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Abstract

The recursive forward dynamics algorithm (RFDA) for a tree structured rigid multi-
body system has two stages. In the first stage, while going down the tree, certain equa-
tions are associated with each node. These equations are decoupled from the equations
related to the node’s descendants. We refer them as the equations of RFDA of the node
and the current paper derives them in a new way. In the new derivation, associated
with each node, we recursively obtain the coordinates which describe the system con-
sisting of the node and all its descendants. The special property of these coordinates is
that a portion of the equations of motion with respect to these coordinates are actually
the equations of RFDA associated with the node. We first show the derivation for a
two noded system and then extend to a general tree structure. Two examples are used
to illustrate the derivation. While the derivation conclusively shows that equations of
RFDA are part of equations of motion, it most importantly gives the associated coordi-
nates and the left out portion of the equations of motion. These are significant insights
into the RFDA.

1 Introduction

The forward dynamics of a tree structured or open-loop, rigid, multi-body system with n
rigid bodies is efficiently done by the well known O(n) recursive forward dynamics algorithm
(RFDA). Early contributions to this algorithm could be traced to Armstrong [Armstrong, 1979].
In Featherstone [Featherstone, 1983], this algorithm has been generalized and explained us-
ing the screw theory and the concept of articulated body inertia (AB Inertia) was also in-
troduced. The same algorithm was explained using variational equations of motion, by Bae
and Haug [Bae and Haug, 1987]. In the work by Rodriguez [Rodriguez, 1987], the algorithm
was derived using the techniques similar to Kalman filtering and smoothing. Rodriguez and
Kreutz-Delgado [Rodriguez and Kreutz-Delgado, 1992] used the spatial operator algebra to
describe this algorithm. The concept of decoupled natural orthogonal coordinates and re-
verse Gaussian elimination was used to derive this algorithm by Saha [Saha, 1999]. Lubich
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and co-workers [Lubich et al, 1992] derived the recursive algorithm using constraint equa-
tions.

As described by Bae and Haug [Bae and Haug, 1987], Featherstone [Featherstone, 1983]
and by Lubich and co-workers [Lubich et al, 1992], the RFDA consists of two sequential
stages. In the first stage, certain equations are recursively associated with each node of the
tree and they are decoupled from the equations related to the descendant nodes. We refer
them as the equations of RFDA of the node and the current work presents a new way to
derive them. It is well known that different coordinates ' describing the same multibody
system results in different equations of motion. The new derivation is based on recursively
obtaining special coordinates for each node having following characterization - 1) it describes
the system consisting of the node and all its descendants, 2) it is consistent with all joints
in the node-descendants system, and 3) most importantly, a portion of equation of motion
with respect to these coordinates is the equations of RFDA for the node. Henceforth, such
coordinates are referred as coordinates of RFDA. In section 3.2.2, we examine that for a
system as simple as two noded planar system with revolute joint, finding the coordinates of
RFDA for the parent node is not straight forward.

In the paper, the derivation is first shown for a two noded system. For the terminal node,
the coordinates of RFDA is same as the absolute coordinates for the node. For the parent
node, the coordinates of RFDA is found in two stages. In the first stage, the coordinates
describing terminal node and satisfying two conditions (see section 4) are found. In the
second stage, using simple coordinate transformation, we obtain coordinates describing both
nodes. The equation of motion in terms of the later coordinates has block diagonal mass
matrix and the equations corresponding to one of the blocks is the equations of RFDA for
the node. The originality of the paper lies in enunciating the two conditions for coordinates
of the first stage and the methods used to obtain them. We later extend the derivation to
a general tree structure.

This derivation conclusively shows that equations of RFDA is actually a part of equations
of motion. Most importantly, it gives the associated coordinates and the left out portion
of the equations of motion. These are important insights in this cornerstone algorithm in
multibody dynamics. We don’t make any claims on better computer implementation.

This paper is organized as follows: In section 2, we present a review of the equations of
RFDA for a tree structured, rigid, multi-body system. In section 3, we explain motivation
for the new derivation. In section 4, we present our method of obtaining equations of RFDA
for a two noded tree. The details of the method are worked out in section 5. Section 6
extends the method to a general tree structure. We conclude in section 7.

2 Review of equations of recursive forward dynamics

The figure 1 shows the topological representation of a tree structured multibody system.
Each node represents a rigid body and a line connecting two nodes represents the joint
between the rigid bodies. The nodes are appropriately numbered. The joint between a
node and its parent receives the same number as that of the node.

'We have used the term coordinates to mean the quantities that independently and completely describe
a subset or all of the rigid bodies making up a multibody system.



Figure 1: A typical tree structure

If y is absolute coordinates 2 for a n-noded multi-body system, then we can partition it
as y = [yg y{ . y;ﬂ T where y, describes 3 the rigid body i.
The constraint equation due to joint j, between body j and its parent ¢ is represented
as
QY+ Gjy; =v;j (1)

If j is the root node, then the constraint equation has the form
The differentiated form of equation (1) is
Q;y; +Gy; =; (3)

where v, = —ij,. — Gjyj +v;. In [Haug, 1989], there is a detailed discussion on finding
constraint equations in terms of absolute coordinates, for different kinds of joints.

Joint coordinates (also called relative coordinates) are also used to describe the multi-
body system. If g represents the joint coordinates, then it can be partitioned as q =
[q%)r qflp qg] T where q; represent vector of joint variables of joint i. For example,
if 4" joint is revolute joint, then g; could be one dimensional vector containing joint angle
[0:].

The absolute and joint coordinates are related. If body i is the parent of body j, then
the relation is represented as

y; =By, + H;q; +¢; (4)

One of the ways to obtain the above relation is given in Appendix A. The differentiated
form of the equation (4) is
y; =By, + H;jq; +d; (5)

where d; = Bjyi + quj + ¢;. In [Bae and Haug, 1987] there is a detailed discussion on
finding the above equations for revolute and translational joints.

2The symbol y actually represent coordinates stacked in the form of a vector.
3The coordinates could be pseudo-coordinates. So ¥, could be familiar translational and angular veloci-
ties, while vy, itself is symbolic.



The equation of motion for the unconstrained body 7 in terms of absolute coordinates
y;, is given by
My, = f; (6)
The mixed differential-algebraic equation (after differentiating constraints appropri-
ately) for the constrained tree structured multibody system has the form.

M+ GiA = 5~ Z. Qi M
=

Giy; =v; — QUp(j)

’ j:07"'7n (7)

where P(i) denote parent of node i, and k : j = P(k), indicates all k& which has j as its
parent.

Given time ¢, y, and y, M, f, 4 Gj, Q, and ~y, could be found for j = 0,...,n. So the
equation (7) is essentially a set of linear equations in the unknowns ¢ and A. The purpose of
forward dynamics algorithm is to find ¥, given ¢, y, and . One straight forward method to
solve equations (7) is by using methods such as Gaussian elimination or LU decomposition.
This straight forward method has O(n?) complexity.

The O(n) recursive algorithm for forward dynamics of branched multibody system has
two steps

1. Going from terminal bodies to root, forming new equations at parent nodes, along
the way.

2. Going from root to terminal bodies, solving for §; of each of the nodes j, along the
way.

Step 1 : The new equation that is formed at a node, say j, is given by
—~ T ~
M'j'-yj + G A = I , (8)
Gi¥; =, = Qj¥r()

with the constraint part corresponding to node j remaining unchanged. In this paper, it is
the first part of equation (8), that is referred to as the equations of RFDA for node j.

In reference [Lubich et al, 1992], the following expression for M ; and f ; has been de-
rived.

— —~—1 _
M;=M;+ Z Ql (G:M,, GI)™'Q, (9)
k:j=P (k)
—~ —~—1 _ —~—1~
fi=1+ > QLGM, GI)7 (v — G:M, £,) (10)
k:j=P(k)

4There may be problems where f ; may depend linearly or nonlinearly on A. Those situations arise when
dry friction is modeled into the equations. We will not consider such cases here.



An alternate expression for M j and }j is given in [Lubich et al, 1992], [Bae and Haug, 1987]
and [Featherstone, 1983]. The expressions are as given below

M;=M;+ Z B%(I—ﬁka(Hzﬁka)_le)ﬁkB’f (11)
k:j=P(k)
?j = fi+
SN BI(I - MH,(HLMH,) 'Hf)(f: - Mdy) (12)
k:j=P(k)

where By, Hj, and dy, are as given in equation (5).
Step 2 : The equation (8) could be solved for §; and A; if §p(;) (corresponding to parent
of j) is known. However if j = 0 (root), then the term Q;iyp;) doesn’t exist (since root
doesn’t have parent). So initially for j = 0, ¢, could be solved. Once §, is known, step by
step y; for all the descendant nodes j could be solved. This constitute the second stage of
the recursive algorithm.

M ; is positive definite for all j = 0,...,n. The term ) Q;;F(Gk]/\Z:Gg)_le

k:j=P(k)

in equation (9) is positive or positive-semi definite. Thus M ;j is also positive definite.
Similar comments could be shown to hold true for M ; in equation (11) also. With M j
being positive definite for j = 0,...,n, the terms (Gkﬁglaf)‘l and (HgJ\/ZTka)_l are
defined only if G, is full row rank and H, is full column rank. We assume that Gy, is full
row rank. This assumption also ensures that Hy, is of full column rank (see equations (60)
and (61) ). Further, the assumption Gy, being full row rank for £ =0, ...,n, would render
constraint Jacobian in the overall system equation (7), to be of full row rank and the
existence and uniqueness of ¥ and A as solution to equation (7), follows form Constrained
Dynamic Existence Theorem [Haug, 1989].

In this paper, we present a new approach to derive equations of RFDA. Our approach
involves finding new coordinates with special properties. This is described next.

3 Motivation

In this section, we consider a two noded multibody system described in [Featherstone, 1983]
and, using intuition, give coordinates of RFDA for it. We also consider a two noded planar
multibody system with revolute joint and realize that finding coordinates of RFDA is not
straight-forward. Finding coordinates of RFDA for general multibody system has been the
motivation for the new derivation given in section 4.

3.1 Featherstone’s example

This system has been described in [Featherstone, 1983]. It is a planar system where the
body 1 slides on the horizontal rail fixed to the base and the body 2 slides on a the vertical
rail fixed to the body 1.
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Figure 2: A simple example given in [Featherstone, 1983]

3.1.1 Absolute coordinate - equations of recursive algorithm
Since the two bodies can only translate, take absolute coordinates to be y = [yip yg]T,

where y; = [ra, ryl]T, Yo = [ray ryQ]T. The two constraints on this coordinate are
ry, = 0 and ry, —ry; = 0. The mixed differential algebraic equations for the system has
the following form.

e R S A v
o 1) [7] =10 (13b)
R I
cofe-pemof]

The equations RFDA associated with node 1 is the first part of equation (8). Using equations
(9) and (10) to calculate M and f;, we get

[ml +mz 0 ] |:T1’1:| I {O} A = [fxl +fx2} (15)

0 my| [Ty, 1 fu

3.1.2 Coordinates of RFDA

We form a new coordinate by retaining the absolute coordinate of body 1 and replacing
the absolute coordinate of body 2 by the joint variable ry,. The new coordinate y =

[rwl Ty, ryz]T is related to the absolute coordinate y, by the following relation.

Ty L0 0]
| |01 0f L™
,r'.:m - 1 0 0 :w (16)
T 00 1] L



The constraint for the new coordinate is 7y, = 0. The equation of motion in terms of new
coordinate is

mi+me 0 | 07 [y 0 faor + fos
O O =] e an
0 0 ’ ma 7.:y2 0 fy2

We notice that the mass matrix in the above equation of motion is block diagonal. Further,
by comparing equation (17) with equation (15), we see that the equations corresponding to
the first block is same as equations of RFDA. Thus the coordinates y, defined in equation
(16) is the coordinates of RFDA for the node.

In the next subsection, we seek coordinates of RFDA for a two noded planar system
with revolute joint.

3.2 Planar two rigid body system with revolute joint

Figure 3 shows two planar rigid bodies connected by a revolute joint. x —y axes, with origin

O, represent global reference frame. ; — §; axes, with origin O; represent local frame fixed
-
to body j. r; = [a:j yj]T is vector OO, expressed in global coordinate. ¢; is angle from

bt P _ [P o]t t vector O, P d in local coordinate Z; —
Jl‘j oOx. 8 i = ij Sjy represent vector iL75, expressed 1n local coordinate .Z'] — y].

Similar conventions apply for body k also. We proceed on the same lines as previous
subsection.

Ok, (k)

@

Figure 3: Two planar rigid bodies with a revolute joint at point P; = P.

3.2.1 Absolute coordinate - equations of recursive algorithm

We take absolute coordinates for the system to be y = [y;[ y;ﬂ T
T

and y;, = [z yk i

The constraint equation is

, wherey,; = [:L'j Y @

1Pj

T+ A(gzbk)s'f’c —rj—A(p;)s’;’ =0 (18)



where A(f) = [cos@ —Sln9:|

sinf  cosf
The differential equations and constraints associated with each node are - {M;y,; = f;—
Qf i}, for node j, and {M i), + G{ A, = fr,  Girilp, = v, — Qi¥;}, for node k. Gy, Q,

. P
-1 0 sing;s’’ +cospjs’’
and 7y, could be evaluated using the constraint equation (18) (Q = 0i%j. 03

0 -1 —cosqﬁjs’fj —i—sinqﬁjs’jf
1 0 —sin ¢ks/ — oS (bks m; 0 0 mg O 0
Gk = 0 1 1P /Pk ) Let M 0 m] 0 , Mk = 0 mp 0 ,
cos ¢’} * — sin ¢gpsy 0 0 g 0 0 g

T T
fi=1 fi, 71 and fi=[fr. fr, 7]
The equations of RFDA, associated with node 2 has the form

/\

M;y; = f] (19)

M ; and ;‘j are calculated using equations (9) and (10). The explicit expression for M ;(1,1)

is given below. Rest of the elements and the elements of }j could be easily obtained using
any symbolic math software.

M;(1,1) = (=2m}s', s/ sin(20k) + mi(s'")? cos(26k)+

mz(s'f’“) + 2mjJy + 2myJy + 2mjmk(slpk)2 + 2mmy (s 'f’“)2+

mi(s'k")? = mi(s'k")? cos(20n))/(2Jk + 2mi(s ) + 2mu(s'14)?)

3.2.2 Coordinates of RFDA

We look for a coordinates having the characteristic that the equation of motion of the planar
system has a block diagonal mass matrix, with equation corresponding to one block same as
equation (19). It is not easy to find such a coordinate. The trick of forming new coordinate
by appending absolute coordinate of parent with the joint variable doesn’t work here. For
example, consider the coordinate y = [:Ej Yi @j Hk] where 0; = ¢ — ¢; is the joint
angle. This coordinate is related to absolute coordinate by the relation

i 1 0] Jo] [o

U 0 1 0] o] i

éi| _{lo o) [1] [o]| |% 20)
i Lo oo &

yk 0 1 22 23 ek

on 00 1 1

where Thy = A (qﬁj + %) s’fj A ((bj + 0, + g) "Prand Toz = —A ((b] + 0, + ) 'P’“.
The new coordinate is consistent with the k™ joint constralnt and the equation of motion
would be of the form My = f. Explicit expression for M and f could be obtained using
first principles such as generalized d’Alembert’s principle or using equation (64) . Some of
the elements of M are M (1,1) = M(2,2) = m; +my, M(1,2)=M(2,1) =0.

It turns out that, M is not block diagonal and equation (19) cannot be seen as a part
of the equation, M@ =f.



3.3 Motivation for new derivation

If one were to think equations of RFDA given in equation (8), as a part of equations of
motion, then natural questions would be on the left out part of equations of motion and
the coordinates associated with equations of motion. We have seen that these questions
are not straight forward to answer even for simple two noded planar system with revolute
joint. Addressing these questions for a general multibody system has been the motivation
for the new derivation of this paper. Moreover answer to these questions gives insight into
the RFDA, a cornerstone algorithm in multibody dynamics.

4 The new derivation of equations of RFDA

In this section, the derivation is explained for a two noded tree structure. In section 6, the
derivation is extended to a general tree structure. The nodes of the tree are numbered as -
k and j. k is considered as terminal node and j is its parent and the root node. There is
joint k& between nodes k£ and j, and joint j between root node j and global reference frame.

Equations of RFDA for terminal node k is nothing but equation of motion with respect
to absolute coordinates of node k. Hence the absolute coordinates of terminal node itself is
the coordinates of RFDA for the node. Following are the steps in the derivation of equations
of RFDA for node j.

Step 1 : Coordinates having free and constrained partitions with block diago-
nal mass matrix -
T
Find coordinates y; = [1‘7%; ng} , describing the rigid body k, and satisfying fol-

lowing properties.

Property 1: ?Lch should be fully determined by ¢; and g, ; should not be constrained
in any way by parent coordinates. Equivalently, if the constraint equation due
to joint k is represented in terms of y,; and y;, as

Q,y; + [Gr, Gy, [;k } = Uy, (21)
Yk,
then G’kc is nonsingular square matrix and Gy ; Is zero matrix. As a result, the

way y; determines Y ko> 18 given by

Yy, = Si¥; + ax (22)
~—1 = —1.
where S, = -G Qy and ay = G},_vy.
If coordinates satisfy above property, then we say that it has free and constrained

partitions.

Property 2: y; describes the rigid body k£ and we can write equation of motion of
body k in terms of g,. The mass matrix should be block diagonal corresponding



to the partitions y,_and gy ;e In other words, the equation of motion in terms
of y;, should be of the form

5 Al
0 My, Uk,

G | n, = | I
Ok ] AL = [fkf] (23)

Example 1: In the Featherstone’s example (see figure 2), the coordinates y, describ-
ing body 2, satisfy all the above properties.
It has the partition yo = H%] [ryQ]]T, with the following features.

1) The constraint equation for joint 2 is of the form (see section 3.1.1) [-1 0] [:xl} +
Y1

(1] [o]] HZZH — [0] and [fy,] is determined by the equation [f,,] = [I 0] [:zl]

2) The equation of motion for body 2, with respect to y, is, [[m2] [O] } [[rm]] +
(0] [ma]] L[Fy,

[M} Ao = [[fxz]] . Clearly the mass matrix is block diagonal.
(0] [Fue]

Example 2: Consider the planar system with revolute joint shown in figure 3. The
usual coordinates for body k, vy, = [:Ek Yk qbk]T, does not have a partition that
satisfy the property 1 of step 1, even though the mass matrix is diagonal (see M, in
the section 3.2.1).

Consider another set of coordinates y;, = [[azp T k] [(ﬁk] ] T, defined by the relation

10 S sin gy, + i cos [xp}
Yp=|]0 1 —8;5’“ cos ¢y, + Sg:k sin ¢y, g (24)
0 0 1 (4]

From the definition, it should be clear that [:'UP L k]T is the velocity of pivot point
P of body k (see figure 3).

The constraint equation in terms of g;, is (using equation (62)),
Lj - P
. 1 0 0 Yok
QY| +
7 0 1] [0 _
’ [04]
where @, is given in section 3.2.1. Clearly , y, satisfy the first property stated above

The mass matrix for body & in terms of y;, is ( using equation (64))

mi 0 P,
[ 0 mk] —mp Ay +7/2)s" "

—(mpA(pp +7/2)8' TV T+ m2(1s' T 2)

10



where A(0) is described in section 3.2.1. The mass matrix is not block diagonal and
the property 2 is not satisfied.

Thus even in specific example as above, it is not straightforward to come up with
coordinates satisfying both properties. In section 5 we deduce coordinates satisfying
both the properties for a general system.

Step 2: Form new coordinates describing both nodes- Define new coordinates [y?

Yj r o). 0
??kc =185, 0 |:; j:| + [ag (26)
Uk, o 1|k 0

This coordinate describes the entire system consisting of two rigid bodies with a joint
between them. We later see that this is the coordinates of RFDA for node j.

Step 3: Obtain equations of motion in terms of coordinates of step 2 - For writ-
ing the constraint and equation of motion in terms of above coordinates, we make use
of equations (62) and (63), with coordinate transformation given by equation (26).
This requires that we know the constraint equation and equation of motion in terms
. 2T . 5 5 T .
of [y? y;ﬂ = [y;r ygc ygf] . These are as given below.

G;y; = v, Q1Y; + Gy, = Uk

M; 0 077§ [6F Ql Fu
0 My 0 Uk |+ | 0 [N+ |Gy | A= | fr
0 0 My | 0 0 T,

The above equations are consequence of equations (2), (6), (21) and (23).
After coordinate transformation through equation (26), the constraints (after remov-

e 1T
ing redundant constraints) and equation of motion in terms of [y;[ @}ff] , becomes

Gj'yj =V (27)
M+ S{MS; 0 ] [yj} N [G]T] N = [fd] (28)
0 My, | Y, (U R P

where f; = fj + S;;F}kc - S;}FMkc(dk + Sk'yy’)'

Step 4: Recognize that equations of RFDA is part of the equations of motion
- For the two noded tree structure, first of equations (8) for node j (i.e equations of

RFDA), would be of form ]/\ijg')j + G?Aj = }j. The rows of matrix equation (28)
associated with y;, i.e,

(M +STMSy) iy + GIA = f; + STFe, — STMy(ar + Sigy) (29)

11



is essentially the equations of RFDA associated with the root node of two noded
T
multibody system. Thus coordinates [y]T Q;;Ff] , defined in step 2, is the coordinates

T
of RFDA for node j. Further the only constraint on [y;f ’[/gf} , given in equation

(27), corresponds to the second of equations (8).

Illustration: We now illustrate the steps 2, 3 and 4 for Featherstone’s example.
Step 2 Define a new coordinate [[ry, 7y, ] [yyz]]T by the transformation

IR
[T$2] [1 0] [0] [rz;]
4. 0 o} [1]

Step 3 Equations of motion in terms of the above coordinate is

S 1 P | RS
o o mal] L) Lo i

Step 4 Indeed the first row block of the above matrix equation is same as equations of
RFDA obtained in equation (15).

Thus, given that coordinates of step 1 would be deduced in section 5, we have derived
equations of RFDA in equation (29), based on finding coordinates of RFDA, defined in
equation (26).

5 Finding coordinates of Step 1

In this section we rewrite the properties 1 and 2 of step 1 in section 4 as rigorous linear
algebraic conditions and deduce the relation between ¥, and y; coordinates. This relation
itself defines ;. We discuss two methods to deduce the relation.

5.1 Linear algebraic conditions for coordinates of step I

T
Let g, be coordinates having the partition as [(ch)T (Qkf)T] . The coordinates be
related to the existing coordinates by the following relation

Yp = [Ex D] [g:f] (31)

where [Ek Dk} is non-singular square matrix.
The constraint equation of the joint between body k and j when written in terms of

T
[(’[/kc)T (Qkf)T] , takes the following form (see equations (1) and (62)).

Q.Y + [GLEy GiDy] {Z:‘} =V, (32)
7

12



T
The mass matrix in terms of the coordinates |(95.)" (Uy f)T would take the following

form (see appendix (B)
E, M.E, E,M,D,
(33)
~ T ~ ~ T ~
D, MyE, D, M;D;
Let the dimension of velocity space of body k when it is unconstrained be represented by
pr ( same as the number of components of y,). The dimension of row space of G be

T
represented by py . If we require [(QkC)T (U f)T} to be constrained and free partitions
(property 1 of step 1 in section 4), then the following condition should be satisfied.

Condition 1: Columns of D}, should be basis for the null space of Gj. In other words,

Columns of Dy, should be basis for the orthogonal complement of column space of
Gl

This condition would render the term Gy, D}, in equation (32) to be zero matrix. Hence g, ;
is in no way constrained by the parent coordinates. This condition also ensures that the
matrix G,E}, is invertible square matrix and hence Yy, is fully determined by the parent
coordinates. Proof to show that G E}, is invertible square matrix, is given below.

G, is assumed to be full rank. So it has pj, rows. The null space of G}, has the dimension
Pk—Drk.- (see for example, [Strang, 1998].) From the above condition, the number of columns
in Dy, is p — Dk, - [Ek Dk] is assumed to be non-singular square matrix. Hence number
of columns in E}, is Dk, Thus the matrix GLE} is square.

To prove that GLE}, is non-singular, it is enough to show that there is not a non-zero
vector say vy, such that GpE,vi = 0. Suppose there is a vy such that GLEpv; = 0,
vy # 0. The vector Ejv; is non-zero (because Ej, is full rank matrix) and lies in the null
space of Gj. As per condition 1 above, columns of Dy, forms the basis for the null space of
Gi.. Hence there is a unique non-zero vy such that

Ekvl = bk’vg (34)

. T T . . . ~ ~ .
This means non-zero vector [vip —vg] multiplied with non-singular matrix [Ek Dk] is

zero. This is a contradiction. Hence there cannot be a non-zero v such that GkEk'vl =0.
T
Additionally if the mass matrix corresponding to the partition [Q;{c g}ff} is to be
block diagonal (property 2 of step 1 of section 4) then the following condition should also
be satisfied.

Condition 2: Column space of M wEj should lie in the orthogonal complement of column
space of Dy..

This condition implies bZM vEj = (E;;FM kbk)T = 0. Hence the mass matrix correspond-
ing to the coordinates [@{c ’[/{f} would become block diagonal (see equation (33)).

As seen in the example of planar-revolute system, finding the transformation

Up = [Ex Dy [;Z‘} , ([Br D] is non-singular) (35)
!

13



which satisfy first condition (i.e, columns of Dy, being the basis for the null space of Gy,) is
not hard. For the planar revolute system, we extract Ej and Dy from equation (24), as

Lo st e
E,= 1|0 1 D = —8;5’“6% + 8;1;’“8% (36)
0 0 1

In equation (60) of Appendix A, we give one general procedure of finding Ej, and Dy, which
satisfy condition 1. Most of the time, one could arrive at E and D by looking at the
geometry of the joint. In the next two sections, given E} and Dy, we show two different
ways of finding Ej, and Dy, which satisfy both condition 1 and condition 2.

5.2 Two approaches to find E;, and Dj.
5.2.1 Method 1

As discussed in equation (35), we can find a matrix D} whose columns are the basis for
the null-space of Gj. As per condition 1, we require columns of Dy to be also basis for
null-space of G. We may very well take Dy, to be Dy, itself. More generally we can take
Dy, to be

Dy = D,Cy (37)

where Cy is any non-singular square matrix of size py, X pg,.

We will now find Ej. Condition 2 requires columns of M +E}. to lie in the orthogo-
nal complement of column space of Dy. This orthogonal complement has dimension py, .
However Ej, is full column rank with pk. columns and M, is non-singular matrix. Hence
columns of M E}, have to be basis for the orthogonal complement of the column space of
Dj,. From the condition 1 (and the Gy is full row rank), columns of Gz is the basis for
orthogonal complement of column space of Dy. So we may very well take M E;, = G;;F,
or with more generality M, E), = G%CC where C, is any pj. X pg, non-singular matrix.
Hence

E, =M. 'G}]C. (38)

5.2.2 Method 2

T
In the example shown in figure 3, we defined coordinates {(@kc)T (U f)T] in equation
(24), such that (gy,) is determined by y; and (¥, ) is unconstrained by y;. Figures 4(a),
(4(b)) and (4(c)) shows the displacement of rigid body k due to small changes in each of the
components of these coordinates. For the same system, consider another set of coordinates

defined by

1 0 Yke,
yk = 0 + Oétg 1] + ﬂtg t3 :“ykcz s where (39)
0 0 Uk,

T
t3 = (8,%" sin ¢y, + sky’“ oS @, —s8y " COS P, + sky" sin ¢y, 1)
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Figure 4: Visualization of various coordinates for body k — (a), (b), (c) indicates small
changes in 2%, yF ¢, respectively as a part of coordinate g, (see equation (24)); (d),
(e), (f) indicates small change in components of . (see equation (39)) .

T
The change in the system due to infinitesimal change in [i/zc TJ%}] is shown in figures

4(d), 4(e) and 4(f). From these figures, it may be noted that dg,, (or 6xTi) is still deter-
mined by dy;. The point P* has small displacement in x-direction if and only if there is
small change in g, . Similar arguments holds for Uk.,- From these figures it is also clear
that g 5 18 still no way constrained by the parent body. (It could however compensate for

T
the extra rotation due to dy;_.) Thus [@;{c @ff} defined in equation (39) also has the

partition into constrained and free parts.
The generalization of above concept is as follows:

T
If [y{c ’ng} is a coordinates for body k, defined by

Y = [Ek Dk} [g:c} [Ek Dk] is non-singular (40)
f

such that y,_ and y, ; are the constrained and free partitions of 7, ® then another coordi-

y A
nates say ¥, = [ykc ykf} defined by

Y = [Ek + DA Dk] [g:c] , A any compatible matrix. (41)
f

also has the constrained and free partitions (g, and g, ).

To prove the above generalization, we should show that [Ek + DL A Dk] is non-
singular and columns of Dy is the basis for the null-space of Gy (See condition 1 in sec-
tion 5.1).

Proof : [Ek Dk] is a full column rank square matrix. For a column of a matrix, if we
add linear combination of other columns of the matrix, then the column rank is unchanged.

5Appendix A shows how to find such an E and Dy.
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Hence [Ek + D, A Dk] is full column rank square matrix or non-singular matrix. Since

T
[@{C @{f} defined in equation (40) has partition into constrained and free part, Dy, satisfy

condition 1 given in section 5.1, i.e, columns of Dj, are the basis for the null-space of Gy.
~ We now show that we can find a special matrix Ay, such that E, = Ej, + D, Ay, and
D = Dy, while satisfying condition 1, also satisfy condition 2. From condition 2 we have

~ T ~ ~ ~
D, MLE, = DI M(E, + D, A},) = DL MLE), + (D M Dy)A;, =0

D, is full column rank and M is positive definite. Hence D;;FM r Dy is also positive
definite and (D¥ M}, Dy)~" exists. So we can write

A, = —(DIM.Dy,) ' DI M, E;, (42)
Ek =FE, + DkAk = FE; — Dk(DngDk)_ngMkEk (43)
D, = D, (44)

Thus we have obtained E}, and Dy, satisfying both conditions 1 and 2. The expressions are
in terms of Ej and Dy, (see equation (35)).

T
To summarize, if we know coordinates y; = [@fc @;;Ff] , satisfying property 1 of step

T
1 and its relation g, = [Ej, Dy [y C} with vy, then the coordinates g, = [ch ’[/{f}
kg
satisfying both properties of step 1 in section 4 is defined by y;, = [Ek Dk] [;kc] , where
kg

E}. and Dy, are as in equation (38) and (37) or (43) and (44). If the constraint equation
corresponding to joint k and the joint variables are known, then Appendix A gives the
procedure to find Ej and Dy.

5.3 Simplification of equations of RFDA to standard form

The coordinates y,, discussed in step 1, is now defined as y;, = [Ek Dk] [;kc} where Ej,
kg
and Dy, is given by equations (38, 37) or (43, 44). Gy, Uk, Sk, ay, My, My, f;,_ and

]N"kf, in equations (21), (22) and (23), assume the following forms : Gy, = (GLE}), by, =
~ ~ T ~ ~ ~ T ~

Vi, Sk = < (GrEy)~ Qk>> ay = (GrEy) vy, My, = E;MEy, My, = Dy MyDy,

~ ~ T ~ - ~ .

Fr.=Ep(f) Mk(Ekykc + Dkykf)% Fr, = Dy, (fr — My(Eryy, + Diyy,))-

Substitution of above terms in equation (28) and further simplification by using the
expressions for Ej and Dy, in equations (38) and (37), we get

[Mj + Qi (GrM G Qy 0 ] [yy} N
0 CiD{ M D,C Y,
[G;f] N = fi+ QL (GyM, 1GT) Yvg — GiM,; Y1) (45)
U CiD(fy — Mk(Ekykc + Dyyy,))
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In equation (66) of Appendix C.2, we show that Q{(GkEk)_TEsz(EkaC + bk;ljkf +
Ek(Skyj +ar)) = QF (GrM'GT)~1~. Rest of the simplifications in the equation (45) is
straightforward.

In equations (43) and (44), we had obtained alternate expression for Ej and Dy, in
terms of Ejy and Dy, of equation (35). In Appendix A, one way to obtain Ej and Dy is
given (see equation (60)), along with its relation with By, Hj and ¢ (see equation (61).
Using equations (43), (44), (60) and (61), we get yet another simplification as -

M+ BY(I - M H,(HF MH,)"'H})M, B, 0 i
0 D{MDy] Yy,
I e LR
0] D} (f — M (ExYy, + Dy,

where dj, = Bkyj + Hqu + ¢, with By, Hj and ¢ as given in equation (61). Details of
simplification of equation (46) is presented in Appendix C.3.

Note that if j and k (k treated as terminal node) are the only two bodies of the multibody
system, then equation (8), with equations (9) and (10) used for ]/\Zj and ?j, is same as y,
part of the equation (45). Similarly, equation (8), with equations (11) and (12) used for
M ; and }j, is same as y; part of the equation (46). We recall that equations (9) and (10)
are presented in reference [Lubich et al, 1992], and equations (11) and (12) are presented in
[Lubich et al, 1992], [Bae and Haug, 1987] and [Featherstone, 1983]. Thus we have reduced
the equations of RFDA obtained by our method into standard form found in literature.

5.4 Visualization of coordinates for planar revolute joint example

5.4.1 Coordinates of step 1

For the planar revolute joint system, using equation (36) and M, given in section 3.2.1,
Ay, of equation (42), evaluates to

g (sin(gr)s, " +cos(9r)sy k) my(cos(dx)sy " —sin(@x)sy )

_ : i , ety 47
T ((s),F )2+ (5, %)) Timi((s), 72+ (57, %)) 7

Let the two elements in the above matrix be represented by & and B

The coordinates g;, of step 1, is same as the coordinates g, defined in equation (39),
except that o and 3 are replaced by & and 3. It turns out that the equation (after replacing
by & and B) is non-integrable. Hence g, is a pseudo-coordinate for the system. We can
visualize it by examining the changes that body k£ undergoes, due to small changes in the
components of g,. The figures (4(d)), (4(e)) and (4(f)), hold good here also. The rotation
in figure (4(d)), is @ times the translation along x-axis. The rotation in figure (4(e)), is /3
times the translation along y-axis.

5.4.2 Coordinates of step 2 — coordinates of RFDA

T
Equation (31), gives the relation between y, and [@{c ng] . Equation (26), gives the

. v -1 ~717 v ~717 .
relation between Yi Yr. Yk f] and [yj Yi, f} . These two relations could be composed
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T

T ~T T ..
] and [yj Y, f} . For the planar revolute joint

to obtain the relation between [y]T yg
example, such a relation assumes following form —

Lt o 81
Yk —(Ex+ Dy [a 3])Qy D] Yk,

where [a 5] = A is given in equation (47), Ej, and D, in equation (36) and Q,, in section
3.2.1.

To get a feel for the coordinates of RFDA, figures 5(a), 5(b), 5(c) and 5(d), shows
(highly exaggerated) displacement of the system due to infinitesimal changes in each of the

T
components of [y;p @ff} . Also to see how different these coordinates are from standard

coordinates, in figures 6(a), 6(b), 6(c) and 6(d), we have shown the exaggerated displacement
of the system due to infinitesimal change in each of the components of ¢ defined in equation
(20).

(0) 3y, (d) 53,

T
Figure 5: Changes in system due to small changes in the coordinate [y;f @%f} defined in

equation (48).
The comparison between the two coordinates is summarized as follows.
T
_ _ _ _ 1T -
If, [0y1 09y 0Y3 094" = [51/]-1 0Yj, 0Yj, 5ykh} , then
1. displacement of body j is same in the corresponding figures for the two coordinates.

2. The corresponding figures differ only in the rotation that the body k undergoes about
the point P*. The rotation of body k in figures 5(a), 5(b), 5(c) and 5(d), are ady,,,
Béyjz, ((—s’f:sék - S’Z“cgbk> a+ (S'Z’:cqﬁk — S’Z“sgbk) @) 0y;,, and 5gkh, respec-
tively (s¢y represent sin ¢ and cdy represent cos ¢ ). The rotations in figures 6(a),
6(b), 6(c) and 6(d), are 0, 0, dy5 and dy,, respectively.

In this section we defined the coordinates of Step 1 by the relation given in equation
(31) and gave explicit expressions for Ej and Dy using two methods. First method lead
to equations (37) and (38), while the second method resulted in equations (43) and (44).
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(c) oy (d) 07a

Figure 6: Changes in system due to small changes in the coordinate y, defined in equation
(20).

Kinematic observation was used to motivate second method. We further simplified equations
of RFDA to the form generally found in literature. We illustrated the y; coordinates of
step 1, and the coordinates of RFDA [y;f @%f]T, using planar revolute joint example.

6 Generalization to all nodes

Consider any non-terminal node, j, of the branched multibody system. Suppose that for
every child, k, of node j, there are coordinates [y;f E;{]T, having the following properties

1. [y% EﬂT describes the system consisting of node k and all its descendants. In
other words, the relation between [yg éﬂT and absolute coordinates of k and its

descendants is of the form

Ui
Yh(k,1) [ I o } [yk] [ 0 } .
= 2+ Vk:j="Pk
: P, Ry & W, J (k)
Yh(k,dy)

where h(i,p) is the p** descendant of node i, with the descendants are arranged in
some order. % (P(i) denote parent index of 4, and k : j = P(k) denote ‘k is such that,
j is its parent’.) An example for above equation is equation (48), where there is a
single descendant node.

T
2. Any value for [yg g;‘g] is consistent with all the joint constraints among body k

T
and its descendants. The only constraint on the coordinates [y;{ gﬂ , is due to
joint between body k and body j, given by

QrY; + Gry, + 01§, =vi,  Vk:j=P(k) (49)

SDescendants of node i can always be arranged in a sequence. For example, the descendants of node 2
in figure 1 can be arranged as - 4, 5, 7, 10, 11, 12. For this order, h(2,3) = 7.
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3. The equation of motion in terms of [yg £g]T, for the system consisting of body k
and all its descendants, is of the form
M © } [yk] [G;{Ak] [}k] :
[ 0 Ayl [& 0 Mk ’ (k) (50)
]T

then we claim that we can find coordinates [y;f 5? which has same properties listed

above, i.e 1) [y;f £?]T describes body j and all its descendants, 2) the coordinates are
consistent with all the joint constraints between node j and its descendants, and 3) mass
matrix with respect to the coordinates is block diagonal.

Proof: Find E}, and D, (with [Ek Dk] being non-singular) that satisfy condition 1 and
condition 2 of section 5.1, with M, replaced by M k- The only property of M, used in
deriving Ek and bk in subsection 5.2 was positive definiteness of M. M is diagonal block
of the positive definite matrix given in equation (50). Hence M . 18 also positive definite.
Thus we can use theory in subsection 5.2 to find Ej, and Dy, even after the replacement.

Define new coordinates for the system consisting of node k£ and its descendants, as

. . U,
["é:]: [lg’f 13’“ ﬂ | Y kij=Pk) (51)

Since [Ek Dk] is non-singular, the above transformation as a whole is non-singular.
: T . - - T
Under the transformation from [y{ Eg] coordinates to ygc ygf £{ , the only

constraint equation involving [yg £g]T, i.e, equation (49), becomes (see equation (62)

Qu¥; + GrExyy,, + 019y, + [01€, = vi, Vk:j=P(k) (52)

(from condition 1 of section 5.1, G.D;, = 0.) This is the only constraint equation in-

volving [g{c ng E;;F]T. Hence, both @k ; and £k are kinematically unconstrained. ii/kc is
determined by g; by the following equation.

U, = Sky; +ai, Vk:j="P(k) (53)

- \—1 o1
where S, = — (GkEk) Q., and ap = (GkEk) vi. The above equation follows from

equation (52). The equation of motion of the system consisting of node k& and its descen-

T
dants, written in terms of coordinates [’[/fc ng Eﬂ , becomes (see equation (64)

{Mkc 0 ] [yk] _ [fk} n [(GkEk>T>‘k] Wkt j = Pk) (54)

0 My | & U 0

TN B I D MDD, 0| ; _[U
WhereMkc:EkMkEkyMkf: k kk 7£k:|:kf:|>

0 Ay, &
~ T /= — 2. 2 .
e 57 3t (i« b V) s — [Pk (Fe = My (B, + Din, )
fr.=Eg (fk_Mk (Ekykc+Dkykf>>ank: L FAERY ke TRk ) )
Mk
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Let g(i,p) denote p'* child of node i, with the children of node i arranged in some order.
Also let h; represent the number of children of node i. Then, the coordinates
T =T ra ~T r T
Yi Yo, EaG) T Ygling). Eg(j,hj)]
describes node j and all its descendants. The constraints on these coordinates are equation
(52), and the constraint due to joint between body j and its parent, i.e ijp(j)—i—Gjyj =v;.

- N T
Using the relation (53), we obtain a smaller coordinates [y;f ggT( i ggT( j’hj)] by
the following transformation.
LY I 0 0] . [0 ]
yég(jvl)c Sg(j,l) 0o --- 0 % y] ag(j,l)
1 0 I --- 0 1 0
9(:1 "= : oo 9(:3 ) t : (55)
f{g(j,hj)c Sgny O - 0 ég(j,hj) Ay(j,hj)
£, . | 0 0o --- I . 0 |
[ S9(5,h;) |

From the expression of S and aj given in equation (53 ), it is easy to see that constraint
equations (52) become redundant under the new coordinates defined above. Let §; =

- - T T
r r .| . Then the only constraint equation on [y? £€7]" coordinates is
9(4,1) 9(3.hj) Y i SJ

due to joint between j and its parent can be written as
Qi¥p) + Gjy; +0§; =v; (56)

. . . . T . .
Analogous to equation (28) the equation of motion in terms of [yf Eﬂ is obtained below.

M, + Z STMkCSk 0 - Ty .
CESS LR e
0 Al LS 0 n;
My, - 0 Mg(3.1) i
WhereAj = ;= , and fdj :f]+ %:) (Sngcbk)
~ - k:P(k)=j
0 T Mg(jvhj)f ng(jvhj)

Thus associated with node j we have found the coordinates [yf EJT]T having the required
properties and the proof is complete.

If £ is a terminal node, then the coordinates y, trivially satisfies all the properties
mentioned in the claim at the beginning of this section. Now, from the result obtained
]T coordinates for all nodes of tree structure.
]T

above, we can recursively obtain [y;f 5?

Thus associated with each node of the tree structure, we can obtain [y;f 5? coordi-
nates which has the constraint equation as in equation (56) and equation of motion as in
equation (57). The rows of matrix equation (57) associated with y; is the first part of the

equation (8). The constraint equation (56) is the second part of the equation. So we have
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obtained equations of RFDA, based on finding coordinates of RFDA, [y? 5?]T, for every
node the tree.

Analogous to simplification from equation (28) to equation (45) or equation (46), we can
show the rows of matrix equation (57) associated with y; simplifies to M j+ G?)\j = }j,

with ]\/ij and fj as given in equation (9) and (10) or (11) and (12).

7 Conclusions

In this paper, we derive equations of RFDA using a new method. The method has two
parts, 1) finding coordinates of RFDA, and 2) writing equations of motion in terms of
it and extracting relevant portion of it as equations of RFDA. In section 4, the method
has been described for a simple two noded tree structure, in 4 steps and the non-trivial
coordinates of step 1 has been worked out in section 5. Steps 1 and 2 constitute the
procedure to find the coordinates of RFDA. Steps 3 and 4 are about writing down equation
of motion and extracting relevant portion of it.

The crux of the paper lies in section 5.2, where coordinates required for step 1 is defined.
Two different methods of finding the coordinates has been explained. We use linear algebraic
arguments, motivated by kinematic intuition, to get the coordinates. The originality of the
paper lies here.

We simplified the relevant portion of its equation of motion, in terms of coordinates of
RFDA, to standard form in equations (45) and (46). In section 6, our approach based on
coordinates of RFDA was extended to general tree structure. Different nodes have different
coordinates of RFDA associated with them, which describes the rigid bodies of the node
and all its descendants. The coordinates of RFDA get defined recursively, as in equation
(55) and equations of motion with respect to them are as in equation (57).

This derivation conclusively shows that equations of RFDA are actually part of equations
of motion. More importantly this derivation gives coordinates associated with equation of
motion, as well as left out part of equations of motion. These are significant insights into
RFDA, a important algorithm in multibody dynamics.

References

[Armstrong, 1979] Armstrong, W. W., “Recursive solution to the equations of motion
of an n-link manipulator”, Proc. Fifth World Congress on Theory of Machines and
Mechanisms, Montreal, 1979.

[Bae and Haug, 1987] Bae, D. S. and Haug, E. J., “A Recursive Formulation for Con-
strained Mechanical System Dynamics: Part I. Open Loop Systems,” Mechanics of
Structures and Machines, Vol. 15, No. 3, pp. 359-382, 1987.

[Featherstone, 1983] Featherstone, R., “The Calculation of Robot Dynamics using
Articulated-Body Inertias”, Int. J. Robotics Research, Vol. 2, No. 1, pp. 13-30, 1983.

[Haug, 1989] Haug, Edward J., Computer-Aided Kinematics and Dynamics of Mechanical
Systems, Vol. 1: Basic Methods, Allyn and Bacon, Needham Heights, MA, 1989

22



[Lubich et al, 1992] Ch. Lubich, U. Nowak, U. Phle, and Ch. Engstler, “MEXX- numerical
software for the integration of constrained mechanical multibody systems”, Technical
Report SC 92-12, Konrad-Zuse-Zentrum Berlin, 1992.

[Meirovitch, 1970] Meirovitch, L., Methods of Analytical Dynamics, McGraw-Hill, New
York, 1970.

[Rodriguez, 1987] Rodriguez, G., “Kalman Filtering, Smoothing, and Recursive Robot Arm
Forward and Inverse Dynamics”, IEEFE J. of Robotics and Automation, Vol. 3, No. 6,
pp- 624-639, 1987.

[Rodriguez and Kreutz-Delgado, 1992] Rodriguez, G. and Kreutz-Delgado, K., “Spatial op-
erator factorization and inversion of the manipulator mass matrix” IEEFE Transactions
On Robotics and Automation, Vol. 8, No. 1, pp. 65-76, 1992

[Saha, 1997] Saha, S. K., “A Decomposition of the Manipulator Inertia Matrix”, IEEE
Transactions On Robotics and Automation, Vol. 13, No. 2, pp. 301-304, 1997.

[Saha, 1999] Saha, S. K., “Dynamics of Serial Multibody Systems Using the Decoupled
Natural Orthogonal Complement Matrices”, ASME Journal of Applied Mechanics,
Vol. 666, pp. 986-996, 1999.

[Strang, 1998] Strang, Gilbert, Linear Algebra and its Applications, 3rd ed., Thomson
International Publication, Australia.

A Coordinate of child body in terms coordinate of parent
and joint variables

Consider body j and k with a joint k& between them. The constraint is represented as
QrY; + Gry, = . 1If there are py, rows in the constraint equation and pj represent
the degree of freedom of unconstrained body k, then one can associate joint variable q; of
dimension (py — pi,.). For example if k%" joint is revolute joint then q; = [f)], where 6y is
joint rotation angle. If g, is constrained as a function of time, say, ¢ = g(t), then such a
constraint is called driving constraint. Driving constraints have the form ”

Q1 Y; + Gy ¥y = Viy + Hi, s, (58)

([Haug, 1989] catalogs driving constraint and corresponding Jacobians for standard joints.)
We consider only cases where ), is invertible.

For example, consider planar revolute joint example given in figure 3. The constraint
equation is Q,y; + Gy, = Vg, where ¥;, ¥y, Q) and Gy, are given in section 3.2.1, and
v = [0 O]T. The joint driving constraint can be written as ¢ — ¢; = 6i(t), where 6, is

7If the driving constraint is holonomic, then the constraint can be written as <i>(yj7 Y, qi(t),t) = 0. Its
differentiation gives
08 9d . 0d 0d
a—yjyj + a—ykyk = E‘Jk

The above equation is the motivation for equation (58).

23



the joint angle. For this driving constraint, @, = [0 0 —1], Gy, =[0 0 1], oy, = [0]
and $y, = [1].
Assume that driving constraints are present in the system so that we can write constraint

equation as
. Gy | . 0
i i P R P R )

where Q,, = ﬁ,;;@kd, Gy, = ﬁ,;dl(_}'kd, and vy, = ﬁ;dlﬂkd. We restrict ourselves to the

-1
cases where [ } is invertible. Let [Gk] = [Ek Dk] so that,

k
Gy,

Gy,
Gk GkEk Gka] kacxll’kc OPkCXPk
E, D] = = s 60
[de][ v D [deEk GraDr] Oy xpre Lo, (©0)

Gy,

~1
} and using equation (60), we get
G,

Multiplying equation (59) with [

Y = Bry,; + Hiq;, + ¢k (61)

where By = —(E.Qy + DyQy,), Hi, = Dy and ¢ = (Eyvy, + Dyvy,). Equation (61)
essentially gives coordinate of body k in terms of coordinate of parent body j and joint
coordinate.

B Equations of motion and change of coordinates

Let w be coordinates describing a rigid multibody system. There could be constraints
on 4. We consider only those constraints that could be expressed in the form ¥u = v
with ¥ having full row rank. Application of generalized d’Alembert’s principle (see for
example, [Meirovitch, 1970]) to the multibody system leads to equation of motion of form,
M i = f,, — O'X. M, is function of w and t. f,, in general could be function of wu, 1,
t and even A. However, in this paper we restrict ourselves to cases where f,, is function of
u, 4 and ¢ only.

Consider new coordinates v, having the relation with w as, & = T® + e, where T is full
column rank. The constraint equation in terms of v would be

(¥T)o =v — Ve (62)

When T is non-square (rows > columns), T and e used to define v cannot be arbitrary.
The sufficient conditions on T' and e are 1) the equation (62) should be consistent, 2) if n,,
and n, represent number of components of coordinates u and v, respectively, then 1., — 14
equations in (62) should be redundant. The constraint equation in terms of © is obtained
after removing redundant equations from (62).

The equation of motion in terms of v would be of the form

Mo = f, — (TT®T)X,  where (63)
M,=T"M,T, and f, =T7 (fu — M, (e - Tb)) (64)
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C Simplifications

C.1 An useful relation

= N—T gl S S = e - .

Qi (GLEy) T E My(Eyyy, + Diyy, + Er(Sky; + ar))

=T T . =z s =z ..
= Q1 (GxEy) ™" Ey M (i), — Ex¥y,, — Diii, + Ex(Yr, — Sk)))

(see eqns (31) and (22))

= T . ~ = N — .
= QL (GrEy) T Ey M (9, + E(GLE) ' Q) -
Qf(GkEk)_T(EkaDk)f;kf (see S given in section 5.3 )

=T T . = =\ .
= Qi (GvEy) "Ey M (i), + Ex(GrEr) ' Qu)
( from condition 1 in section 5.1, E;‘:Mkbk =0.)

C.2 Simplifications related to equation (45)

~ 17T ) = = N . .

Qf (GEy) TE; M (Eyy,, + Dy, + Er(Sky; + ax))
= _p=T . = S 1

= Qi (GrEy) "E, My (i, + Ex(GhEy) Qi)  (see eqn (65))
= Qi (G M'G]) TC.TCLGLM " M (i +
M;'G{C.C. (GxM;'G])'Q,i;) (see eqn(38))
C. is invertible. (GL.M'G}) and M are positive definite.
= Qi (G M} 'GL) MGy + (G M ' GL)(Ge M G ™1 Qycd;)
= Q{(GkMgng)_l(’y) (from equation (3))

C.3 Simplifications related to equation (46)

Let By = EQ,
= EiQ), — Di(Dy M:Dy,) "' Dy My EQ),  (see eqn (43))
= =By + Dy.Q;, + D(D} M ;D) D} M, B)—
Dy (D My, Dy)~ (D My, Dy)Q,
(because, from eqn (61), we have By = —(E,Qy + DQy,))
By = — By + Dy(D} M.Dy,) ' DL M By,
Bj, = (I + D(DEM D) ' DI M) B,
It may be noted that
DIMBy = -DI M B, + DI M D, (DI M}.D)"'D;,MB), = 0
Also, using equations (43) and (60), we get
GLE) = Gi(Ey + Dy AL) = GLE, + (GLD) A, =T +0=1
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C.3.1 Mass matrix related term

QY (Gy.Ey,) TE, MyEW(G,.Ey) ' Q,

= Q%EZMkEka = BZMkBk (see equations (71) and (67))

= BZMk(—Bk + Dy(DI M. Dy)"'D, M By,) (see eqn(68))

= _—B,M;B,+0 (see eqn(70))

= Bl (I - M;;D, (D} M, D,) "' D] YM B, (see eqn(69))

= B;}F(I - Mka(H;‘ngHk)_lH;‘f)MkBk(from eqn(61), Dy = Hy,)

C.3.2 Force vector related term

— QL(GLE,) TE} ),

= —QrE,f, (see eqn(71))

— B, f, = BI(I - M;D.(DY M, D;)"*DT) £, (sce eqns(67),(69))
=BI(I - M H,(HIMH,)"*HL)f, (from eqn(61), D} = H},)

C.3.3 Velocity related term

Qf(GkEk)_TEZMk(Ekf/kc + bkf/kf + Ep(Sky; + ar))

— QN (GLEy) T E), M(i, + Ew(GrEy) 'Quiy;)  (see eqn(65))

= QLB My + (QF By MyEyQ,)i;  (from ean(71))

= BZMkyk — BZMkBk:i]j (see eqns (67) and (72))

= By My, — B, My By, — (B, MDy)i; (BxMyDj =0, eq(70))
= — B, Mi(—ij; + Byij; + Dyiiy)

= _Bsz(_(-.Bkyj + Dygy + ér))

(from eqn(61), §y, = Bii; + Drdy, + Bry; + Didy + ¢)

= Bj (I - MyHy(H{MH;)""Hj,)M(—dy), (see eqn(69))

where di, = (Byy; + Dyay + ).
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