Material derivative of the determinant of the Jacobian

When we denote the coordinates of a point in the original (material) domain as

X={X,Y, Z}T and the corresponding point in the changed current (spatial) domain as

x(X, p) ={x, y,Z}T (where p is a parameter that changes the domain), the Jacobian J of

transformation between the two domains is given as in

dx _a%X a%Y 8%2_ dx dx

_8y/ o/ oy _ _
dyr= X 3% o7 dY ;=J1dY } = dx=JdX

D\ Gy ]

We will now compute the material derivative of J w.r.t. p,ie,

J|=

(1)

d
%(|J(X)|) . Note that

we put an over-dot when we want to indicate that we are taking the material derivative.

On the other hand, we use a prime to mean the spatial derivative. That is,

1D case

' d
J| E(P(X)D-

()

Now, by noting that spatial and parameter derivatives commute, we write

o5 o
dp\oX ) oX\dp
By using the chain rule in view of x(X, p), we have
0 fdx)_0fdx] dx
oX\dp) ox\dp)oX
By denoting the velocity of the domain as V, = ? , We write
P
o5 2(dr) e 3, e
dp\oX ) ox\dp)oX oOx oX

YL AR AP
dp\ 0X ox ox

2D case

()

(4)

(5a)

(5b)
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Now, by expanding the determinant, we write

a|(Vax Var FIEL T
P\ Vi)

0X 0Y o0X oY
By taking the derivative using the product rule, we have

(| |) ( j@y_'_d(@yj@x d(&yj@x d(@xj@y
dp\oX )oY dp\oY )oX dp\oX )oY dp\oY)oX

(6)

()

(8)

As we did in Egs. (3-5) of the 1D case, for the 2D case (where each quantity is a function

of xand y) we write:

g W e Wy
dp\ 0 ox 0X Oy oX
d(dy\_o(dy)_ oV, 9, a_x+aVya_y
dp\ 0 Y{dp oY ox oY oy oY
(o) 0f@) W, ¥ ox o
dp\ 0 X \ dp C0X  ox oX oy 0X
a a_xj_i &\ oV _ov. o oV oy
dp\oY ) oY

dp) oY ox oY oy oY
By substituting the expansions in Egs. 9(a-d) into Eq. (8), we get
oV ov,
()Pl Vo [, 05 OV, o) ox
Ox 06X Oy 0X )oY |\ ox oY Oy oY ox

_(Wy o O, oy )ax (Wx @+%a_y]a_y

ox 60X Oy 0X oy | ox oy oy 0Y )oX

(oo o opa ) (Maro Wy ar
ox 0X oY o0X oY ox oY oy oY oX
oo Vo ax) (Mo ay o oper
ax oX oy 0X oY ox 0Y oX oY oX

(9a)

(9b)

(9¢)

(9d)

(10)
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=< (o) =(

Ox 0y 0Oy Ox

oX oY oXoY

—

= 2 () =fl=plv-v)

3D case

|

ov, o,
ox Oy

(11)

As it becomes tedious to write the long expressions, we use the summation notation while

following Egs. (7-11).

We begin with writing the determinant of the Jacobian in a convenient indicial notation.

hx
oy

oX
| Tox

ox
oY

oy
oY

Tor

Yoz,
%

oz
Vor |

=c.

JliJZjJ3

k

1 if ijjk are in 123 permutation order

where €, =1 0 if any two or all of i/jk are the same

—1 if ijjk are in 321 permutation order

(12)

it is zero. Therefore, we have

ox 0y Oz

How do we reconcile with Eq. (12)? The answer is by direct calculation.

First, let us note that €y is1 for 123,231, 312 and it is (-1) for 321, 213, 321. For all others,

(Eijk JliJZjJ3k) = J11J22J33 + J12J23']31 + ']13‘]21']32 = J13J22J3] B ']12‘]21‘]33 - J11J23J32

xya By
0X oY 0Z 0Y oZ oX oZ oX oY

n( e yu) &(vE o) k(vE ¥
0X\0YoZ 0Z0oY) oY\oZoX 0X0Z) 0Z\oX oY
E(2E pE) apE BE) k(aE o
0X\0YoZ 0Z0oY) 0Y\oX oZ oZoX) o0Z\oX oY
[ Ox
()¢
The last line is nothing but the determinant of |J| = % X
oz
oX

Ox Oy Oz

ox Oy Oz

%oy %oz
Vor Yoz |

Tor oz

Now, we write the material derivative of the determinant of the Jacobian as
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|J|=eijk (JliJZjJSk+‘]1iJ2jJ3k+‘]li‘]2jJ3kj (13)

Let us consider J,, first.

jli:djlfzi( ale: 2 [ﬁ] (14)
dp dp\oX,) o0X,\ dp

where the last step is due to the commutative property of spatial and parameter

sensitivities. By denoting V; = [?j and noting that it depends on{x, y,z}", which in turn
P

depends on X, , we re-expand the last term of Eq. (14) as follows.

jli:aVl = aVl axz :Vll‘]li (15)
5Xl. ax, 5Xl. ’

Note that V, =V, =[%]:? because the subscripts 1, 2, and 3 or x, y, and z re
D p

interchangeably used depending upon the convenience of writing this down. You have
to have our wits about you when you work with indicial notation.

Now, by using Eq. (15), we expand the first term of Eq. (13) as

Sk (Jn J2j‘]3kj =€k M ‘]liJZjJSk

ik Vl,l‘]liJZjJSk +e

(15a)

=€,

I/I,ZJZiJZ(jJH + € V1,3J3iJ2jJ3k

ik
By virtue of the compact representation of the determinant of a matrix given in Eq. (12),
the first term in the preceding equation can be recognized as |J |V1,1' Since the J -indices

in the second and third terms are repeated, we can recognize them as determinants of
matrices that have identical rows, and hence they are zero. Therefore, we can re-write Eq.
(13) as

Y

€ ( - . .
|J|:?(J1z J21J3/c +‘]1i‘]2j I +J1iJ2j J3kJ:|J|(V1,1 +V2,2 +V3~3)=|J|(Vx 'V) (16)

Material derivative of the Jacobian and its other forms

Sometimes we may need to take the material derivative of the Jacobian or its transpose,
inverse, inverse of the transpose, or the transpose of the inverse. The indicial notation
makes it easy to obtain them.
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j=a3_,
dp
Consider:
Jy=e_d|ox | 0 fd) Oy (17a)
dp dp\ox,) oX,\dp) ox, "

aJ,, dJ, dJ, _5V1 ov, oV, |
dpdp dp | |ax oy oz

— j — d‘]21 dJZZ d‘]23 — 81/2 aVZ aV; — VXV (17b)
dp dp dp oxX oY oY
dJ, dl, di,| |V 0oV, OV,
dp dp dp L oX oY o7 |

Since J i =V,;, we have
J'=(VyV) "=V, V! (18)
For J°', consider the identity;

JI =1 (19)

By taking the material derivative of the preceding equation, we get

I3 +337 =0
. (20)
S = I = (V)
Furthermore, it may be recognized or verified by direct calculation that
3T =(3) =(17) (21)
Thus,
(37) =(3) =T (V V)T 22)

With what we have so far, we are set to take the material derivative of domain integrals.
Before that, let us apply the formulae we have derived to an example that is amenable for
verification by analytical calculation.

Example
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x=X{+p) . .
Let{ y=Y(1+p*){ .Find J, J', and |J].
z=7(1+2p)
Solution
1+ p) 0 0
WehaveJ=| 0 (1+p%) 0 |and [J|=(1+p)1+ p*)(1+2p).
0 0 (1+2p)
dx
1 0 0 1 0 0 | (x
J=/0 2p 0], whichisthesameas V,V={0 2p 0 |becauseV = d%p =<2Y¥p;.
0O 0 2 0O 0 2 dz 2Z
dp
LI 0 - - 0
I+p (1+ p)
el Lo ) 0 22
dp I+p (1+p%)
0 : . 2
L 1+2p_ i (1+2p)2_
Let us see what Eq. (20) gives:
L 0
. 1 0 0 (I+p)
J =3 (V V)T ==3"0 2p 0[3'=] o0 —2—”22 o |,
0 0 2 (1+27)
: 2
L (1+2p)” |

which is the same result we got directly.

Next, let us take the derivative of the determinant by direct calculation.

j—p{(l+p)(l+p2>a+zp>} =(1+ p*)(1+2p) +(1+ p)2p)(1+2p)+2(1+p)(1+p’).

= dv, dv, dV,
I|=13|(V,-V) =1+ p)(1+ p)(1+2 1, O
=BI9, V)= e 2 s 2 2

Now, according to Eq. (16),
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d(2Y; d(2Z
=(1+p)(1+p2)<1+2p){‘;—f+ o), 42 )}

w3530 2

=(1+p)(1+pz)(”zp){(ljp}(liiz]+(1+221J}

(I+p*)(1+2p)+2p(L+ p)1+2p) +2(1+ p)(1+ p*)
(1+ p)(1+ p*)(1+2p)
=(1+p*)(1+2p)+2p(1+ p)(1+2p) +2(1+ p)1+ p*)
which is the same result obtained with direct calculation of the derivative. This example
makes it clear that the derivative in (V,-V) to be taken in Eq. (16) is with respect to the

=1+ p)1+ p*)(1+2p)

spatial coordinates and not material coordinates. On the other hand, in Egs. (17b), (18)
and (22), the derivative is with respect to the material coordinates and not the spatial
coordinates. Watch out when you use these formulae.

Formulae to take note and possibly to commit to memory

.
—

=PIV, V)
J=V.V
¥ =V, V'
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