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Guided Proof of the first-order version of the fundamental lemma of calculus of 
variations. 

Statement of the lemma: 

Given that 𝐹𝐹1 is continuous and 𝐹𝐹2 is differentiable on [𝑎𝑎, 𝑏𝑏] and 

� [𝐹𝐹1(𝑥𝑥)ℎ(𝑥𝑥) + 𝐹𝐹2(𝑥𝑥)ℎ′(𝑥𝑥)]𝑑𝑑𝑑𝑑 = 0
𝑏𝑏

𝑎𝑎
 

for every ℎ ∈ 𝐶𝐶1(𝑎𝑎, 𝑏𝑏) satisfying 

ℎ(𝑎𝑎) = ℎ(𝑏𝑏) = 0, 

show that 

𝐹𝐹1(𝑥𝑥) = 𝐹𝐹2′(𝑥𝑥) 

 

Step 1 – Use integration by parts 

 

 

 

 

 

Step 2 – Apply the boundary conditions 

 

 

 

 

 

Step 3 – Use the Fundamental lemma, ∫ 𝐺𝐺(𝑥𝑥)ℎ(𝑥𝑥)𝑑𝑑𝑑𝑑 = 0𝑏𝑏
𝑎𝑎 , implies what about 𝐺𝐺(𝑥𝑥)? 


