We know that Reynolds Transport Theorem (RTT) is j{ J f de]: J [1da, + J £(V-n)dac,

P\ g, Q, o,

Applying RTT to the term (b)

d(de) é[agd])svd dQ), - jdeVd dQ, - J' t,'v, danJ= jaﬁstvd dQ, + jangav,d dQ, + I (angavd)(V-n)dan -

Q, Qy Q, Q, o0,

[ v,d,+ [ (v, )(v-n)dec,

Q, o,

[ (t7v,) de,

o0,




Material derivative

Converting spatial derivative to material derivative using f'= f -Vf-V

Material derivative of a boundary integral I foQ = J { f+f (V -V-VVn- n)}@Q
o0 o0

| [elme, a0, - [(V(e],)-V)(De,,)de, |+

Q Q

| () o (e o,

Q Q Q

j (a Zstvd)(V-n)d(?Qd -

Q,

[0/, d0, = [ V(b,v, ) VdQ, + | (devd)(V-n)dan]—
Q, Q, o0,

{ [ 7vodoq, + [ t]3,de0,+ [ /v, (V-V-VVn-n)deQ,

0, Q, oQ,




Dot Product rule

We know that dot product rule is V(A-B)=A-VB+B:-VA

Applying this to each second term inside square bracket

_[ISLD% dQ, _£IV(((SZd)-V)D8vd)de _i((sfd)‘V)V'(std)dﬂd]]+

| (ajdl)avd)(v.n)dagd{ [ b/, a2, - [ (b, Vv,)-VaQ,+ [ (b, "v,)(V-n)doQ,
Q, Q,

oQ, Q,

{ [ t/vado0, + [ ¢/, do0, + [ tv, (V-V—VVn-n)d@Qd]

oQ, 0Q, 0Q,




Gauss Divergence Theorem

Using the Gauss divergence theorem on each second term inside the square bracket,

[ V-FdQ, = [ F-ndoQ,
Q

o0,

= jsngﬁvd dQ, —[ I ((sgd)-V)(std n)doQy, — I((Sfd)'V)V°(D8vd)de]]+

Q, o0,

[.- e, De,, dQ, ( [ ((e3,)-V)(Dz,, -m)doey, - | ((sfd).v)v.(ngud)dgdﬂ+

g De  )(V-mn)doQ, —| | b, v, dQ,— | (b, Vv,)-VdQ,+ | (b,"v,)(V -n)doQ, |-
(V-m) (V-m)
aQ, Q, Q, Yy

[ t/v,doQ,+ | t,/v,d0Q,+ [ t,/v,(V-V-VVn-n)de,
oQ oQ o0Q




Separate the terms

Separate the boundary terms, material derivative, and others

_|_

= jggd])gvd dQ, _[ j ((Sgd)'v)(l)gvd 'n)dan - I((Sfd)-V)V-(std)de]

_|_

{.'afdl)av.d de{ j ((afd)-v)(Dsud-n)dan— j ((afd)-v)v.(naud)dgd]

Q, 0Q, Q,

j (adeevd)(V-n)dan —[ j b, v, dQ, - j (dede).Vde + .' (devd)(V-n)dGQd]—
Q, Q,

{ [ &/ v de0,+ [ v, de0,+ [ t,/v,(V-V-VVn-n)doQ,

Term (b) completed




Combine terms (a) and (b)

From slides 8 and 24
diggd) =st£stud dQ, - ag[d(s Zd-V)(Daud n)doQ, —é[(a Zd-V)V-(Dsud)de +%a£d(s ZdDaud)(V-n)dan +

J.sngavd dQ, - J. ((afd)-V)(Davd-n)déQd— J'((sgd)-V)V-(std)de +

Q, 00, Q,

jsdeav.d dQ, - I ((afd)-V)(Dsud-n)dGQd— J.((sfd)-V)V-(Dsud)de +

Q, 00, Q,

j (a Zstvd)(V-n)d(?Qd -

o0,

[ b5 a0, = [ (b, Vv, )-VaQ, + [ (b,/v,)(V-n)doe,

Q, Q, 00,

{ [t v doo,+ [ tv,d00,+ [ t/v,(V-V-VVn-n)den,

oQ, oQ, oQ,




Strong and weak forms of adjoint/state
variable

Step 3: re-arrange the terms in the design equation to
avoid computing the derivative of the state variables

Collect the terms withv , and form weak form of structural problem to get u,

[ el De, 0, - [b,v,dQ, - [ t,,d6Q, =0
Qd Qd 6Qd
Collect the terms with u ,and form adjoint structural problem

(Find v, € U such that

JangSz,ld dQ), + J‘Sga’Devd dQ, =0 V-Dg, —b,=0 in Q,

B - 0 ] std =0,

=V, =-U, Adjoint equation ) vy =0 on 80,
De n=0 on o€,
| Dg ,n=—t, on 0€2,,

26



Final Sensitivity Integral

Using the adjoint variable, the strong forms mentioned before and Vu, = (8 o ), the
sensitivity becomes

dSE r r 1 T
=- ; - + e, VIV ADeJdQ, +— | |e,,De,, (V- -n)doQ, +
109 4_@__\%(‘95_“%4@901 7 a W as'[d( d d)( )doQ,
ﬁ(e—)#}e;s—naﬁtapr 40, + [ ((¢4;)-V)(De,, -n)doe, -
an
£V (De,, )d, - [ (£],Dz,,)(V-n)doQ, - [b;5¥u,)-VdQ, + [ (b, u,)(V-n)doQ, +
Q, an Q, 0Q,

[ [ 7w de, + [ t,/u,(V-V-vVn-n)den,

2, oQ,

df;é): j(( ud) V)(Dsud n)doQ, —% j (SZstud)(V-n)dGQd+ j (deud)(V.n)d@Qd+

oQ, oQ, o0,

[ t/u,de0, + | t, 7, (V-V-VVn-n)doQ,

oQ, oQ,




Area
The area can be defined as, 4 = j dQ)

Q, . .
Green’s theorem can be used to convert the domain integral to the line integral.

The green’s theorem states that

oM oL
gj} {E _a_y} 40 - i’;(de + Mdy)

Where C is the boundary of the domain.
For the Area, the RHS terms are 1.

oM _oL_,

ox Oy
Which means M =§,L=%
So the area can be defined as 4= j sz%J‘(xdy—ydx)

Q, C
L dA d d 1
Area derivative = dQ . = — dv—vd
d(09,) d(an)gJ;d ‘ d(an)(zl(x Y x)j




All equations

Do ; d___dse [ d
esign equation d(20,)  d(o9,) d(09),)

Adjoint equation {!

£,Dg,, dQ, + [ &],De, dQ, =0
Qd

=V, =-U,

Feasibility equation 4_ 4" <

Complementarity A( A— A*) =0; A>0
condition



Optimality criterion

dL _ dSE A dA 0
a0y ateay) Maten) )
dSE
d(0Q)
Ratio= [( dil) jzl



Numerical solution

Step 6: Use Optimality criterion to find variable

Initial guess for A, 6Q),

Update 0Q, " = 80y, “Ratio” or 6™ =60, (1-(1-Ratio )B)

Ratio =1

Check if 0Q), has exceeded _ 9 or
bounds and equate to the & - B
bounds if they did. o S g | O = Bimin OF B
Update A until 0Q),, g _§ What we need to achieve for
does not exceed bounds all elements, j=12...- N
anymore.

k=k+1

Continue until 0Q,%**" = 5Qd(k)‘




The end note

Observe shape derivative used to find the sensitivity for stiffness
problem. Think how the formulation will change when the loading is on
the boundary which is variable.

We follow six steps to solve the discretized (or finite-variable optimization)
problem.

Identity the optimality criterion.

Interpret the optimality criterion.

shape optimization of 2D elastic stiffness

Iterative numerical solution, when it is needed, remains
the same.
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