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INTRODUCTION

OVERVIEW

Introduction to flexible manipulators and mechanisms.
Characteristic of a rigid link.

Characteristic's of a flexible joint.

Characteristic of a flexible link.
e Euler-Bernoulli model of a beam.
e Modeling a rotating flexible link.
o Modeling a translating flexible link.

e Summary
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INTRODUCTION

@ Industrial robots: Required high accuracy and repeatability — Heavy,
high stiffness and slow.

e PUMA 700 series industrial
robot (PUMA 761) — Arm
weight 580 Kg, Static payload
10 kg?.

@ Repeatability + 0.2 mm.

@ Maximum straight line speed 1.0
m/sec.

|

4Documentation on PUMA 700 series
robots available here

Figure 1: PUMA 700 Series Industrial Robot
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http://www.antenen.com/htdocs/downloads/files/files_dl/puma700.pdf

INTRODUCTION (CONTD.) @

@ Robots in aero-space applications — Light-weight and flexible.

Figure 2: Space Shuttle manipulator system Figure 3: Solar panels being deployed

@ Extreme flexibility in space-shuttle manipulator system — Can be
operated safely only in a gravity free environment!!
@ Solar panels — light weight and very large!!
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INTRODUCTION (CONTD.)

Initial folded configuration

@ Two flexible Aluminum beams, initially
folded, and floating on air bearings.

@ Actuated by two springs at the joints
and locking mechanism at joints.

o Final configuration — single cantilever
beam.

@ See details in Nagaraj et al.(1997) &
Nagaraj et al. (2003).

Potentiometer to measure joint
rotation

Air bearing Strain
gauges
Spring for actuation

Figure 4: Experimental set-up for
solar panel deployment studies
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INTRODUCTION (CONTD.)

SOLAR PANEL DEPLOYMENT STUDIES
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Figure 5: Rotation at joint 1 Figure 6: Rotation at joint 2

o Joint 2 lock a little after 3 seconds.

@ After joint 2 locks, motion of joint 1 is vibratory — Tip motion is also
vibratory!
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INTRODUCTION (CONTD.)

e Light-weight, high speed robots can no longer be modeled as ‘rigid’.

@ During motion of flexible robots, vibrations are induced in links.

@ During locking at joints (in deployable mechanisms) vibrations are set
up.

e Control: trajectory following & vibrations must also be suppressed in
flexible manipulators for tasks such as pick-n-place.

@ Accurate modeling of flexibility in links and joints is useful and
important to
e Design ‘model based’ control schemes to damp out vibrations.
e Reduce expensive experimentations.
e For trimmer designs!
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CHARACTERISTIC OF A RIGID LINK

<l
V)
()

O

Figure 7: A rigid link with its block diagram representation

@ Simple dynamics — equation of motion, without friction, is

Jé/:T

@ One-to-one relationship between 7 and 6,
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CHARACTERISTIC OF A FLEXIBLE JOINT

Link 1 . . .
m @ Flexible joint modeled as

my, L, r, L torsional spring with a spring
constant K.

@ Motion in a plane — no out of
plane motion!

@ Rotation at motor 0,,.
@ Rotation of link 6;.
S @ Motor torque .

Motor

Figure 8: A link of a robot with a flexible joint
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CHARACTERISTIC OF A FLEXIBLE JOINT (CONTD.)

e Equation of motion — Two linear coupled ODE's

InOm+Ks(0m—0) =1, 16,4+ Ks(6/—6p) =0

J=h+ m1r12 is the load inertia.
@ T controls two outputs — 6,,, and 6;.

@ More complicated than rigid-link case.

feti

=

T + Om Om N
—r - [ — K =7
/ +#

L

0,

Figure 9: A block diagram of the flexible-joint link
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CHARACTERISTIC OF A FLEXIBLE JOINT (CONTD.)
@ Test for controllability of 6,, and 6, by T
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CHARACTERISTIC OF A FLEXIBLE JOINT (CONTD.)

@ Test for controllability of 6,, and 6, by ©

o For state variables X = (6m,6/,0m,0;)7, [F] and [G] matrices in
X =[F]X+[G]u are

0 0 10 0

0 0 01 0

[F]_ _s/Jm Ks/Jm 0 0 ) [G]_ ﬁ
Ks/di  —Ks/J 0 0 0
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CHARACTERISTIC OF A FLEXIBLE JOINT (CONTD.)

@ Test for controllability of 6,, and 6, by ©

o For state variables X = (6m,6/,0m,0;)7, [F] and [G] matrices in
X =[F]X+[G]u are

0 0 1 0 0

0 0 01 0

[F]_ _s/Jm Ks/Jm 0 0 ) [G]_ ﬁ
Ks/Ji —Ks/Jp 0 0 0

e Obtain controllability matrix [Q.] = [[G] | [FI[G] | [FI?[G] | [FI3[G]]
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CHARACTERISTIC OF A FLEXIBLE JOINT (CONTD.)

@ Test for controllability of 6,, and 6; by

o For state variables X = (6m,6/,6m,6/)7, [F] and [G] matrices in
X =[F]X+[G]u are

0 0 10 0
0 0 01 0
FI= | —kjtm Kejdm 0 0 | 1151
KS/J/ — S/J/ 0 0 0

e Obtain controllability matrix [Q.] = [[G] | [FI[G] | [FI?[G] | [FI3[G]]
o det[Q] = —K2/(J%J?) # 0 — Controllable with 7.

@ In presence of gravity, equations of motion are nonlinear!

Jmé;n + Ks(em — 9/) =1, J/é/ + Ks(e/ — Gm) +migrisin6, =0
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CHARACTERISTIC OF A FLEXIBLE JOINT (CONTD.)

@ Test for controllability of 6,, and 6; by

o For state variables X = (6m,6/,6m,6/)7, [F] and [G] matrices in
X =[F]X+[G]u are

0 0 10 0
0 0 01 0
FI= | —kjtm Kejdm 0 0 | 1151
KS/J/ — S/J/ 0 0 0

e Obtain controllability matrix [Q.] = [[G] | [FI[G] | [FI?[G] | [FI3[G]]
o det[Q] = —K2/(J%J?) # 0 — Controllable with 7.
@ In presence of gravity, equations of motion are nonlinear!

Jmé;n + Ks(em — 9/) =1, J/é/ + Ks(e/ — Gm) +migrisin6, =0

@ Model-based controller derived using Lie algebra (Marino and
Spong(1986)) for this non-linear system.
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CHARACTERISTIC OF A FLEXIBLE LINK

@ To start with — flexible links undergoing only bending vibrations.
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CHARACTERISTIC OF A FLEXIBLE LINK

@ To start with — flexible links undergoing only bending vibrations.

o Flexible link modeled as slender flexible beam.
@ Main assumptions:

e Small deformations — Linear elasticity theory is applicable.
Each flexible link is a homogeneous, isotropic and elastic material.
Linear stress-strain relationship.

Euler-Bernoulli hypothesis for slender beams — Plain sections remain
plane etc.

o Longitudinal deformation is negligible and no torsion due to transverse
loads.
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CHARACTERISTIC OF A FLEXIBLE LINK

@ To start with — flexible links undergoing only bending vibrations.

@ Flexible link modeled as slender flexible beam.

@ Main assumptions:

Small deformations — Linear elasticity theory is applicable.

Each flexible link is a homogeneous, isotropic and elastic material.
Linear stress-strain relationship.

Euler-Bernoulli hypothesis for slender beams — Plain sections remain
plane etc.

Longitudinal deformation is negligible and no torsion due to transverse
loads.

@ Transverse vibration of a flexible beam — Partial differential equation.

@ Infinite degrees of freedom — contrast with rigid or flexible joint!!
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

EULER-BERNOULLI BEAM MODEL

A Y

pA(s), EI(s) Neutral Axis

Yoo

Figure 10: A beam in flexure
o PDE describing the transverse free bending vibration of a beam

2 u\s 2US
5 (B9 755 ) - pan 450 —o

e El(s): flexural rigidity & pA(s): mass per unit length.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

EULER-BERNOULLI BEAM MODEL

@ PDE second order in t — Need two initial conditions, u(s,t)|:=o and
%h:o. Since the PDE
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EULER-BERNOULLI BEAM MODEL

@ PDE second order in t — Need two initial conditions, u(s,t)|:=o and
%h:o. Since the PDE

@ Since PDE is fourth order in s — four boundary conditions required.

e Geometric boundary conditions — deflection u(s,t) or slope —a”(i’t) at
the boundaries.

d
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

EULER-BERNOULLI BEAM MODEL

@ PDE second order in t — Need two initial conditions, u(s,t)|:=o and
%h:o. Since the PDE

@ Since PDE is fourth order in s — four boundary conditions required.

e Geometric boundary conditions — deflection u(s,t) or slope % at

the boundaries.
92u(s,t)
0s2

@ Natural boundary conditions — moment <El(s)

% (E/(S)M> at the boundaries.

) or shear force

ds?
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

EULER-BERNOULLI BEAM MODEL

@ PDE second order in t — Need two initial conditions, u(s,t)|:=o and
%h:o. Since the PDE

@ Since PDE is fourth order in s — four boundary conditions required.

e Geometric boundary conditions — deflection u(s,t) or slope % at

the boundaries.
@ Natural boundary conditions — moment <El(s)%
% (E/(S)M> at the boundaries.

ds?

e Boundary conditions at s =0 depends on type of joint.

) or shear force
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

EULER-BERNOULLI BEAM MODEL

feti

@ PDE second order in t — Need two initial conditions, u(s,t)|:=o and
%h:o. Since the PDE
@ Since PDE is fourth order in s — four boundary conditions required.

e Geometric boundary conditions — deflection u(s,t) or slope % at

the boundaries.

@ Natural boundary conditions — moment <El( )a uls. t)) or shear force

2 (El(s) aZgg?”) at the boundaries.

e Boundary conditions at s =0 depends on type of joint.

@ Two common types of joints — Rotary (R) and Prismatic (P) joint.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK

@ Rotation of joint 6(t).

u(s,t) deflection at s and time t
in addition to rotation 6(t).
Motor torque 7(t).

o Payload of mass M, and inertia
Jp.

Two possible boundary
conditions at s =0 — clamped or
pinned.

Figure 11: A flexible link with a rotary joint
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)
ROTATING FLEXIBLE LINK
@ Clamped boundary conditions

o X; axis of {1}, rotating with the link, is chosen tangent to the link at
the origin — Deflection and slope at s =0 is zero

[u(5, D)ls—0 =0, [%} -0
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)
ROTATING FLEXIBLE LINK
e Clamped boundary conditions
o Xj axis of {1}, rotating with the link, is chosen tangent to the link at
the origin — Deflection and slope at s =0 is zero

[u(5, D)e—0 =0, [%} -0

@ Pinned boundary conditions
e X axis of {1} is chosen such that it passes through the centre of mass
of the flexible link at all times — Slope at s = 0 need not be zero.

[u(s, t)]s=0 =0, {El(s)%] T I {;—; (8u((9? t))] e

J, is the total inertia as seen by joint actuator.

ASHITAVA GHOSAL (IISC) NPTEL, 2010 18/117



CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)
ROTATING FLEXIBLE LINK
e Clamped boundary conditions
e X; axis of {1}, rotating with the link, is chosen tangent to the link at
the origin — Deflection and slope at s =0 is zero

[u(5, )]s =0, [955”] -0

@ Pinned boundary conditions
e X axis of {1} is chosen such that it passes through the centre of mass
of the flexible link at all times — Slope at s = 0 need not be zero.

[u(s, t)]s=0 =0, {El(s)azg(:z’t)] e Ja B; (8u((955, t))]s_o

J, is the total inertia as seen by joint actuator.

@ Neither clamped nor pinned exactly — not a built in cantilever and
motor control torque provide non-zero stiffness!
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)
ROTATING FLEXIBLE LINK
e Clamped boundary conditions
e X; axis of {1}, rotating with the link, is chosen tangent to the link at
the origin — Deflection and slope at s =0 is zero

[u(5, )]s =0, [9((95”] -0

@ Pinned boundary conditions
e X axis of {1} is chosen such that it passes through the centre of mass
of the flexible link at all times — Slope at s = 0 need not be zero.

[u(s, t)]s=0 =0, {El(s)azg(:z’t)] e 2 B:z (8u((9557 t))]s_o

J, is the total inertia as seen by joint actuator.
@ Neither clamped nor pinned exactly — not a built in cantilever and
motor control torque provide non-zero stiffness!
e If J, >> flexible beam inertia (greater than 10) — Clamped boundary
conditions more reasonable (Cetinkunt and Yu, 1991).
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK
e Clamped boundary conditions
e X; axis of {1}, rotating with the link, is chosen tangent to the link at
the origin — Deflection and slope at s =0 is zero
du(s,t)
t)]s=0 =0 —_— =0
Do =0, |252]

@ Pinned boundary conditions
e X axis of {1} is chosen such that it passes through the centre of mass
of the flexible link at all times — Slope at s = 0 need not be zero.

[u(s, t)]s=0 =0, {El(s)mg(:z’t)]s_o =/ B:z (8u((9557 t))]s_o

J, is the total inertia as seen by joint actuator.

@ Neither clamped nor pinned exactly — not a built in cantilever and
motor control torque provide non-zero stiffness!

e If J, >> flexible beam inertia (greater than 10) — Clamped boundary
conditions more reasonable (Cetinkunt and Yu, 1991).

@ We use clamped conditions at motor end.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)
ROTATING FLEXIBLE LINK

@ Boundary conditions at s =/ — free or mass.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK

@ Boundary conditions at s =/ — free or mass.
@ Free boundary conditions at s =/
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK

@ Boundary conditions at s =/ — free or mass.

@ Free boundary conditions at s =/

@ Multi-link flexible manipulators or single link with payload — More
accurate to use mass boundary conditions.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK

@ Boundary conditions at s =/ — free or mass.
@ Free boundary conditions at s =/

@ Multi-link flexible manipulators or single link with payload — More
accurate to use mass boundary conditions.

@ Mass boundary conditions require moment and shear force balance.

=520 - e (M)

5] -

where M, and J, are the mass and rotary inertia of the payload
located at s = 1.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK — NON-DIMENSIONAL FORM

e Non-dimensional variables: u(s,t) = u(s,t)/l, n=s/l, T =1t/(l/Ug),

. A
with Ug:%/%
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK — NON-DIMENSIONAL FORM

e Non-dimensional variables: u(s,t) = u(s,t)/l, n=s/l, T =1t/(l/Ug),

. A
with Ug:%/p%\

o Ug has units of speed & //U, has units of time.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK — NON-DIMENSIONAL FORM

e Non-dimensional variables: u(s,t) = u(s,t)/l, n=s/l, T =1t/(l/Ug),

. A
with Ug:%/p%\

o Ug has units of speed & //U, has units of time.
@ El — oo (rigid)- /Uy — 0 & El is small (flexible) — //Uj is large!
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK — NON-DIMENSIONAL FORM

e Non-dimensional variables: u(s,t) = u(s,t)/l, n=s/l, T =1t/(I/Ug),

with U £ 1/ 5
@ U, has units of speed & //Ug has units of time.
@ El — oo (rigid)- //Ug — 0 & El is small (flexible) — //Uj is large!
e PDE and boundary conditions in terms of non-dimensional variables
dtu(n,7)  9%u(n,7)
an* dat2

=0, 0O<n«l1

(50,0 =0. {%;”)] T pﬁ’/s [;T <gﬁ§7{ T))} -

e

_, pAl| 912
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK — NON-DIMENSIONAL FORM

@ In non-dimensional form easier to decide on boundary conditions at
s=1.
o Use free end-conditions if J, and M, << rotary inertia (pA/3) and
mass (pAl) of the flexible link.
o If J, and M, comparable to link quantities — Use mass end-conditions.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.) & ;

ROTATING FLEXIBLE LINK — NON-DIMENSIONAL FORM

@ In non-dimensional form easier to decide on boundary conditions at
s=1.
o Use free end-conditions if J, and M, << rotary inertia (pA/*) and
mass (pAl) of the flexible link.
o If J, and M, comparable to link quantities — Use mass end-conditions.

@ In multi-link flexible manipulators, links after the flexible link j can be
modeled as an effective M, and Jp, acting at s =/ — More
appropriate to use mass end-condition.
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@ In non-dimensional form easier to decide on boundary conditions at
s=1.
o Use free end-conditions if J, and M, << rotary inertia (pA/3) and
mass (pAl) of the flexible link.
o If J, and M, comparable to link quantities — Use mass end-conditions.

@ In multi-link flexible manipulators, links after the flexible link j can be
modeled as an effective M, and Jp, acting at s =/ — More
appropriate to use mass end-condition.

e PDE with boundary conditions can be solved by the method of
separation of variables.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK — NON-DIMENSIONAL FORM

@ In non-dimensional form easier to decide on boundary conditions at
s=1.
o Use free end-conditions if J, and M, << rotary inertia (pA/3) and
mass (pAl) of the flexible link.
o If J, and M, comparable to link quantities — Use mass end-conditions.

@ In multi-link flexible manipulators, links after the flexible link j can be
modeled as an effective M, and Jp, acting at s =/ — More
appropriate to use mass end-condition.

e PDE with boundary conditions can be solved by the method of
separation of variables.

@ u(n,T) is separable in space (1) and time ()

u(n,t) = y(n)ar(r)

y(n) are called mode shape functions and q¢(t) are the flexible
generalised coordinates.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK — SOLUTION OF PDE

@ Substitute u(n,7) = w(n)qs(7) in PDE and rearrange
1 d?q¢(7) 1 d*y(n)

ar(7) d7? y(n) dn*
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK — SOLUTION OF PDE

@ Substitute u(n,t) = w(n)qs(7) in PDE and rearrange
1 d’qe(r) 1 d*y(n)

ar(t) dv>  y(n) dn*

@ Both terms are equal to a real constant, —®?, and

d?q¢(t d*
2—;§)+w2QF(T):07 %—wzw(n)ﬂ, 0<n<l1

Boundary conditions

d*y(n)

£
n=1

=0 | "] pA/a[ dn

. [

P =l
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK — SOLUTION OF PDE

@ Substitute u(n,t) = w(n)qs(7) in PDE and rearrange
1 d?q¢(7) 1 d*y(n)

ar(t) dv>  y(n) dn*

@ Both terms are equal to a real constant, —®?, and

d’qr(1) | d*y(n)
74‘@ ar(7) =0, dn’

Boundary conditions

—0’y(n)=0, 0<n<l1

wimlyo=o. [0 <0

dy(m)] _, [Pv(m)] _ M’
[ dn ]nzo_o’ [ dn3 ]nzl_ ppA/ [w(m)]p=1

o Infinite number of eigenvalues w? — w; are system natural frequencies.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

ROTATING FLEXIBLE LINK — SOLUTION OF PDE

@ Substitute u(n,t) = w(n)qs(7) in PDE and rearrange
1 d?q¢(7) 1 d*y(n)

ar(t) dv>  y(n) dn*

@ Both terms are equal to a real constant, —?,

d?qs () d*y(n)
dt? dn*

Boundary conditions

and

+0qs(7) =0, —0?y(n)=0, 0<n<1

o0, (S0 e[

dvm]  _, [Fvm] _ Me?
[ dn L:O—O,[ dn’ Lzl— par Yl

o Infinite number of eigenvalues w? — w; are system natural frequencies.
e For each ;, an eigenfunction or natural mode y;(n).
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK

Prismatic Joint
Figure 12: A flexible link with a prismatic joint
Vibration in the horizontal plane spanned by Xo and Z,.
Prismatic joint axis along Zo, Total length of link f.
I(t) vibrating length outside the rigid joint hub at time t.
The beam inside the hub, (lh —/(t)), is assumed not to be vibrating.
The axial velocity U(t) is assumed to be independent of s.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

100N
TRANSLATING FLEXIBLE LINK
@ Free bending vibration of a translating beam with Euler-Bernoulli
assumptions
0? d2u(s,t)
ds2 <El 0s? )
d%u(s,t) %u(s,t)  ,9%u(s,t)  dUdu(s,t)
pA( g2 Vo TV e Ta os ) =0

where 0 < s < /(t).
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK

@ Free bending vibration of a translating beam with Euler-Bernoulli
assumptions

2 (E/a%(s,t)) .

ds? ds?
d%u(s,t) d%u(s,t)  ,0%u(s,t)  dUdu(s,t)\
pA( g2 Vo TV e Ta os )_0

where 0 < s < /(t).
@ Clamped-mass boundary conditions are

- 92u(s, t) B 0% (du(s,t)
s tla=0 87538 = lm (M5

[3u(s,t)L:0:0’ El[a%(s, t)] )

=M
ds3 s=I(t) g |: Jt2 :|s:l(t)

ASHITAVA GHOSAL (IISC) NPTEL, 2010 24 /117
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK (CONTD.)

o Length of beam, /(t), is a function of time — moving boundary value
problem.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK (CONTD.)

o Length of beam, /(t), is a function of time — moving boundary value
problem.

u(s,t) - ,9%u(s,t)
gsar PAV o2

due to the coupling of axial rigid-body and transverse

@ Presence of convective terms 2p AU and

pAd_Uau(s,t)

dt Js

vibratory motions.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK (CONTD.)

o Length of beam, /(t), is a function of time — moving boundary value
problem.

d2u(s,t) ,02u(s, t)

Tasar 1 PAUTT G and

due to the coupling of axial rigid-body and transverse

@ Presence of convective terms 2p AU

dU du(s,t)
pAE ds

vibratory motions.

t)

will alter the the ‘stiffness’ of the

92
o The centripetal term pAU? —=2"-~ (
system.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK (CONTD.)

o Length of beam, /(t), is a function of time — moving boundary value

problem.
d%u(s,t d2u(s,t
° Prei/e(r)cae of convective terms 2pAU;S(;’t), pAUzg(;’), and
t
pAE ués, ) due to the coupling of axial rigid-body and transverse
s
vibratory motions.
d?u(s,t

@ The centripetal term pAUZS(SSQ’) will alter the the ‘stiffness’ of the

system.

@ For large U, the centripetal force may overcome the flexural restoring
force and the system’s oscillatory frequencies would decrease with
increasing U (Stylianou and Tabarrok, 1994).
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TRANSLATING FLEXIBLE LINK (CONTD.)

o Length of beam, /(t), is a function of time — moving boundary value

problem.
d%u(s,t d2u(s,t
° Preze(r)cae of convective terms 2pAU;S(;’t), pAUzg(;’), and
t
pAE ués, ) due to the coupling of axial rigid-body and transverse
s
vibratory motions.
d?u(s,t

@ The centripetal term pAUZS(SSQ’) will alter the the ‘stiffness’ of the

system.

@ For large U, the centripetal force may overcome the flexural restoring
force and the system’s oscillatory frequencies would decrease with
increasing U (Stylianou and Tabarrok, 1994).

@ Much more complicated that rotating link — General analytical
solution not known!
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK (CONTD.)

o Using U(s,t) = u(s,t)/lo, n =5/, T=1t/(l/Ug), and Uy 2 Il pE_/i\
0

PDE is!,

Yu(n,7) , 9%u(n,7) 9%u(n, 1)
8174 at? S onot

oo ) e

1Ug is based on Iy or the smallest Uy value is used.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK (CONTD.)

o Using u(s,t) = u(s,t)/lo, 1 =s/b, T=1/(l/Ug), and Ug = I1 p,i\
0
PDE iSl,

Yu(n,7) , 9%u(n,7) 9%u(n, 1)
87]4 12 U S onot

e

@ Boundary conditions

~ [9%(n. 1) _Jp [ 9% (du(n,7)
[u(n, 7)]y=0 =0, [ on?2 ]nzlst) T pAPB [812 ( an )]n: ()
0

[an)] 0 [837/“(11,7:)] :%[BZD’(n,r)]
om ly—o an3 n=l0 pAl| dt? i)

1Ug is based on Iy or the smallest Uy value is used
ASHITAVA GHOSAL (IISC)
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK (CONTD.)
e Using u(n,7) = w(n)qs(t), PDE can be written as

d*qr(t) . U dy(n) dgs(1)
VD= *20 "an de

~ (d*w(n) [ UN*dPw(n)  d [ U\ dy(n)
—‘( i+ (0,) S i (0,) o )‘W)
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK (CONTD.)
e Using u(n,7) = w(n)qs(t), PDE can be written as

d*qr(t) . U dy(n) dgs(1)
VD= *20 "an de

~ (d*w(n) [ UN*dPw(n)  d [ U\ dy(n)
—‘( i+ (0,) S i (0,) o )‘W)

@ Above equation not separable in 1 and 7!!
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK (CONTD.)

e Using u(n,7) = w(n)qs(t), PDE can be written as

d*qr(t) . U dy(n) dgs(1)
VD= *20 "an de

~ (d*w(n) [ UN*dPw(n)  d [ U\ dy(n)
__( dn* +<Ug> dn? +dT<U_g> dn )qf(r)

@ Above equation not separable in 1 and 7!!

d
o If U< U, and constant (% (Ui) =0), the convective terms can be
g

dropped and one can approximately use separation of variables.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK (CONTD.)

e Using u(n,7) = w(n)ar(t), PDE can be written as

d*qr(t) . U dy(n) dgs(1)
VD= *20 "an de

_ (d*w() | (UN*dPy(n) | d (U dy(n)
—‘( () e () S o
@ Above equation not separable in 7 and 7!l
U

o If U< Uy and constant (;/T (U
g

dropped and one can approximately use separation of variables.

) =0), the convective terms can be

@ Mode shape functions y;(n) and the natural frequencies ®; time
dependent.
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CHARACTERISTIC OF A FLEXIBLE LINK (CONTD.)

TRANSLATING FLEXIBLE LINK (CONTD.)

e Using u(n,7) = w(n)ar(t), PDE can be written as

d*qr(t) . U dy(n) dgs(1)
VD= *20 "an de

_(d*w(m) [ UN\*dPy(n)  d (U dy(n)
—‘( () e () S o
@ Above equation not separable in 7 and 7!l
U

o If U< Uy and constant (jr (U
g

dropped and one can approximately use separation of variables.

) =0), the convective terms can be

@ Mode shape functions y;(n) and the natural frequencies ®; time
dependent.

e Time varying boundary conditions solved using an ODE (Theodore
and Ghosal, 1995 — See Lecture 2).
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SUMMARY

o Flexibility of links and joints important for aero-space, high-speed
application and for “trimmer” design of all manipulators.
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SUMMARY

o Flexibility of links and joints important for aero-space, high-speed
application and for “trimmer” design of all manipulators.

e Rigid link — Simple ODE model & one-to-one relationship between
joint torque and link rotation.

@ Flexible joint

e Modeled as torsional spring.
e Coupled ODE model — one input and two outputs.
e Motor torque can control both rotation of joint and link.
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SUMMARY

@ Flexibility of links and joints important for aero-space, high-speed
application and for “trimmer” design of all manipulators.

e Rigid link — Simple ODE model & one-to-one relationship between
joint torque and link rotation.

@ Flexible joint

e Modeled as torsional spring.
e Coupled ODE model — one input and two outputs.
e Motor torque can control both rotation of joint and link.

o Flexible link

o Partial differential equation for bending vibration — infinite
dimensional system.

e Boundary conditions depend on rotary (R) or prismatic (P) joint —
Clamped-mass boundary conditions more reasonable.

e Separation of variables can be used for rotary joints and under
simplifying assumptions for prismatic joint.
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OUTLINE

© LECTURE 2*

e Kinematic Modeling of Flexible Link Manipulators
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OVERVIEW

INTRODUCTION

manipulators.

e Extension of Denavit-Hartenberg convention to flexible link
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INTRODUCTION

OVERVIEW

e Extension of Denavit-Hartenberg convention to flexible link
manipulators.
@ Discretisation of PDE for finite dimensional model.

o Assumed modes method (AMM).
e Frequency equation as ODE for translating link.
o Finite element method (FEM).
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INTRODUCTION

OVERVIEW

e Extension of Denavit-Hartenberg convention to flexible link
manipulators.
@ Discretisation of PDE for finite dimensional model.

o Assumed modes method (AMM).
e Frequency equation as ODE for translating link.
o Finite element method (FEM).

@ Position vector of a point on a flexible link and its velocity.
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INTRODUCTION

OVERVIEW

e Extension of Denavit-Hartenberg convention to flexible link
manipulators.
@ Discretisation of PDE for finite dimensional model.

o Assumed modes method (AMM).
e Frequency equation as ODE for translating link.
o Finite element method (FEM).

Position vector of a point on a flexible link and its velocity.
Comparison of AMM and FEM.
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EXTENSION OF D-H CONVENTION TO FLEXIBLE LIN

e Multi-link manipulator with flexible links connected by rotary (R) or
prismatic (P) joints.
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EXTENSION OF D-H CONVENTION TO FLEXIBLE LIN

e Multi-link manipulator with flexible links connected by rotary (R) or
prismatic (P) joints.

@ Links undergoing only transverse bending vibration — axial and
torsional deformation not considered.
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EXTENSION OF D-H CONVENTION TO FLEXIBLE LIN

e Multi-link manipulator with flexible links connected by rotary (R) or
prismatic (P) joints.

@ Links undergoing only transverse bending vibration — axial and
torsional deformation not considered.

@ Links satisfy Euler-Bernoulli beam assumptions.
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EXTENSION OF D-H CONVENTION TO FLEXIBLE LINE

e Multi-link manipulator with flexible links connected by rotary (R) or
prismatic (P) joints.

@ Links undergoing only transverse bending vibration — axial and
torsional deformation not considered.

@ Links satisfy Euler-Bernoulli beam assumptions.

@ Similar to Denavit-Hartenberg convention for rigid links (see
Module 2, Lecture 2)
o Assign coordinate system {j} to link j with {0} as the fixed link and
{n} as the last link.
o The coordinate axes (X;,Y;,Z;) are assigned to link j and the origin O;
is on the joint axis j.
o Axis Zj is along the axis of joint j.
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EXTENSION OF D-H CONVENTION TO FLEXIBLE LINE

e Multi-link manipulator with flexible links connected by rotary (R) or
prismatic (P) joints.

@ Links undergoing only transverse bending vibration — axial and
torsional deformation not considered.

@ Links satisfy Euler-Bernoulli beam assumptions.

@ Similar to Denavit-Hartenberg convention for rigid links (see
Module 2, Lecture 2)
o Assign coordinate system {j} to link j with {0} as the fixed link and
{n} as the last link.
o The coordinate axes (X;,Y;,Z;) are assigned to link j and the origin O;
is on the joint axis j.
o Axis 2j is along the axis of joint j.

e Define a coordinate system {j.} in such a way that when the link j—1
is in its undeformed configuration, the {j} and {j.} are coincident (see
figure next page).
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D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.) g
Y,

Xo

Figure 13: Assignment of frames for the flexible links
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D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)

4 x 4 TRANSFORMATION MATRIX

@ The 4 x 4 homogeneous transformation matrix relating {j.} to {j —1}
same as for a rigid manipulator (see Module 2, Lecture 2)

ng —ng 0 aj1
_[:—1[Tr] _ S@j COCJ'_]_ CQ,- C(Xj_l _SOC_,'_]_ _SOCJ'_;[ dj
» ;51 CO;Sa; 1 Capy oy, 9]
0 0 0 1

o1, aj—1, dj, and 6; are the D-H parameters which describe {j.}
with respect to {j —1}.
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4 x 4 TRANSFORMATION MATRIX

@ The 4 x 4 homogeneous transformation matrix relating {j.} to {j —1}
same as for a rigid manipulator (see Module 2, Lecture 2)

ng —ng 0 aj1
_[:—1[Tr] _ S@j COCJ'_]_ CQ,- C(Xj_l _SOC_,'_]_ _SOCJ'_;[ dj
» ;51 CO;Sa; 1 Capy oy, 9]
0 0 0 1

o1, aj—1, dj, and 6; are the D-H parameters which describe {j.}
with respect to {j —1}.

@ gj, is the joint variable — either 6; or d;.
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D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)

4 x 4 TRANSFORMATION MATRIX

@ The 4 x 4 homogeneous transformation matrix relating {j.} to {j —1}
same as for a rigid manipulator (see Module 2, Lecture 2)

ng —ng 0 aj1
_[:—1[Tr] _ S@j COCJ'_]_ CQ,- C(Xj_l _SOC_,'_]_ _SOCJ'_ldj
» ;51 CO;Sa; 1 Capy oy, 9]
0 0 0 1

o1, aj—1, dj, and 6; are the D-H parameters which describe {j.}
with respect to {j —1}.

@ gj, is the joint variable — either 6; or d;.

@ nx 1 vector q, denote rigid joint variables and the flexibility in the link
J will be denoted by q.

ASHITAVA GHOSAL (IISC) NPTEL, 2010 33/117



D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)

4 x 4 TRANSFORMATION MATRIX (CONTD.)

@ Any 3D spatial transformation — three rotations and three
translations.
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D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)

4 x 4 TRANSFORMATION MATRIX (CONTD.)

@ Any 3D spatial transformation — three rotations and three
translations.
e {J.} can be taken to {j} by

Rot(?, (1 )Trans(?, 321.71 )Rot( \A/, Dy, )Trans( \A/, 5},1.71)
Rot()A( s Px;_y )Trans()A( , 5XJ.71)
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D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)

4 x 4 TRANSFORMATION MATRIX (CONTD.)

@ Any 3D spatial transformation — three rotations and three
translations.
@ {j.} can be taken to {j} by

Rot(?, (1 )Trans(?, 521.71 )Rot( \A/, Dy, )Trans( \A’, 5},1.71)
Rot(X, Ox;_, )Trans(X, Ox 1)
e Assuming small elastic deformation, sequence becomes (Book 1984)
L 0y, . b,

: . 1 . &,
./_* T — ¢2171 )(.[*1 }’171
J [ €] _(Pyj_l ¢Xj_1 1 6zj_1

0 0 0 1

Note: If link j—1 is rigid, j:*[T] is a 4 x 4 identity matrix.
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D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)

4 x 4 TRANSFORMATION MATRIX (CONTD.)

@ Any 3D spatial transformation — three rotations and three
translations.
@ {j.} can be taken to {j} by

Rot(?, (1 )Trans(?, 521.71 )Rot( \A/, Dy, )Trans( \A’, 5},1.71)
Rot(X, Ox;_, )Trans(X, Ox 1)
e Assuming small elastic deformation, sequence becomes (Book 1984)
L 0y, . b,

: . 1 . &,
./_* T — ¢2171 )(_[*1 }’171
J [ e] _(Pyj_l ¢Xj_1 1 62j_1

0 0 0 1

Note: If link j—1 is rigid, j:*[T] is a 4 x 4 identity matrix.
@ 4 x 4 homogeneous transformation matrix relating {j} to {j — 1} is

ST =TT
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D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)

LINK TRANSFORMATION MATRIX

@ 9[T] can be obtained by usual matrix multiplication

AT = T [T T [Tel - T Te]
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LINK TRANSFORMATION MATRIX

@ 9[T] can be obtained by usual matrix multiplication

AT = T [T T [Tel - T Te]

° ?[T], as in the rigid case, contains position vector °0; and the
rotation matrix JQ[R].
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LINK TRANSFORMATION MATRIX

@ 9[T] can be obtained by usual matrix multiplication
AT = T [T T [Tel - T Te]

° ?[T], as in the rigid case, contains position vector °0; and the
rotation matrix JQ[R].

@ As in the rigid case, information is up to the start of the link.
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D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)

" 'Eugnl
LINK TRANSFORMATION MATRIX

@ 9[T] can be obtained by usual matrix multiplication

AT = [T [T T [Tel - T Te]

° ?[T], as in the rigid case, contains position vector °0; and the
rotation matrix JQ[R].

@ As in the rigid case, information is up to the start of the link.

@ For a point on the link after the origin and along the neutral axis

%p; =0 0; +?[RIr;
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D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)

L
LINK TRANSFORMATION MATRIX

@ 9[T] can be obtained by usual matrix multiplication

AT = [T [T T [Tel - T Te]

° ?[T], as in the rigid case, contains position vector °0; and the
rotation matrix JQ[R].
@ As in the rigid case, information is up to the start of the link.

@ For a point on the link after the origin and along the neutral axis
0 0 0
pj = Oj+;[Rlr;

@ Need to find vector r;!l
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LINK TRANSFORMATION MATRIX

D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)
@ Link j can deflect in 3D space.
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D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)

LINK TRANSFORMATION MATRIX

@ Link j can deflect in 3D space.

@ Denote deformation along the X, Y and Z axes by uj(s,t), vj(s,t)
and w;(s,t).
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D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)

LINK TRANSFORMATION MATRIX

)

@ Link j can deflect in 3D space.
@ Denote deformation along the X, Y and Z axes by uj(s,t), vj(s,t)
and w;(s,t).
@ Only transverse deformations — Only 2 out u, v and w are variable!
e For a rotary joint uj(s,t) =s and vj(s,t), wj(s,t) represent the Y and
Z transverse deformations.
o For a prismatic joint, wj(s,t) =s and uj(s, t) and vj(s,t) represent the
X and Y transverse deformations.
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D-H CONVENTION FOR FLEXIBLE LINKS (CONTD.)
LINK TRANSFORMATION MATRIX

@ Link j can deflect in 3D space.
@ Denote deformation along the X, Y and Z axes by uj(s,t), vj(s,t)
and w;(s, t).
@ Only transverse deformations — Only 2 out u, v and w are variable!
e For a rotary joint uj(s,t) =s and vj(s,t), wj(s,t) represent the Y and
Z transverse deformations.
o For a prismatic joint, wj(s,t) =s and uj(s, t) and vj(s,t) represent the
X and Y transverse deformations.

@ Local position vector r; is

( s 0
0 |+ | v(s,t) if joint j is revolute
i 0 w;(s,t)
T 0 uj(s, t)
0 |+ vilst) if joint j is prismatic
\ S 0

NPTEL, 2010 36/117
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VELOCITY OF A POINT ON A FLEXIBLE LINK

o The velocity of the material point °p; on link j in {0}

9 0p) = 400+ L ORI + 2RI (1)

[1B>

Ovp
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VELOCITY OF A POINT ON A FLEXIBLE LINK

@ The velocity of the material point °p; on link j in {0
j

0,2 9 0p) = 9 00))+ T ORI +JIRIS (1)

d o
° E(rj) is given by

0
( vi(s,t) ) R joint
i(s.) .
"= [ o uj<s,t)+—“f§j’t) ()
0 +| . 8\/J(s t) P joint

A .. . . . N L
U;(t) =5 is the translational velocity of the prismatic jointed link j.
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DISCRETISATION OF PDE

o Elastic displacements uj(s,t), vj(s,t) and w;(s,t) are governed by
PDE's and boundary conditions.
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DISCRETISATION OF PDE

o Elastic displacements uj(s,t), vj(s,t) and w;(s,t) are governed by
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PDE's and boundary conditions.

@ PDE's are similar to the free transverse bending vibration equation
discussed earlier.

@ Infinite dimensional system — infinite number of natural frequencies
and mode shapes.

@ PDE's need to be discretised for analysis, simulation and development
of controllers.

@ Two approaches — Assumed Modes Method and Finite Element
Method.
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DISCRETISATION OF PDE

o Elastic displacements uj(s,t), vj(s,t) and wj(s,t) are governed by
PDE's and boundary conditions.

@ PDE's are similar to the free transverse bending vibration equation
discussed earlier.

@ Infinite dimensional system — infinite number of natural frequencies
and mode shapes.

@ PDE's need to be discretised for analysis, simulation and development
of controllers.

@ Two approaches — Assumed Modes Method and Finite Element
Method.

o After discretisation, expression for j[Te] can be obtained.
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DISCRETISATION OF PDE

ASSUMED MODES METHOD

o Elastic displacements, (uj,v;, and w;) are written in terms of modal
shape functions and time-dependent mode amplitudes.

N;
Xi(n,6) = Y Wi mE9 (), Xisu, v, orw
=1

1 =s/l; and N; is the number of modes chosen.

ASHITAVA GHOSAL (IISC) NPTEL, 2010 39/117



DISCRETISATION OF PDE

ASSUMED MODES METHOD

o Elastic displacements, (uj,v;, and w;) are written in terms of modal
shape functions and time-dependent mode amplitudes.

N;
Xi(n,6) = Y Wi mE9 (), Xisu, v, orw
=1

1 =s/l; and N; is the number of modes chosen.

e For a revolute joint, link length /; is constant and for a prismatic joint,
/; and the mode shape functions are time dependent.
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DISCRETISATION OF PDE

ASSUMED MODES METHOD

o Elastic displacements, (uj,v;, and w;) are written in terms of modal
shape functions and time-dependent mode amplitudes.

N;
Xi(n,t) = Y WM& (t), Xisu, v, orw
=1

1 =s/l; and N; is the number of modes chosen.

e For a revolute joint, link length /; is constant and for a prismatic joint,
/; and the mode shape functions are time dependent.

@ The mode shape functions y;(n) are typically chosen as

wi(n) = Cy; cos(Bim) + Co;sin(Bim) + C3; cosh(Bin) + Ca; sinh(Bin)

g b PA
4h
E;jlj

;% and o; is the ith natural angular frequency of the

eigenvalue problem for link j.
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DISCRETISATION OF PDE

ASSUMED MODES METHOD

o Elastic displacements, (uj,v;, and w;) are written in terms of modal
shape functions and time-dependent mode amplitudes.

N;
Xi(n,t) = Y WM& (t), Xisu, v, orw
=1

1 =s/l; and N; is the number of modes chosen.

e For a revolute joint, link length /; is constant and for a prismatic joint,
/; and the mode shape functions are time dependent.

@ The mode shape functions y;(n) are typically chosen as

wi(n) = Cy; cos(Bim) + Co;sin(Bim) + C3; cosh(Bin) + Ca; sinh(Bin)

=T
eigenvalue problem for link j.

;% and o; is the ith natural angular frequency of the

@ Constants C;, i =1,2,3,4 are determined using boundary conditions.
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ For clamped conditions at 7 =0 end:

w0 =0, |75 -0
.
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ For clamped conditions at 7 =0 end:

L — [dw;(n)] - 0

dn

@ For mass conditions at n =1 end:

[dzwf(n)h - Jn B [dw;(n)h 1 Moy, B;

dn? |, pARL dn piAl; ¥
d*w;i(n) Bt , Moy, B [ dwi(n)

dn3 - = A [W:(n)]n:1_ A2 d

n n=1 PjAlj PiA;lj m =t

e pj,Aj are density and cross-section area.
o My, Jp; reflects all masses and inertia beyond link .

o Mp,, accounts for the contributions of masses non-collocated at the
end of link j.
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

G =—C

@ The clamped conditions at the link base yield Gz, = —C;; and
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ The clamped conditions at the link base yield C3, = —;; and
G =-G,
@ The mass conditions at the 1 =1 yield

A6 (¢ ) o

1
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ The clamped conditions at the link base yield C3, = —;; and
G =-G,
@ The mass conditions at the 1 =1 yield

A6 (¢ ) o

1

e For non-trivial solution when det(F) =0 — Simplify to
(14 cosh Bicos Bi) — M;Bi(cosh Bisin B; — sinh B;cos ;)
—Jjﬁ,-3(cosh Bisin B; +sinh B;cos B;) + M, J; B;* (1 — cosh Bjcos B;)
—DJ-2/3;4(1 — cosh Bicos ;) — 2DJB,-25inh BisinB;i =0

M, . Mpp,
where M; = il Ji= and D; = o

PiA L piA;l; piAl
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DISCRETISATION OF PDE
ASSUMED MODES METHOD (CONTD.)
@ The clamped conditions at the link base yield C3, = —;; and
G, =—-G;
@ The mass conditions at the 1 =1 yield

A6 (¢ ) o

1

e For non-trivial solution when det(F) =0 — Simplify to
(14 cosh Bicos Bi) — M;Bi(cosh Bisin B; — sinh B;cos ;)
—Jjﬁ,-3(cosh Bisin B; +sinh B;cos B;) + M, J; B;* (1 — cosh Bjcos B;)
—DJ-2/3,-4(1 — cosh Bicos ;) — 2DJ-B,-2sinh BisinB; =0
Ip; Mpy,

PIA T piAl AL
o Infinite number of solutions — Truncated to N; roots.

where M; = J; , and Dj=
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ The clamped conditions at the link base yield C3, = —;; and
G, =—C

@ The mass conditions at the 1 =1 yield

A6 (¢ ) o

1

e For non-trivial solution when det(F) =0 — Simplify to
(14 cosh Bicos Bi) — M;Bi(cosh Bisin B; — sinh B;cos ;)
—JJ-[3,-3(cosh Bisin B; +sinh B;cos B;) + M, J; B;* (1 — cosh Bjcos B;)
—DJ-2/3,-4(1 — cosh Bicos ;) — 2DJ-B,-2sinh BisinB; =0

M,, Jp; Mpp,
where M; = i . Ji= b 3 and D; = Dp’2.
PiAjlj PiAjl; PiA;l]

o Infinite number of solutions — Truncated to N; roots.
e Both G, and (,; cannot be determined uniquely and hence mode
shapes can be obtained upto a scale factor.
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ For clamped-mass boundary condition

vi(n) = G [ cos(Bin) —cosh(Bin) + vi (sin(Bin) —sinh(Bin)) ]
where

__ sinB; —sinh B; + M;;(cos B; — cosh B;) — D; B;*(sin B; +sinh 3;)
" cos B+ cosh B — M;Bi(sin B; — sinh ;) — Djﬁ,-z(cosﬁ,- — cosh f3))
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ For clamped-mass boundary condition

vi(n) = G [ cos(Bin) —cosh(Bin) + vi (sin(Bin) —sinh(Bin)) ]
where

_sinB; —sinh B; + M;;(cos B; — cosh B;) — D;B;*(sin B; + sinh B;)

a cos i + cosh B; — M Bj(sin Bi — sinh ;) — Djﬁ,-z(cosﬁ,- — cosh f3))

@ Above can be solved for one link with rotary joint!
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ For clamped-mass boundary condition

vi(n) = G [ cos(Bin) —cosh(Bin) + vi (sin(Bin) —sinh(Bin)) ]
where

__ sinB; —sinh B; + M;;(cos B; — cosh B;) — D; B;*(sin B; +sinh 3;)
" cos B+ cosh B — M;Bi(sin B; — sinh ;) — Djﬁ;z(cosﬁ; — cosh f3))

@ Above can be solved for one link with rotary joint!

e For a prismatic joint and a multi-link flexible manipulator, Mpy, and
Jp; are functions of time ¢!
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ For clamped-mass boundary condition

vi(n) = G [ cos(Bin) —cosh(Bin) + vi (sin(Bin) —sinh(Bin)) ]

where

~_sinB; —sinh B; + M;B;(cos B — cosh ;) — D;Bi*(sin B; + sinh ;)
" cos B+ cosh B — M;Bi(sin B; — sinh ;) — Djﬁ;z(cosﬁ; — cosh f3))

@ Above can be solved for one link with rotary joint!

e For a prismatic joint and a multi-link flexible manipulator, Mpy, and
Jp; are functions of time ¢!

@ Modes shapes and frequency are time dependent!!
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

e Time dependent frequency equation
f(Bi, M;, J;, Dj) = (1+ cosh Bicos B;) — M;Bi(cosh B;sin B; — sinh Bjcos j3;)

—Jjﬁ,-3(cosh Bisin B; + sinh B;cos B;) + I\/IijB,-4(1 — cosh Bicos f3;)
—Djzﬁ,-4(1 — cosh Bicos B;) — 2Djﬁ,-2sinh BisinB;i =0
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

e Time dependent frequency equation

f(Bi, M;, J;, Dj) = (1+ cosh Bicos B;) — M;Bi(cosh B;sin B; — sinh Bjcos j3;)
—Jjﬁ,-3(cosh Bisin B; + sinh B;cos B;) + I\/IJ-JJ-B,-4(1 — cosh Bicos f3;)
—Djzﬁ,-4(1 — cosh Bicos B;) — 2DjB;2sinh BisinB;i =0

@ Above can be written as a ODE

_(9f dM;  of dJj  of dD;
dpi IM; dt ~ dJ; dt  JID; dt

" (#%)

where the derivatives can be obtained from the frequency equation.
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ Time dependent frequency equation

f(Bi, M;, J;, Dj) = (1+ cosh Bicos B;) — M;Bi(cosh B;sin B; — sinh Bjcos j3;)
—Jjﬁ,-3(cosh Bisin B; + sinh Bicos B;) + I\/IJ-JjB,-4(1 — cosh B;cos f3;)
—Djzﬁ;4(1 — cosh Bicos B;) — 2Dj[3,~2sinh BisinB; =0

@ Above can be written as a ODE
_(of dM;  9f dJ;  If dD;
dp; oM; dt ~ dJ; dt  9D; dt

" (#%)

where the derivatives can be obtained from the frequency equation.

@ Solve for B; once at t =0 and numerically integrate ODE with
equations of motion — No need to update f; with configuration.
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

o After discretisation the 4 x 4 matrix j:*[Te] can be obtained.
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)
@ After discretisation the 4 x 4 matrix j[Te] can be obtained.
@ If joint j—1 is revolute

8 11/,

W
1 Mg GrOEe o
Nj—1 lVI v v
j:*[Te]: ; 8 (1)&7(¢) 1 0 vy (1)E(¢)
S - "" (1)EX(t) 0 1 Y (L)EM(2)
0 0 0 1
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ After discretisation the 4 x 4 matrix j[Te] can be obtained.

o If joint j—1 is revolute

1
¥ P
Jj e
i=1 8
- "" (EX (1)
0
e If joint j— 1 is prismatic
1
N
. J—1 0
ALOED)
i=1 A

G E )
0

ASHITAVA GHOSAL (IISC)

81[/,

8 d
""()5() ‘”'(1)&() 0
1 0 yr(L)EX (1)
0 1 Y (1)EX (1)
0 0 1
811/
0 T E® yrmE
1 "" (ME(H) WY (1)EY()
(1)EX(1) 1 0
0 0 1
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ Derivative of r; is given by

0

N

4987 (1)
,-; vi () dt if joint j is revolute
N:

: d&(t)

v (n)—
= dt

b=

N:

2w d5E(E) Ay (n) Ly MUi(2)
X o5 - e Y|

li dEV(H) owY U:(t if joint j is prismatic

[w,-”(n) é&( ) "g(")gy(t)"/}( )}
i=1 t n /i(t)

Uj(t)
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)
@ Derivative of r; is given by

0

N

4987 (1)
,-; vi () dt if joint j is revolute
N:
: d&(t)

v (n)—
= dt

b=

N:
2w d5E(E) Ay (n) Ly MUi(2)
X o5 - e Y|

li dEV(H) owY U:(t if joint j is prismatic

[w,-”(n) é&( ) vg(n)gly(t)nﬁj( )}
i=1 t n /i(t)

Uj(t)

@ In JQ[T], there are j rigid-joint variables qy;.
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)
@ Derivative of r; is given by

0

N

4987 (1)
,-; vi () dt if joint j is revolute
N:
: d&(t)

v (n)—
= dt

b=

N:
2w d5E(E) Ay (n) Ly MUi(2)
X o5 - e Y|

li dEV(H) owY U:(t if joint j is prismatic

[w,-”(n) é&( ) vg(n)gly(t)nﬁj( )}
i=1 t n /i(t)

Uj(t)

@ In JQ[T], there are j rigid-joint variables qy;.
o Flexible variables (q¢,,qs,, ,qufl), each qg_has 2 x N variables.
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DISCRETISATION OF PDE

ASSUMED MODES METHOD (CONTD.)

@ Derivative of r; is given by

0
o dEX(1)
’.;W" () dt if joint j is revolute
Y. vi'(n) o)

b= -
G, dEEE) AyEm) ., nU(t)
L oy S - e Y
lj , dé,-”(t)iavf,-v(n) v nt(t) if joint j is prismatic
¥ [ S - 2 ey (o T
Uj(t)

@ In JQ[T], there are j rigid-joint variables qy;.
o Flexible variables (q¢,,qs,, ,qufl), each qg_has 2 x N variables.
e From r;, additional 2 x N; flexible variables.

NPTEL, 2010 45/117
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD

@ Finite element method is popular in many applications involving
deformation in solids and fluid flows.
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deformation in solids and fluid flows.

@ In flexible manipulators — each link is ‘broken’ into finite number of
elements.
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@ Finite element method is popular in many applications involving
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@ In flexible manipulators — each link is ‘broken’ into finite number of
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD

Finite element method is popular in many applications involving
deformation in solids and fluid flows.

@ In flexible manipulators — each link is ‘broken’ into finite number of

elements.

@ Displacements are made continuous inside an element and compatible
across elements.

@ Internal force balance at points, called ‘nodes’, in an element.
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD

@ Finite element method is popular in many applications involving
deformation in solids and fluid flows.

@ In flexible manipulators — each link is ‘broken’ into finite number of
elements.

@ Displacements are made continuous inside an element and compatible
across elements.

@ Internal force balance at points, called ‘nodes’, in an element.

@ Displacement at any point inside an element is obtained from nodal/
displacements and by an interpolation function.
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

clement 7

Xy w,
5 S 5 o,
Z; Y;
N (—) B §
Lii <
-~ . X l
node i

-— =

node 7 + 1 node 7 node i + 1
Figure 14: A finite element discretisation of a link j with beam element i/ and its nodal
displacement variables.
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

o Figure 14 shows PQ, an element i on link j, with nodes / and i+ 1.
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

o Figure 14 shows PQ, an element i on link j, with nodes / and i+ 1.

e Position vector rj; of any point along the neutral axis of the ith
element, expressed in the undeformed link coordinate system is given

by
( (i—1)i+s 0
0 + | vi(s,t) if jointj is revolute
0 WJ','(S,t)
rji =
0 uj-,'(s, t)
0 + | vji(s,t) if joint j is prismatic
(i—1)i+s 0

lii is the length of element i.
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

o Figure 14 shows PQ, an element i on link j, with nodes / and i+ 1.

e Position vector rj; of any point along the neutral axis of the ith
element, expressed in the undeformed link coordinate system is given

by
( (i—1)i+s 0
0 + | vji(s,t) if joint j is revolute
0 WJ','(S,t)
rji =
0 uj-,'(s, t)
0 + | vji(s,t) if joint j is prismatic
(i—1)i+s 0

lii is the length of element i.

e Jji is constant for revolute jointed link and variable for prismatic
jointed link!
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

o Elastic displacements if joint j is revolute,

T _wj

vi(s,t) = 07(s) ag(6), wi(s.t) =9{%(s) a(1)

with qg”(t) denoting the vector (5,7(t), -Wj(t),5,-‘:jrl(t) (]),V_fl(t))T and

qgj(t) denoting the vector (8;(t),¢,7(t),87,(t), I+1(t))
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

o Elastic displacements if joint j is revolute,

T _wj

vi(s,t) = 07(s) ag(6), wi(s.t) =9{%(s) a(1)

with qg”(t) denoting the vector (5,7(t), -Wj(t),5,‘:jrl(t) (]),V_El(t))T and

a, () denoting the vector (8;(t), ¢ (t),8;71(t),¢ 07,(t)"
o Elastic displacements if joint j is prismatic

u; T u; Vi TV
uji(s, t) = @7 (s) ag (1), vi(s,t) = @7'(s) ag(t)

with g () denoting the vector (8%(£), 9" (t),8/%1(£),9;1,(t)) " and

qg”(t) denoting the vector (8;7(t),,7(t).8:7,(t),9:7,(t))

T
i+1
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

@ Interpolation functions are assumed same for u, v and w.

ASHITAVA GHOSAL (IISC)




DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

@ Interpolation functions are assumed same for u, v and w.

@ Various choices possible — choose simple cubic polynomials

07’ (s) =0/ (s) =0, (s) =
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

@ Interpolation functions are assumed same for u, v and w.

@ Various choices possible — choose simple cubic polynomials

07’ (s) =0/ (s) =0, (s) =

S 2 S 3
1-3(2) +2(7)
i) T\

(

S
lii

s(j—l)

s
/J..

)

S
S
/J..

)

e Jji is constant for revolute jointed link and variable for prismatic
jointed link — More difficult to model prismatic jointed link.
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

@ 4 x 4 homogeneous transformation matrix j:*[Te] in the finite element

model reduces to

M} _¢I‘<IV+1 ¢I‘\/I+1 5‘/0
i | w1 0 8%, o
J[Te] —01 0 1 s | Joint j—1 is revolute
0 0 0 1
Lo e
j 0 1 -9 L
2 Tel= N+1 - PN+1 | Joint j—1 is prismatic
i N1 N1 1 0
0 0 0 1

NPTEL, 2010 51/117
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DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

@ 4 x 4 homogeneous transformation matrix j:*[Te] in the finite element

model reduces to

M} _¢I‘<IV+1 ¢I‘\/I+1 5V0
i | w1 0 8%, o
J[Te] —01 0 1 e | Joint j—1 is revolute
0 0 0 1
S TP
j 0 1 -9 L
2 Tel= N+1 - PN+1 | Joint j—1 is prismatic
i N1 N1 1 0
0 0 0 1

@ For clamped boundary conditions at element 1 — 0j; = ¢j; = 0.

ASHITAVA GHOSAL (IISC)

NPTEL, 2010 51/117



DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

@ 4 x 4 homogeneous transformation matrix j:*[Te] in the finite element

model reduces to

M} _¢I‘<IV+1 ¢I‘\/I+1 5‘/0
i | w1 0 8%, o
J[Te] —01 0 1 e | Joint j—1 is revolute
0 0 0 1
S TP
j 0 1 -9 L
2 Tel= N+1 - PN+1 | Joint j—1 is prismatic
i N1 N1 1 0
0 0 0 1

@ For clamped boundary conditions at element 1 — 0j; = ¢j; = 0.
@ To enforce natural boundary conditions proper energy expressions for
additional masses and inertia should be used.
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ASHITAVA GHOSAL (IISC)



DISCRETISATION OF PDE

FINITE ELEMENT METHOD (CONTD.)

@ Velocity of any point on the neutral axis of the ith element in the jth
link in the local undeformed coordinate system

0
4 Y qf,k( )
k; i i) =g joint j is R
i w /)dqfk(t)
P s, lji) ——
&= J dt
v 3 oo, ), 204l |, )U(t)
IACH
= Pik vl dt 8/1,(t) _uk
4 dag, (t)  dey (s, 1) U(t) N
Y (s, i gk~ " ZWik\> joint j is P
kgl |:(pk( J) dt ' a/ﬂ(t) fk( )
IUj(t)
Nj
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DISCRETISATION OF PDE
COMPARISON OF AMM AND FEM
@ Number of modes Vs. Number of elements

o AMM: k modes k natural frequencies, FEM: k elements 2k natural

frequencies.

Mode Number of Elements Exact
No. 1 2 3 Values
1 2.0963e+2 | 2.0873e+2 | 2.0864e+2 | 2.0864e+2
2 2.0654e+4-3 | 1.3186e+3 | 1.3118e+43 | 1.3075¢+3
3 4.4597e+3 | 3.7067e+3 | 3.6611le+3
4 1.2944e+4 | 8.3473e+3 | 7.1742e+3
5 1.5709e+4 | 1.1860e+ 4
6 3.1318e+4 | 1.7716e+4

Table 1: Natural frequencies(Hz) of a clamped-free beam, m = 0.33kg, / =1.0m,
Inertia of joint 3.2 kg/m? and El = 1165.5N/m?
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Table 1: Natural frequencies(Hz) of a clamped-free beam, m = 0.33kg, / =1.0m,

Inertia of joint 3.2 kg/m? and El = 1165.5N/m?

@ Only first k frequencies from FEM are close — k modes are equivalent
to k elements.
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DISCRETISATION OF PDE

COMPARISON OF AMM AND FEM

@ Number of modes Vs. Number of elements
o AMM: k modes k natural frequencies, FEM: k elements 2k natural
frequencies.

Mode Number of Elements Exact
No. 1 2 3 Values
1 2.0963e+2 | 2.0873e+2 | 2.0864e+2 | 2.0864e+2
2 2.0654e+3 | 1.3186e+3 | 1.3118e+3 | 1.3075e+3
3 4.4597e+3 | 3.7067e+3 | 3.6611le+3
4 1.2944e+4 | 8.3473e+3 | 7.1742e+3
5 1.5709e+4 | 1.1860e+4
6 3.1318e+4 | 1.7716e+4
Table 1: Natural frequencies(Hz) of a clamped-free beam, m = 0.33kg, / =1.0m,

Inertia of joint 3.2 kg/m? and El = 1165.5N/m?

@ Only first k frequencies from FEM are close — k modes are equivalent
to k elements.

e Typically 2 or three modes(elements) are enough to model dynamics.
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DISCRETISATION OF PDE

COMPARISON OF AMM AND FEM

o AMM mode shapes are defined over entire beam with trigonometric
functions — Diagonal mass and stiffness matrices.
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DISCRETISATION OF PDE

COMPARISON OF AMM AND FEM

o AMM mode shapes are defined over entire beam with trigonometric
functions — Diagonal mass and stiffness matrices.

@ FEM interpolation function are local and are polynomials — Banded
mass and stiffness matrices.

e FEM imposes more constraints (due to use of polynomials) —
Overestimates natural frequencies more than AMM.

@ Overestimation of natural frequencies leads to “locking” and difficulties
in using model-based control.

@ Local interpolations functions — easier to use for complex geometries.

@ 3D and other kinds of elements available in large body of research on
FEM can be used.
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SUMMARY

@ Extension of Denavit-Hartenberg convention to flexible links.

o Rigid 4 x 4 transformation matrix j:*—l[T,]
o Small deformation and linear elasticity — Elastic 4 x 4 transformation
matrix j.*[Te].

o Complete 4 x 4 transformation matrix j:_l[T] == 1[T ]J*[T ]
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SUMMARY

@ Extension of Denavit-Hartenberg convention to flexible links.
o Rigid 4 x 4 transformation matrix j-:l[T,]
o Small deformation and linear elasticity — Elastic 4 x 4 transformation
matrix j.*[Te].
o Complete 4 x 4 transformation matrix j-_l[T] == 1[T ]J*[T ]
@ Position vector and velocity of a point on the fleX|b|e link for rotary
jointed and prismatic jointed link.
@ Assumed modes method to discretise PDE.
@ Frequency equation as an ODE.

@ FEM approach to discretise PDE.

o Comparison of AMM and FEM approaches.
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@ Dynamic Modeling of Flexible Link Manipulators

ASHITAVA GHOSAL (IISC)




OVERVIEW

INTRODUCTION

@ Dynamic equations of motion for flexible link manipulators.
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INTRODUCTION

OVERVIEW

Dynamic equations of motion for flexible link manipulators.
Controllability of flexible-link manipulators.

Control of joint motion & tip vibration in flexible link manipulator.
Robustness issues in model-based control schemes.

Numerical simulation of a multi-link flexible manipulator.
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

@ Symbolic equations of motion using MAPLE or Mathematica.
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

@ Symbolic equations of motion using MAPLE or Mathematica.

e Lagrangian formulation (see Module 6, Lecture 1).
o Lagrangian equations of motion
e For joint variable qr;:

d (OKE\ OKE 9PE__
dt \ 94y, dq,  dq;

o For flexible variable qr;::

d(&KE) IKE IPE

dt\ dag, | dqg, ' dag,
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

@ Symbolic equations of motion using MAPLE or Mathematica.

e Lagrangian formulation (see Module 6, Lecture 1).
o Lagrangian equations of motion
e For joint variable qr;:

d (OKE\ OKE 9PE__
9, 3q,J c9q,J !

o For flexible variable qr;::

i(am) OKE | IPE _

I g, Iqs; "3 qr;

e KE is total kinetic energy & PE is total potential energy due to elastic
deformation and gravity.
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

KINETIC ENERGY
o Total kinetic energy: KE = Zj’:l(KEjOinfj + KE/,-,,kJ.) + KEpayioad
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS
KINETIC ENERGY
o Total kinetic energy: KE = Y"1 (KEjoint; + KEiink;) + KEpayload
e Kinetic energy of joint in terms of mass, inertia and derivative of
position vector

1 T 1 d°0;\ " (d°0;

dt
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

KINETIC ENERGY
@ Total kinetic energy: KE = Zf:l(KEjointj + KE/,-,,kj) + KEpayload
e Kinetic energy of joint in terms of mass, inertia and derivative of
position vector

1 T 1 d°0;\ " (d°0;

@ Kinetic energy of flexible link j in terms of density, cross-sectional area
and number of elements

0 T /404,
2/ pj J<d pJ) (%)ds, for AMM

i T/ 40q..
—Z/’ <d pf’) (d pf’)ds, for FEM
= dt
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

KINETIC ENERGY (CONTD.)

o If link j is rigid, kinetic energy, in terms of position of centre of mass

KE, _1 dopcf ! dOpCj
link; = 5Mi\ ~ gy dt
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

KINETIC ENERGY (CONTD.)

o If link j is rigid, kinetic energy, in terms of position of centre of mass

KE _1 dopcf ! dopcj
link; = 5Mi\ ~ gy dt

@ Kinetic energy of payload

1 d°p1o0r T d°p 100l 1 T
KEpaonad = Emp( dZ'OO ) ( d;’oo ) + ioQTool 0[JP]OQTooI

Op1o0/ is the position vector of the centre of mass of the payload, mp
is mass of the payload, °[J,] and "7,/ are the moment of inertia
matrix of the payload and the angular velocity vector of the payload,
respectively.
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

POTENTIAL ENERGY

o Total potential energy: PE =Y ,(PEf + PEg)+ PEg

payload
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o Total potential energy: PE =Y ,(PEf + PEg)+ PEg
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o Payload: PEg,iona = mpgToproo/
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

POTENTIAL ENERGY

o Total potential energy: PE =Y ,(PEf + PEg)+ PEg

payload
. _ TO
o Payload: PEg, . i0sa = Mp& " "PTool

l;
o Gravity: PEgj :mjointngOOj'i‘/O ijngOpjds

@ Strain energy, assuming linear elasticity and neglecting axial and
torsional deformation

ASHITAVA GHOSAL (IISC) NPTEL, 2010 61/117



EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

POTENTIAL ENERGY

o Total potential energy: PE =} (PE + PEg;) + PE,

payload

o Payload: PE g, iona = mpgToproo/

, i
o Gravity: PE,; :mjo,-,,tngoOj+/0 p;jAig" Op;ds

@ Strain energy, assuming linear elasticity and neglecting axial and
torsional deformation
@ For assumed modes model:

(gl [ 2w,y ] Bl
PE; = ! 7 g
fi /0 2/J3 iZ 8112 ~’§, (t) +21J3

ooy o 1
y "5’,72(”)5,-’@)] )dn

=1 i=1
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

POTENTIAL ENERGY

o Total potential energy: PE =Y ,(PEf + PEg)+ PEg

payload

o Payload: PE g, iona = mpgToproo/

li
o Gravity: PE,; :mjointng00j+/0 ijngOpjds

@ Strain energy, assuming linear elasticity and neglecting axial and
torsional deformation
@ For assumed modes model:

2
VEL [N a2yli(n) .. Eil
PE, — 4y i Vi iz
fi /0 ( 2/J3 |:IZ an2 gl ( ) + 2IJ3

=1 i=1

) g |
Z an2 5,- (1) dn
@ For finite element model:

& 9208(s) v 17 Bl [ & 22050(s) W, ]°
Lo 9w T L s )] |
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

o Kinetic and potential energy — Lagrangian formulation — equations
of motion.
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

[ 200~ |

o Kinetic and potential energy — Lagrangian formulation — equations
of motion.
@ Equations of motion in a compact form

(et o ) (&)

(o w) (o)~ (
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

o Kinetic and potential energy — Lagrangian formulation — equations
of motion.
@ Equations of motion in a compact form

(P S ) (& )+ (Ead )+ (E9)

(o w)(&)=(0)

e Variables q: joint variables q, € X" and flexible variables qs € RV.

[ 200~ |
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

o Kinetic and potential energy — Lagrangian formulation — equations
of motion.
@ Equations of motion in a compact form

(P S ) (& )+ (Ead )+ (E9)

(o w)(5)-(5)

e Variables q: joint variables q, € R" and flexible variables qr € RV.
e For AMM with n¢ < n flexible links and N; modes for each flexible
link, N =2y, N; in 3D and N = Y7, N; for plane.
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

o Kinetic and potential energy — Lagrangian formulation — equations
of motion.
@ Equations of motion in a compact form

(P S ) (& )+ (Ead )+ (E9)

(o w)(5)-(5)

e Variables q: joint variables q, € R" and flexible variables qr € RV.

e For AMM with n¢ < n flexible links and N; modes for each flexible
link, N =2y, N; in 3D and N = Y7, N; for plane.

@ For FEM with N; elements for each flexible link, N :42;';1 N; in 3D
and N = 221'-7"1 N; for plane.
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

o Kinetic and potential energy — Lagrangian formulation — equations
of motion.
@ Equations of motion in a compact form

(P S ) (& )+ (Ead )+ (E9)

(o w)(5)-(5)

e Variables q: joint variables q, € R" and flexible variables qr € RV.

e For AMM with n¢ < n flexible links and N; modes for each flexible
link, N =2y, N; in 3D and N = Y7, N; for plane.

@ For FEM with N; elements for each flexible link, N :42;';1 N; in 3D
and N = 221'-7;1 N; for plane.

@ In FEM, in the first element in each link, ;1 = ¢;1 =0 to represent
clamped boundary conditions.
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

PROPERTIES OF TERMS IN EQUATIONS OF MOTION

)

o Generalised mass matrix [M(q)] contain
e n X n symmetric, positive definite sub-matrix [M,,] related to the rigid
joint variables.

o N x N symmetric, positive definite sub-matrix [Mg] related to the
flexible variables.

o N x n sub-matrix [M,f] representing coupling between the rigid joint
and the elastic displacement variables.
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joint variables.

o N x N symmetric, positive definite sub-matrix [Mg] related to the
flexible variables.

o N x n sub-matrix [M,f] representing coupling between the rigid joint
and the elastic displacement variables.

@ The Coriolis/centripetal terms and the gravity terms can also be
partitioned.
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PROPERTIES OF TERMS IN EQUATIONS OF MOTION

o Generalised mass matrix [M(q)] contain

e n X n symmetric, positive definite sub-matrix [M,,] related to the rigid
joint variables.

o N x N symmetric, positive definite sub-matrix [M] related to the
flexible variables.

o N x n sub-matrix [M,f] representing coupling between the rigid joint
and the elastic displacement variables.

@ The Coriolis/centripetal terms and the gravity terms can also be
partitioned.

e N x N symmetric, positive definite matrix [K] is called the flexural
stiffness matrix and arises from the strain energy of the flexible links —
[M#] and [K] are used in FEM to compute natural frequencies.
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EQUATIONS OF MOTION OF MULTI-LINK FLEXIBLE
MANIPULATORS

PROPERTIES OF TERMS IN EQUATIONS OF MOTION

o Generalised mass matrix [M(q)] contain

e n X n symmetric, positive definite sub-matrix [M,,] related to the rigid
joint variables.

o N x N symmetric, positive definite sub-matrix [M] related to the
flexible variables.

o N x n sub-matrix [M,f] representing coupling between the rigid joint
and the elastic displacement variables.

@ The Coriolis/centripetal terms and the gravity terms can also be
partitioned.

e N x N symmetric, positive definite matrix [K] is called the flexural
stiffness matrix and arises from the strain energy of the flexible links —
[M#] and [K] are used in FEM to compute natural frequencies.

@ Only joint torques are acting — T is an n x 1 vector.
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@ Control of Flexible Link Manipulators
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@ Control of a single link flexible manipulator — controllability.
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e Two control tasks: trajectory following & tip vibration control.
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CONTROL OF FLEXIBLE-LINK MANIPULATORS

OVERVIEW

@ Control of a single link flexible manipulator — controllability.
@ Two control tasks: trajectory following & tip vibration control.

@ Active control using joint actuator? only.

20ne can use passive vibration damping and, more recently, active vibration control
using piezo-actuators have been used.
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CONTROL OF FLEXIBLE-LINK MANIPULATORS

OVERVIEW

@ Control of a single link flexible manipulator — controllability.

e Two control tasks: trajectory following & tip vibration control.

@ Active control using joint actuator® only.

@ Two stage control strategy — Model-based control strategy for
trajectory following and end-position vibration control at the end of
trajectory following.

@ Stability and robustness analysis.

@ Numerical simulation results.

20ne can use passive vibration damping and, more recently, active vibration control
using piezo-actuators have been used.
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BLOCK DIAGRAM OF A SINGLE LINK FLEXIBLE
MANIPULATOR

%
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Figure 15: Block diagram of a single flexible-link manipulator
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BLOCK DIAGRAM (CONTD.)

@ Recall: Rigid manipulator 7 directly influenced 6,, and in flexible joint
manipulator 7 related to 6,, and 6,.
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@ Recall: Rigid manipulator 7 directly influenced 6,, and in flexible joint
manipulator 7 related to 6,, and 6,.

@ Flexible manipulator: 7 directly influence 6; and indirectly qy!

@ Not clear if tip vibration (qf) can be controlled by 7!
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BLOCK DIAGRAM (CONTD.)

Recall: Rigid manipulator 7 directly influenced 6,, and in flexible joint
manipulator 7 related to 6,, and 6,.

Flexible manipulator: 7 directly influence 6; and indirectly qf!

Not clear if tip vibration (qf) can be controlled by 7!
Coupling between rigid and flexible variables!!

o 6, can excite flexible dynamics through [M£]
o Resulting dr can in turn influence rigid dynamics through [M¢]7.
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BLOCK DIAGRAM (CONTD.)

Recall: Rigid manipulator 7 directly influenced 6,, and in flexible joint
manipulator 7 related to 6,, and ;.

Flexible manipulator: 7 directly influence 6; and indirectly qy!

Not clear if tip vibration (qf) can be controlled by 7!

Coupling between rigid and flexible variables!!

o 6, can excite flexible dynamics through [M£]
o Resulting dr can in turn influence rigid dynamics through [M¢]7.

@ In a multi-link flexible manipulator, there will be additional coupling
due to the centripetal /Coriolis terms.
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CONTROLLABILITY OF FLEXIBLE-LINK MANIPULATO

@ Rewrite equations of motion as

q = [Hrr]T_[Hrr](Cr+Gr)_[Hrf]T(Cf+Gf+[K]Qf)
dr = [Hy]t—[Hs](C, +G,)— [He](Cr +Gr +[K]ar)

where

Hy]l = (Mn]= Myl Mg] M)
HAT = —[H/ M [Mg] "
Hirl = (Mg]—[Mg]IM,] M, 7))
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CONTROLLABILITY OF FLEXIBLE-LINK MANIPULATO
@ Rewrite equations of motion as
dr - [Hrr]T_ [Hrr](cr +Gr) - [Hrf]T(Cf + Gf + [K]Qf)
dr = [He]t—[Hr(Cr+G,)—[Hel(Cr+Gr +[Klar)
where
Hel = (Ml ~ M1 [Mg] 1 [M,g])
Hse]" = —[H/Ms] [Mg]
Hil = (Mg]—[Mg]IM,] MM, 7)

e If a row of [H,f] is 0 — corresponding gr cannot be directly controlled
by T — inaccessibility condition.
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CONTROLLABILITY OF FLEXIBLE-LINK MANIPULATO

@ Rewrite equations of motion as

d, = [Hu]t—[H)(Cr+G,)—[Hy]" (Cs+Gr+[Klar)
ar [Hif]7 —[His](Cr +G,) — [He](Cr + Gy + [K]ar)

where
Hiel = (IMy] =M [Mg] " Mf])
HA" = —[H]Ms] [Mg]
Hel = (Mg]—[MsfM,] M)
o If a row of [H,f] is 0 — corresponding gr cannot be directly controlled

by T — inaccessibility condition.
® gr. induces a moment about the joint axis — controllable.
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CONTROLLABILITY OF FLEXIBLE-LINK MANIPULATO

@ Rewrite equations of motion as

d, = [Hu]t—[H)(Cr+G,)—[Hy]" (Cs+Gr+[Klar)
ar [Hif]7 —[His](Cr +G,) — [He](Cr + Gy + [K]ar)

where
Hiel = (IMy] =M [Mg] " Mf])
HA" = —[H]Ms] [Mg]
Hel = (Mg]—[MsfM,] M)
o If a row of [H,f] is 0 — corresponding gr cannot be directly controlled

by T — inaccessibility condition.
® gr. induces a moment about the joint axis — controllable.

@ Joint axis lies in plane of deflection components — cannot be
controlled.
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CONTROLLABILITY OF FLEXIBLE-LINK MANIPULATO

@ Rewrite equations of motion as

qQr = [Hrr]T_[Hrr](Cr+Gr)_[Hrf]T(Cf+Gf+[K]Qf)
ar [Hielt— [H](Cr + Gr) — [He](Cr + Gr + [K]ar)

where
Hiel = (IMy] =M [Mg] " Mf])
HA" = —[H]Ms] [Mg]
Hel = (Mg]—[MsfM,] M)
o If a row of [H,f] is 0 — corresponding gr cannot be directly controlled

by T — inaccessibility condition.
® gr. induces a moment about the joint axis — controllable.

@ Joint axis lies in plane of deflection components — cannot be
controlled.

o g influenced indirectly by non-zero [Hg|(Cr + G + [K]qs) — Can be
controlled even if the row of [H,f] is O!
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING
o Rewrite equations of motion as
Mrlar + [Mrf]Tdf + Cr(a.a) + G(a) = =
[Mirlar + [Mglar + Cr(q.q) + Gr(q) + [Klar = 0
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING
@ Rewrite equations of motion as
[Mrr]dr + [Mrf]Tdf + Cr(Qaq) + Gr(Q) = 1
[Mirla, + [Mglar + Cr(a.q) + Gr(a) + [Klar = 0
@ Solve for g¢ as
Gr = —[Mg] '(Milér + Cr + Gr + [Klay)
and substitute in first equation to get
(M- ] = [MA] T [Mg]  [Mf))d, +
(Cr+Gr—[My] " [Mg] 1 (Cr+ G+ [Klag)) = ©
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING
@ Rewrite equations of motion as
M ]a, + [Mrf]Tdf + Ci(q,q) + G,(q) = 7
Mirldr + [M#lar + Ce(a,9) + Gr(a) + [Klar = 0
@ Solve for qr as
Gr = —[Mg] '(Milér + Cr + Gr + [Klay)
and substitute in first equation to get
(IMrr] = M T Mg] M ])éir +
(Cr+Gr—[My] " [Mg] 1 (Cr+ G+ [Klag)) = ©
e Similar to rigid manipulators, choose 7q, = [(]7'q, + B where
[a] = Mi]=[Myf]"[Mg] " M]
B = C+G,—[Ms]" [Mg] (Cr+Gr +[Klar)
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING

e Similar to rigid manipulators, substitute [a@] and 8 to get an unit
inertia plant with new input 7/q,

’ ..
Tqr =4qr
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING

e Similar to rigid manipulators, substitute [a@] and B to get an unit
inertia plant with new input 7'q,

/ ..
Tqr =4qar

@ Choose 7'q, as

T'q, = Gy (1) + [Kplq, &(t) + [Ki]q, &(1)
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING

e Similar to rigid manipulators, substitute [a@] and B to get an unit
inertia plant with new input 7'q,

’ ..
Tqr =4qr

@ Choose 7'q, as
T'q, = Gy (1) + [Kplg, e(t) + [Ki]g, &(2)

e For e(t) =qr, —q, and q,,(t) as the desired joint trajectory, the error
equation becomes

&r(t) +[Kplg,er(t) +[Kilq,er(t) =0
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING

e Similar to rigid manipulators, substitute [a@] and B to get an unit
inertia plant with new input 7'q,

’ ..
Tqr =4qr

@ Choose 7'q, as
T'q, = Gy (1) + [Kplg, e(t) + [Ki]g, &(2)

e For e(t) =qr, —q, and q,,(t) as the desired joint trajectory, the error
equation becomes

&r(t) +[Kplg,er(t) +[Kilq,er(t) =0

o For appropriate controller gains [Kp], and [K/], . e(t), é(t) =0
asymptotically and desired trajectory can be followed.
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING

STABILITY ANALYSIS

@ The closed-loop system equations for the model-based controller are

A-(t) =74,
[M#ldr+Cr(a,a) +Gr(a) + [Klar = —[My]7q,
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING

STABILITY ANALYSIS

@ The closed-loop system equations for the model-based controller are

A-(t) =74,
[M#ldr+Cr(a,a) +Gr(a) + [Klar = —[My]7q,

@ Smooth tracking of q,,(t) as long as flexible variables q are stable.
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING

STABILITY ANALYSIS

@ The closed-loop system equations for the model-based controller are
q"(t) = T/qr
[Mgldr +Cr(a,a) +Gr(a) + [Klar = —[M]7'q,

@ Smooth tracking of q,,(t) as long as flexible variables q are stable.

@ The flexible variables qf are coupled to control input 7'q, through the
matrix [M,f].
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING

STABILITY ANALYSIS

@ The closed-loop system equations for the model-based controller are

a-(t) =174,
[Mgldr+Cr(a,a) +Gr(a) + [Klar = —[My]7q,

@ Smooth tracking of q,,(t) as long as flexible variables q are stable.

@ The flexible variables qf are coupled to control input 7'q, through the
matrix [M,f].

@ The stability of qf are determined by the zero dynamicsS.

dr = —[Mg] " (Cr + Gr +[Klar)

where all terms are evaluated for a constant q} and ¢, = 0.

3The zero dynamics of a non-linear system describe the dynamic behaviour of the
system when inputs are chosen to constrain the outputs of the system to be zero or
constant (Isidori 1989).
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING

STABILITY ANALYSIS (CONTD.)

e Equilibrium points: qr =0 and a static deflection q} which satisfies

[Klar +Gr(ar,ar) =0
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING

STABILITY ANALYSIS (CONTD.)

e Equilibrium points: qr =0 and a static deflection q} which satisfies

[Klar +Gr(ar,ar) =0

e Candidate Lyapunov function

) 1. i 1 N
V(ar,ar) = quT[Mff]qurE(qf—qf)T[K](qf—qf)
+(Ve(ar,ar) — Ve(ai,ap)) + (a; —ar) " Gr(ar,af)

Vi denotes the gravitational potential energy yielding Gy.
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING

STABILITY ANALYSIS (CONTD.)
e Equilibrium points: qr =0 and a static deflection q} which satisfies
[Klaf +Gr(ar,ar) =0
o Candidate Lyapunov function
. ]- - . ]- * *
V(ar.ar) = af Malar+(a; —ar)’ [Kl(a; —ar)
* * T
+(Ve(ar,ar) — Ve(ar.ar)) + (ar —ar) * Gr(ar,ar)

Vi denotes the gravitational potential energy yielding G¢.
@ The time derivative, after simplification and using skew-symmetric

nature of |:[Mff] —2[Cff]}. is

V=347 (M#] -20C]) 4 — a7 ([Kla} +Ge(ar.a7) =0
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MODEL-BASED CONTROL FOR TRAJECTORY
FOLLOWING

STABILITY ANALYSIS (CONTD.)
e Equilibrium points: qr =0 and a static deflection q} which satisfies
[Klaf +Gr(ar,ar) =0

o Candidate Lyapunov function

V(ar.ar) = 54/ [Melar+(a;—ar) [K(a; —ar)
* * T
+(Ve(ar,ar) — Ve(ar.ar)) + (ar —ar) * Gr(ar,ar)
Vi denotes the gravitational potential energy yielding G¢.
@ The time derivative, after simplification and using skew-symmetric

nature of |:[Mff] —2[Cff]}. is

V=347 (M#] -20C]) 4 — a7 ([Kla} +Ge(ar.a7) =0

o Critically stable — With damping asymptotically stable.
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END POSITION VIBRATION CONTROL

@ Joint motion excites vibration in link — Need to be suppressed for
task.
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END POSITION VIBRATION CONTROL

@ Joint motion excites vibration in link — Need to be suppressed for
task.

@ Tip vibration to be controlled by joint rotation alone!
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END POSITION VIBRATION CONTROL

@ Joint motion excites vibration in link — Need to be suppressed for
task.

@ Tip vibration to be controlled by joint rotation alone!

@ Relationship between tip motion and joint motion — Jacobian matrix
(similar to rigid case).
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END POSITION VIBRATION CONTROL

@ Joint motion excites vibration in link — Need to be suppressed for
task.

@ Tip vibration to be controlled by joint rotation alone!

@ Relationship between tip motion and joint motion — Jacobian matrix
(similar to rigid case).

e Full Jacobian contain joint rotation variables q, and flexible variable
gr — Difficult to measure all components of qr.
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END POSITION VIBRATION CONTROL

@ Joint motion excites vibration in link — Need to be suppressed for
task.

@ Tip vibration to be controlled by joint rotation alone!

@ Relationship between tip motion and joint motion — Jacobian matrix
(similar to rigid case).

e Full Jacobian contain joint rotation variables q, and flexible variable
gr — Difficult to measure all components of qr.

@ Control law using Jacobian derived from desired rigid variables — same
as the rigid Jacobian matrix — always exist.

of
o (ar)] = ( )
K ’ 8qr QrZQrd’CIf:O

2 =f(qr,qr) represents the kinematic equations of the flexible
manipulator.
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END POSITION VIBRATION CONTROL

@ A controller using the rigid Jacobian

ty =[]7 (—[Kp]%azf . [Kv]%%) +G(ar,.qr,)

o Z represents position and orientation of the end-effector &
S =X — Z4*.

o Gain matrices [K}], and [K,] ;- are constant diagonal matrices.

e q,, is the final point of the desired joint trajectory and qr, is obtained
from the static deflection under gravity

qfd = 7[K]_1Gf(qfd7qfd)

o 2 — %y is due to flexible vibrations and is expected to be small.

o Control torque T4 at joint although 2" — 2y is a Cartesian error
vector — Similar to Cartesian control of rigid robots, Jacobian [Jér
relates Cartesian force/moments to joint torques (see Module 7,
Lecture 4).

]T

#Error defined opposite to definition (-)g — () till now and hence the — sign in
control law. This is required for consistency in definition of rigid Jacobian using Taylor
series expansion.
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END POSITION VIBRATION CONTROL

STABILITY ANALYSIS

@ Equilibrium points under end-position control: q=q4 and q=0.
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END POSITION VIBRATION CONTROL

STABILITY ANALYSIS

@ Equilibrium points under end-position control: q=q4 and q=0.

e Equilibrium points are unique (see Ghosal 2006) if for a positive
constant ¢

Amin (IK) > €, Aumin ([J’r]T[Kp] %) > ¢
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END POSITION VIBRATION CONTROL

STABILITY ANALYSIS

@ Equilibrium points under end-position control: q =q4 and q=0.

e Equilibrium points are unique (see Ghosal 2006) if for a positive
constant ¢

Amin (IK) > €, Aumin ([J’r]T[Kp]%> > ¢

@ Physically: The manipulator can be placed at an arbitrary q = q4 and
q =0, if the minimum stiffness and minimum controller gains are large
enough to overcome static deflection due to gravity!
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END POSITION VIBRATION CONTROL

STABILITY ANALYSIS

@ Equilibrium points under end-position control: q =q4 and q=0.

e Equilibrium points are unique (see Ghosal 2006) if for a positive
constant ¢

Amin (IK) > €, Aumin ([J’r]T[Kp]%> > ¢

@ Physically: The manipulator can be placed at an arbitrary q = q4 and
q =0, if the minimum stiffness and minimum controller gains are large
enough to overcome static deflection due to gravity!

o Candidate Lyapunov function
1. .1
v = Sa'M(a)la+5(ar —ar) " [Kl(ag —ar)
1
+(Vs(a) — Ve(aq)) + (a4 —a) "G(aq) + 55%T[Kp]%5%

Vi denotes the gravitational potential energy giving rise to G(q).
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END POSITION VIBRATION CONTROL

STABILITY ANALYSIS (CONTD.)

@ Time derivative of V/, after simplification using equations of motion,
the skew-symmetry property and the control law based on rigid
Jacobian

V=TI, 2 4 (2 - Uga) (1K1, 82 4K, 2)
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END POSITION VIBRATION CONTROL

STABILITY ANALYSIS (CONTD.)

100N
@ Time derivative of V/, after simplification using equations of motion,

the skew-symmetry property and the control law based on rigid
Jacobian

. T . : N .
V=-2TK], 2 + (% - [qu]q,) ([Kp]%&% + [Kv]%%>
o V is strictly negative if

(2 -1a) (K162 +IK1,2) | < | 27K, 2
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END POSITION VIBRATION CONTROL

STABILITY ANALYSIS (CONTD.)

@ Time derivative of V/, after simplification using equations of motion,
the skew-symmetry property and the control law based on rigid
Jacobian

: - . T .
V=-2TIK) 2+ (2 - Uglar) (1K), 62 +IK]y )
o V is strictly negative if
T . - :
(7 -150a) (K] 82 +1K1, 2) | < | 27K, 2|
o [K,]2 satisfies inequality if minimum eigenvalue of [K,],-, Ay, satisfy
YA
B(B~—7)

where || (2"~ [Jgla) I=% |62 [|=a, | 2" |=B.
Amin([Kp] 5-) = Ap, at the end of the trajectory following phase.

A >
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END POSITION VIBRATION CONTROL

STABILITY ANALYSIS (CONTD.)

@ Time derivative of V/, after simplification using equations of motion,
the skew-symmetry property and the control law based on rigid
Jacobian

: - . T .
V=-2TIK) 2+ (2 - Uglar) (1K), 62 +IK]y )
o V is strictly negative if
T . - :
(7 -150a) (K] 82 +1K1, 2) | < | 27K, 2|
o [K,]2 satisfies inequality if minimum eigenvalue of [K,],-, Ay, satisfy
Ao o> L% A @

B(B—7)

where || (2" —[Jgla:) =7 162 [|=a, || 2" ||=B,
Amin([Kp] 5-) = Ap, at the end of the trajectory following phase.

@ Note: Link vibration are not zero at the end of the trajectory following
phase = f8 # 0.
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TWO-STAGE CONTROL ALGORITHM
@ Model based control law
Tq, = []T'q, +B
with
[@] = [Mi]=[Ms]"[Mg] " [My]
B Cr+G,—[My]" [Mgg] 1 (Cr+Gr + [K]ar)

vq = Ar, (t) +[Kply, e(t) +[Ki]g, &(t)

provide asymptotic trajectory following for q,.
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TWO-STAGE CONTROL ALGORITHM
@ Model based control law
Tq, = []T'q, +B
with
[@] = [Mi]=[Ms]"[Mg] " [My]
B = Cr+G —[My]" [Mg](Cr+Gr+[Klar)
Tq = Gr(t)+[Kplg e(t) +[Kilq, &(t)

provide asymptotic trajectory following for q,.
o End-effector vibrations induced can be damped out by

v = g™ (1K), 82 (K 2 ) +Golasar,)
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TwWO-STAGE CONTROL ALGORITHM

@ Model based control law

Tq, =[], +
with
[0] = [My]—=[M;]"[Mg] " [Myf]
B = Cr+G —[Mys]" [Mg] }(Cr+Gr +[Klar)
Tq = Gr(t)+[Kplg e(t) +[Kilq, &(t)
provide asymptotic trajectory following for q,.
o End-effector vibrations induced can be damped out by

v =g )T (~1Kol 82 =K 2 ) +Grl(arai,)
o Two-stage controller
7= ([U]-[S])7q, +[S]t

[s] = [0] null matrix during joint trajectory tracking stage
~ | [U] identity matrix during end position vibration control
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Figure 16: Two-stage controller for flexible link manipulators — [@], B are model-based terms
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ROBUSTNESS OF TRAJECTORY FOLLOWING
CONTROLLER

@ Uncertainty in stiffness matrix [K] & in mass matrix [M(q)].
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ROBUSTNESS OF TRAJECTORY FOLLOWING
CONTROLLER

@ Uncertainty in stiffness matrix [K] & in mass matrix [M(q)].

o Considered together as uncertainty in structural natural frequencies

o7 = 4([Q) = 4([Mg] '[K]), i=12,...,N

Ai(+) denotes the ith eigenvalue.
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ROBUSTNESS OF TRAJECTORY FOLLOWING
CONTROLLER

@ Uncertainty in stiffness matrix [K] & in mass matrix [M(q)].

o Considered together as uncertainty in structural natural frequencies
of = 4([Q]) = Ai([M#][K]), i=12,...,N

Ai(+) denotes the ith eigenvalue.

@ AMM and FEM (or any discretisation method) always overestimates
stiffness matrix.
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ROBUSTNESS OF TRAJECTORY FOLLOWING
CONTROLLER

@ Uncertainty in stiffness matrix [K] & in mass matrix [M(q)].

o Considered together as uncertainty in structural natural frequencies
of = 4([Q]) = Ai([M#][K]), i=12,...,N

Ai(+) denotes the ith eigenvalue.

@ AMM and FEM (or any discretisation method) always overestimates
stiffness matrix.

@ Due to mechanical joints and play, estimated stiffness is more than
actual stiffness!
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ROBUSTNESS OF TRAJECTORY FOLLOWING
CONTROLLER

@ Uncertainty in stiffness matrix [K] & in mass matrix [M(q)].

o Considered together as uncertainty in structural natural frequencies
of = 4([Q]) = Ai([M#][K]), i=12,...,N

Ai(+) denotes the ith eigenvalue.

e AMM and FEM (or any discretisation method) always overestimates
stiffness matrix.

@ Due to mechanical joints and play, estimated stiffness is more than
actual stiffness!

@ Model (estimated) natural frequencies larger than actual natural
frequencies.
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ROBUSTNESS OF TRAJECTORY FOLLOWING
CONTROLLER

EFFECT OF OVERESTIMATION OF NATURAL FREQUENCY

@ Rewrite trajectory following control law as

tq, = (IMu]=[My]"Mg] ' [Mf])7g,
+(C, 4G, — [Myf] T (IMg#] " (Cr + G¢) + [Qar))

Symbol [Q] denotes estimated (computed) [M]~[K].
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ROBUSTNESS OF TRAJECTORY FOLLOWING
CONTROLLER

EFFECT OF OVERESTIMATION OF NATURAL FREQUENCY

@ Rewrite trajectory following control law as
tq, = (M) = [My]"[Mg] 7 [Mf])7q,
+(Cr+ G, —[My] " ([Mg] M (Cr + Gr) + [Qar))

Symbol [/Q\] denotes estimated (computed) [Mg]~1[K].
@ The closed-loop error equation becomes

&(t) +[Klq,&(t) +[Kplg, e(t) = —([Mr] - M. [Mg] HM,]) M7
Flexible variables qf are governed by
Gr + [Mg] " (Cr +Gr) + ([ — [2][A Q)ar = —[Mg]  [My]7q,

where [.2] = [Mg] ™ [Myf]( [My] = M) T [Mge] 1 M,] ) M)
and [AQ] = [Q] - [].
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ROBUSTNESS OF TRAJECTORY FOLLOWING
CONTROLLER

EFFECT OF OVERESTIMATION OF NATURAL FREQUENCY

@ For qr to be stable, the closed-loop frequency matrix
( [Q] = [#]A[Q]) must be positive definite (Inman 1989).
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ROBUSTNESS OF TRAJECTORY FOLLOWING
CONTROLLER

EFFECT OF OVERESTIMATION OF NATURAL FREQUENCY

@ For qr to be stable, the closed-loop frequency matrix
( [Q] = [#]A[Q]) must be positive definite (Inman 1989).
@ Intuitive justification:

o Spring-mass-damper system X+ @?x = u(t) — ®* <0 — x(t) — oo.
o ([Q]—-[#][A Q]) is like an equivalent closed-loop natural frequency
matrix for the multi-link flexible manipulator — positive definite for

qr(t) to be bounded.
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ROBUSTNESS OF TRAJECTORY FOLLOWING
CONTROLLER

EFFECT OF OVERESTIMATION OF NATURAL FREQUENCY

@ For qr to be stable, the closed-loop frequency matrix
( [Q] = [#]A[Q]) must be positive definite (Inman 1989).
@ Intuitive justification:
o Spring-mass-damper system X+ @?x = u(t) — ®* <0 — x(t) — oo.
o ([Q]—-[#][A Q]) is like an equivalent closed-loop natural frequency
matrix for the multi-link flexible manipulator — positive definite for
qr(t) to be bounded.

e [A Q] <0 — Closed-loop frequency matrix is positive definite and qf
will be stable.

ASHITAVA GHOSAL (IISC) NPTEL, 2010 81/117



ROBUSTNESS OF TRAJECTORY FOLLOWING
CONTROLLER

EFFECT OF OVERESTIMATION OF NATURAL FREQUENCY

@ For qr to be stable, the closed-loop frequency matrix
( [Q] —[-#]A[Q]) must be positive definite (Inman 1989).
@ Intuitive justification:
o Spring-mass-damper system X + @%x = u(t) - ®* < 0 — x(t) — oo.
o ([Q]—-[#][A Q]) is like an equivalent closed-loop natural frequency
matrix for the multi-link flexible manipulator — positive definite for
qr(t) to be bounded.

e [A Q] <0 — Closed-loop frequency matrix is positive definite and qf
will be stable.

o [A Q] >0 — Closed-loop frequency matrix may not be positive
definite and qf may be unstable.
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ROBUSTNESS OF TRAJECTORY FOLLOWING
CONTROLLER

EFFECT OF OVERESTIMATION OF NATURAL FREQUENCY

@ For qr to be stable, the closed-loop frequency matrix
( [Q] —[-#]A[Q]) must be positive definite (Inman 1989).
@ Intuitive justification:
o Spring-mass-damper system X + @%x = u(t) - ®* < 0 — x(t) — oo.
o ([Q]—-[#][A Q]) is like an equivalent closed-loop natural frequency
matrix for the multi-link flexible manipulator — positive definite for
qr(t) to be bounded.

e [A Q] <0 — Closed-loop frequency matrix is positive definite and qf
will be stable.

o [A Q] >0 — Closed-loop frequency matrix may not be positive
definite and qf may be unstable.

@ Bounds on uncertainty in natural frequency for stable qr can be
derived (see Theodore (1995), Theodore and Ghosal (1995, 2003)).
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NUMERICAL SIMULATION OF A FLEXIBLE LINK
MANIPULATOR

@ Three DOF manipulator with two flexible links — Parameters.

Physical system parameters Value

mass of link 1 (my) 3.66 kg
linear mass density of link 2 (p2Az)  0.331 kgm™?
linear mass density of link 3 (p3A3) 0.331 kgm™?

mass of payload (m)) 0.1 kg
length of link 1 012 m
length of link 2 1.0 m
length of link 3 1.0m
rotary inertia of joint 1 (/joint, ) 0.4 kgm?
rotary inertia of joint 2 (/joint,) 3.275 kgm?
rotary inertia of joint 3 (/joint;) 3.275 kgm?

flexural rigidity of link 2 ((El)2) 1165.4916 Nm?
flexural rigidity of link 3 ((El)3) 1165.4916 Nm?
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NUMERICAL SIMULATION OF A FLEXIBLE LINK

XTool

MANIPULATOR

Link 3(Flexible Link-
Xs

Link 2(Flexible Link-1)
6
X,
Link 1(Rigid)
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Figure 17: Schematic of a 3R flexible manipulator
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NUMERICAL SIMULATION OF A FLEXIBLE LINK
MANIPULATOR

@ Desired trajectory is smooth sine profile with zero velocity and
acceleration at the start and end — represents a right-circular helix of
radius 25 cm, pitch 2.5 cm, and 37 rotations about the helix axis.
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acceleration at the start and end — represents a right-circular helix of
radius 25 cm, pitch 2.5 cm, and 37 rotations about the helix axis.
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NUMERICAL SIMULATION OF A FLEXIBLE LINK
MANIPULATOR

@ Desired trajectory is smooth sine profile with zero velocity and
acceleration at the start and end — represents a right-circular helix of
radius 25 cm, pitch 2.5 cm, and 37 rotations about the helix axis.

@ Total time is 1.0 seconds — chosen 'fast’ to excite vibrations!

o After 1.0 seconds, 2 = 0 is chosen to be zero & 1.0 seconds to
damp vibrations.
e Controller gains:
o I|-stage - [K}],, and [K,],, are diagonal matrices with equal diagonal
elements of 64.0 and 32.0.
o ll-stage — [K,] 5 and [K,] 4 are chosen as diagonal matrices with
elements {100.0,100.0,400.0} and {40.0,40.0,80.0}, respectively.
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NUMERICAL SIMULATION OF A FLEXIBLE LINK
MANIPULATOR

@ Desired trajectory is smooth sine profile with zero velocity and
acceleration at the start and end — represents a right-circular helix of
radius 25 cm, pitch 2.5 cm, and 37 rotations about the helix axis.

@ Total time is 1.0 seconds — chosen 'fast’ to excite vibrations!

o After 1.0 seconds, 2 = 0 is chosen to be zero & 1.0 seconds to
damp vibrations.
e Controller gains:
o I|-stage - [K}],, and [K,],, are diagonal matrices with equal diagonal
elements of 64.0 and 32.0.
o ll-stage — [K,] 5 and [K,] 4 are chosen as diagonal matrices with
elements {100.0,100.0,400.0} and {40.0,40.0,80.0}, respectively.

@ Mass parameters underestimated by 25% and stiffness parameters
overestimated by 25%.

ASHITAVA GHOSAL (IISC) NPTEL, 2010 84 /117



NUMERICAL SIMULATION OF A FLEXIBLE LINK
MANIPULZO%TOR
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Figure 18: Desired trajectories (— : qfl(c'yfl), - qu(iyfz), —ee qg(q;‘;))
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NUMERICAL SIMULATION OF A FLEXIBLE LINK
MANIPULATOR

@ Two simulation result cases:

CASE 1: Two-stage control algorithm with no uncertainties in
model parameters — 7q, = [&t]T'q, + B and

[a] = [M,]—[M;]"[Mg] 1 [M]
B = Cr+G,—[My]" [Mg] ™ (Cr+Gr+[Klar)
Tq = Ar(t) +[Kolg, e(t) +[Ki]g e(t)
CASE 2: Two-stage control algorithm with uncertainty in model
parameters
tq, = (Mi]=[My]"[Mg] 7 [My])7q,
+(Cr+ G, — [M,f] T (IMgr] 1 (Cr + Gr) + [Q]ar))
Tq = dr,(t) +[Kplg,e(t) +[Ki]g, &(t)
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NUMERICAL SIMULATION OF A FLEXIBLE LINK
MANIPUL%TOR
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Figure 19: Case 1: Time ﬁ'gfcg??/c)of the joint position and velogmﬁ(ﬁd tip position and
velocity errors for two-stage controller (joint error: — : e1(é1), - - - : ea(&2), - : e3(é3); tip
error: — : ex(éx), - - - : e, (&y), -1 ez(éz)
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NUMERICAL SIMULATION OF A FLEXIBLE LINK
MANIPUIE(QTOR
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Figure 20: Case 1: Time Pt\iggcg?i‘/c)of the elastic deflection variatt;rgezgmg the Y direction, at the
tip of flexible link 1, and its rate; time history of the elastic rotation variable about the Z
direction, at the tip of flexible link 2, and its rate
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NUMERICAL SIMULATION OF A FLEXIBLE LINK

MANIPUL?TOR
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NUMERICAL SIMULATION OF A FLEXIBLE LINK
MANIPUL{?;[OQR
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Figure 22: Case 2: Time Pt\iggcg?i‘/c)of the elastic deflection variatt;rgezgmg the Y direction, at the
tip of flexible link 1, and its rate; time history of the elastic rotation variable about the Z
direction, at the tip of flexible link 2, and its rate
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NUMERICAL SIMULATION OF A FLEXIBLE LINK
MANIPULATOR

SUMMARY OF SIMULATION RESULTS

e Without any uncertainty (Case 1), joint trajectory errors (between 0
and 1 sec) are quite small.
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e Without any uncertainty (Case 1), joint trajectory errors (between 0
and 1 sec) are quite small.

@ Even in Case 1, the tip errors at the the end of trajectory following
(t =1 sec) are &5 cm — quite large!

e With the end-position controller (between 1 and 2 sec), the tip
vibration errors are reduced to ~ 1 cm.
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e Without any uncertainty (Case 1), joint trajectory errors (between 0
and 1 sec) are quite small.

@ Even in Case 1, the tip errors at the the end of trajectory following
(t =1 sec) are &5 cm — quite large!

e With the end-position controller (between 1 and 2 sec), the tip
vibration errors are reduced to ~ 1 cm.

@ In presence of uncertainties in model parameters (Case 2), joint and
tip errors are much larger — &~ 20° & =~ 30 cm.
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NUMERICAL SIMULATION OF A FLEXIBLE LINK
MANIPULATOR

SUMMARY OF SIMULATION RESULTS

e Without any uncertainty (Case 1), joint trajectory errors (between 0
and 1 sec) are quite small.

@ Even in Case 1, the tip errors at the the end of trajectory following
(t =1 sec) are &5 cm — quite large!

e With the end-position controller (between 1 and 2 sec), the tip
vibration errors are reduced to ~ 1 cm.

@ In presence of uncertainties in model parameters (Case 2), joint and
tip errors are much larger — &~ 20° & =~ 30 cm.

@ Due to end position vibration controller (between 1 and 2 sec), the
joint and tip position errors are again driven to lower levels of about 2°
and 3 cm.
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NUMERICAL SIMULATION OF A FLEXIBLE LINK
MANIPULATOR

SUMMARY OF SIMULATION RESULTS

e Without any uncertainty (Case 1), joint trajectory errors (between 0
and 1 sec) are quite small.

@ Even in Case 1, the tip errors at the the end of trajectory following
(t =1 sec) are &5 cm — quite large!

e With the end-position controller (between 1 and 2 sec), the tip
vibration errors are reduced to ~ 1 cm.

@ In presence of uncertainties in model parameters (Case 2), joint and
tip errors are much larger — &~ 20° & =~ 30 cm.

@ Due to end position vibration controller (between 1 and 2 sec), the

joint and tip position errors are again driven to lower levels of about 2°
and 3 cm.

@ To reduce errors further, robust compensator is required (See
Theodore and Ghosal (2003)).
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SUMMARY

e Kinematic modeling — Dynamic equations of motion using
Lagrangian formulation.
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e Two-way coupling between rigid joint variables and flexible vibration
variables!
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Lagrangian formulation.

@ Equations of motion can be done using computer algebra software
such as Maple®) or Mathematica®.

@ Two-way coupling between rigid joint variables and flexible vibration
variables!

@ Number of ODE's in 3D with n¢ flexible links and N; modes or
elements for each flexible link — 221'-7;1 N; in AMM and 42}7;1 N; in
FEM.
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SUMMARY

e Kinematic modeling — Dynamic equations of motion using
Lagrangian formulation.

@ Equations of motion can be done using computer algebra software
such as Maple®) or Mathematica®.

@ Two-way coupling between rigid joint variables and flexible vibration
variables!

@ Number of ODE's in 3D with n¢ flexible links and N; modes or
elements for each flexible link — 221'-7;1 N; in AMM and 42}7;1 N; in
FEM.

@ Trajectory and end-position vibration control using only rigid joint
variable.

@ Overestimation of natural frequency — unstable behaviour!

@ Numerical simulation results for 2-stage controller.
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OUTLINE

© LECTURE 4

@ Experiments with a Planar Two Link Flexible System
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@ A planar 2R flexible link system moving on a horizontal table on air
bearings.

@ Simulate deployment of a two element solar panel in zero gravity
environment.
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@ Simulate deployment of a two element solar panel in zero gravity
environment.
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vibration.
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INTRODUCTION

@ A planar 2R flexible link system moving on a horizontal table on air
bearings.

@ Simulate deployment of a two element solar panel in zero gravity
environment.

@ Added complication: Locking at the end of motion induces flexible
vibration.

@ Modeled as flexible beams (made of Aluminum), actuated by two
springs and locking mechanism.

@ Instrumented with potentiometer (to measure joint rotation) and
strain gages (to estimate vibration).

@ Goal is to do modeling and numerical simulation & compare with
experimental data.

@ See details in Nagaraj et al.(1997) & Nagaraj et al. (2003).
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MOTION STAGES OF A PLANAR 2R SYSTEM

e Initially both links are folded — shown in (a).
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MOTION STAGES OF A PLANAR 2R SYSTEM

e Initially both links are folded — shown in (a).

@ Both joints are actuated by torsional springs with link 1 rotating

counter-clockwise (CCW) and link 2 rotating clock-wise (CW) — Stage
1 motion shown in (b).
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e Initially both links are folded — shown in (a).

@ Both joints are actuated by torsional springs with link 1 rotating
counter-clockwise (CCW) and link 2 rotating clock-wise (CW) — Stage
1 motion shown in (b).

@ The second joint locks first when 6, =0 — shown as (c).
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MOTION STAGES OF A PLANAR 2R SYSTEM

e Initially both links are folded — shown in (a).
@ Both joints are actuated by torsional springs with link 1 rotating

counter-clockwise (CCW) and link 2 rotating clock-wise (CW) — Stage
1 motion shown in (b).

@ The second joint locks first when 6, =0 — shown as (c).
@ Both links rotate as one in a CCW manner — Stage 2 motion shown as

(d)-
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MOTION STAGES OF A PLANAR 2R SYSTEM

e Initially both links are folded — shown in (a).

@ Both joints are actuated by torsional springs with link 1 rotating
counter-clockwise (CCW) and link 2 rotating clock-wise (CW) — Stage
1 motion shown in (b).

@ The second joint locks first when 6, =0 — shown as (c).

@ Both links rotate as one in a CCW manner — Stage 2 motion shown as
(d).

e At 6; =90°, the first joint locks — shown as (e).
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MOTION STAGES OF A PLANAR 2R SYSTEM

e Initially both links are folded — shown in (a).

@ Both joints are actuated by torsional springs with link 1 rotating
counter-clockwise (CCW) and link 2 rotating clock-wise (CW) — Stage
1 motion shown in (b).

@ The second joint locks first when 6, =0 — shown as (c).
@ Both links rotate as one in a CCW manner — Stage 2 motion shown as
(d).

e At 6; =90°, the first joint locks — shown as (e).

@ Both links together vibrate as a cantilever — Stage 3.
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Figure 23: Planar 2R system in different stages of motion
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MODELING OF STAGE 1

@ FEM approach for modeling.

Two elements in each link and
Hermite cubic shape functions.

o Clamped-mass boundary
conditions for both links.

Y
Deformed shape

Undeformed shape
———— Position vectors

et X @ Kinetic energy from Links 1 and
/ 2, Revolute joints 1 and 2m and

tip mass at end of both links.

Figure 24: Flexible 2R system in Stage 1 — 12
is actually CW

o Potential energy from strain energy of both links and torsion springs.
@ Torque due to rocker arm in the locking mechanism.
@ Dynamic equations of motion obtained using Lagrangian formulation.
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MODELING OF STAGE 1

MODELING OF LOCKING

e Equations of motion for Stage 1 motion (see Lecture 3)

(B ) (5)-(558)- (9 8)(3)-(5)
Ml [Mg] ar Cr(a,9) 0 [Kf] ar 0
Note: the gravity term is not present, the stiffness due to torsional springs is [K}]
and 7 is due to the rocker-arm force.
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MODELING OF STAGE 1

MODELING OF LOCKING
e Equations of motion for Stage 1 motion (see Lecture 3)
() 50 )(2)+(868)-(% 80)(2)-(5)
Mr]  [Mg] ar Ct(a,9) 0 [Ky] ar 0

Note: the gravity term is not present, the stiffness due to torsional springs is [K}]
and 7 is due to the rocker-arm force.

e After 0, rotates by m (CW direction), the joint locks — 2R system
changes to 1R system.
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MODELING OF STAGE 1

MODELING OF LOCKING

e Equations of motion for Stage 1 motion (see Lecture 3)

(B ) (5)-(558)- (9 8)(3)-(5)
Ml [Mg] ar Cr(a.q) 0 [Kf] ar 0
Note: the gravity term is not present, the stiffness due to torsional springs is [K;]

and 7 is due to the rocker-arm force.

e After 0, rotates by m (CW direction), the joint locks — 2R system
changes to 1R system.

e Initial conditions for motion just after locking (Stage 2 motion)
obtained using momentum balance.
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MODELING OF STAGE 1

MODELING OF LOCKING

e Equations of motion for Stage 1 motion (see Lecture 3)

( Mr] M7 )( r )+( C/(q,9) >+( K] o0 )( ar ):( T )
Ml [Mg] ar Cr(a.q) 0 [Kf] ar 0
Note: the gravity term is not present, the stiffness due to torsional springs is [K;]

and 7 is due to the rocker-arm force.

o After 6, rotates by @ (CW direction), the joint locks — 2R system
changes to 1R system.

e Initial conditions for motion just after locking (Stage 2 motion)
obtained using momentum balance.

@ Assumptions:
e Time duration of impact during locking is neglected.
o Generalised coordinates before and after locking is same — q. =q_
e Velocities are bounded during impact.
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MODELING OF STAGE 1

MODELING OF LOCKING (CONTD.)

@ Momentum balance equation, with H denoting generalised impulse,

[M(a)]Aq=H

ASHITAVA GHOSAL (IISC) NPTEL, 2010 99/117



MODELING OF STAGE 1

MODELING OF LOCKING (CONTD.)

@ Momentum balance equation, with H denoting generalised impulse,
[M(a)]Aq=H
@ The velocity after locking is g+ = q_ + Aq, 6, =0
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MODELING OF STAGE 1

MODELING OF LOCKING (CONTD.)

@ Momentum balance equation, with H denoting generalised impulse,
[M(a)]Aq=H

@ The velocity after locking is q+ = q- + Aq, 6, =0
e Momentum balance, for this case, is given by (see Nagaraj et al. 1997)

A6 M
Mrr11 Mrf11 Mrf14 0 Aqil M:u
Mrr21 Mrf21 Mrsz -1 . . M f22
Mrfn Mffll Mff14 0 B =0,_ 3 a1
Mrf14 Mff41 Mff44 0 .f;ll Mrf
24

where H; is the impulse acting on joint 2 and M, is computed
assuming 2 elements in each link.
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MODELING OF STAGE 1

MODELING OF LOCKING (CONTD.)

@ Momentum balance equation, with H denoting generalised impulse,
[M(a)]Aq=H

@ The velocity after locking is q+ = q- + Aq, 6, =0
e Momentum balance, for this case, is given by (see Nagaraj et al. 1997)

A6 M
Mrr11 Mrf11 Mrf14 0 Aqil M:u
Mrr21 Mrf21 Mrsz -1 . . M f22
Mrfn Mffll Mff14 0 B =0,_ 3 a1
Mrf14 Mff41 Mff44 0 .f;ll Mrf
24

where H; is the impulse acting on joint 2 and M, is computed
assuming 2 elements in each link.
@ The velocities after locking are

014 =01+ 001, Ay =ar +Adr
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MODELING OF STAGE 2

o After locking at joint 2, single
link flexible manipulator.

FEM approach with Hermite

/’"\"2 cubic shape functions.
o Clamped-mass boundary

Ys oot conditions.

———— Deformed shape
Undeformed shape
———— Position  vectors

@ Kinetic energy from link,
revolute joint and payload at end

Figure 25: Flexible 1R system in Stage 2 of link 1 and link 2.

o Potential energy from strain energy and torsion spring.
@ Torque due to rocker arm in the locking mechanism.
@ Dynamic equations of motion obtained using Lagrangian formulation.
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MODELING OF STAGE 2 (CONTD.)

e Equations of motion are (see Lecture 3)
(s S ) (&)
+< };j [’?f] ) ( )

*(éw))
(5)
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MODELING OF STAGE 2 (CONTD.)

e Equations of motion are (see Lecture 3)
( M, [Mrf]T ) < q’ >+< Cf(qvq) )
[M]  [Mg] ar Cr(a,q)

(% wa)(a)=(0)

@ Only one rigid body equation and scalar joint spring stiffness.

ASHITAVA GHOSAL (IISC) NPTEL, 2010 101/117



MODELING OF STAGE 2 (CONTD.)

e Equations of motion are (see Lecture 3)
( M, [Mrf]T ) < q’ >+< Cf(q’q) )
[M]  [Mg] ar Cr(a,q)

(% wa)(a)=(0)

@ Only one rigid body equation and scalar joint spring stiffness.

@ gr € R2(m+n2) p and ny are number of element in link 1 and 2 (both
chosen equal to 2 in simulations).

ASHITAVA GHOSAL (IISC) NPTEL, 2010 101/117



MODELING OF STAGE 2 (CONTD.)

e Equations of motion are (see Lecture 3)
Cony e ) (6 )= (Eas)
(9 wa) (o )=(5)

@ Only one rigid body equation and scalar joint spring stiffness.
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MODELING OF STAGE 2 (CONTD.)

e Equations of motion are (see Lecture 3)
( My [M]" )( Gr >+< Cr(a.q) )
[Mr]  [Mg] ar Ct(a,q)

(% wa)(a)=(0)

Only one rigid body equation and scalar joint spring stiffness.

qr € R2(m+n2) p and ny are number of element in link 1 and 2 (both
chosen equal to 2 in simulations).

Displacement and slope at first element is set to zero.
At 61 = /2, the first joint locks.
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MODELING OF STAGE 2 (CONTD.)

e Equations of motion are (see Lecture 3)
( My [M]" )( Gr >+< Cr(a.q) )
[Mr]  [Mg] G Ct(a,q)

(% wa)(a)=(0)

@ Only one rigid body equation and scalar joint spring stiffness.

o qr € R2(m+m) . and n, are number of element in link 1 and 2 (both
chosen equal to 2 in simulations).

@ Displacement and slope at first element is set to zero.
e At 6; = m/2, the first joint locks.
o After locking, system becomes a vibrating cantilever.
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MODELING OF STAGE 3
o FEM with clamped-mass

boundary conditions.

e Equations of motion
[Mclar +[Kclar =0

[M(] and [K(] are the mass and
stiffness matrix and q¢ are the
Deformed shape  flexible variables for the

Undeformed shape .
cantilever.
Figure 26: Vibrating flexible cantilever ° 91+ =0.
e Velocity after locking s, = qr_ + AQs_, and AqQs_ is obtained from
Miri,
( Mrfn . Mrf14 -1 > ( Aqf— ) — 9'1 Mrf11
[Me] o’ H, - .
Mrf14

H, is the impulse acting at joint 1.
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NUMERICAL SIMULATION

PARAMETERS USED FOR SIMULATION

o Parameters of link 1 (from hardware)
Length =1.006423 m

X-section = 1.78076 10~* m?
Thickness = 4.4519 1073 m

Flexural Rigidity E/ = 20.5879 N —m?
Link mass = 0.52334 Kg

Spring stiffness = 0.0789 N m/rad

e Parameters of link 2 (from hardware)
Length =0.9945 m

X-section = 1.77748 10~* m?
Thickness = 4.437 1073 m

Flexural Rigidity E/ =20.3819 N —m?
Link mass = 0.42958 Kg

Spring stiffness = 0.0789 N m/rad
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NUMERICAL SIMULATION

RIGID BODY SIMULATION

First joint rotation (deg)
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Figure 27: Motion of joint 1

@ Time to first lock — 2.898 sec

@ Time to second lock — 4.38 sec
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Figure 28: Motion of joint 2

NPTEL, 2010 104 /117



NUMERICAL SIMULATION

FLEXIBLE LINK SIMULATION - JOINT MOTION
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Figure 29: Motion of joint 1 Figure 30: Motion of joint 2

@ Time to first lock — 2.923 sec

@ Time to second lock — 5.78 sec
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NUMERICAL SIMULATION

FLEXIBLE LINK SIMULATION — STRAINS
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Figure 31: Strain at a location near base of Figure 32: Strain at location near base of link
link 1 2

@ Maximum strain (Stage 1): link 1 and link 2 < 50u-strains.
@ Maximum strain (Stage 2): link 1 ~ 150 & link 2 ~ 400 p-strains.
@ Maximum strain (Stage 3): link 1 ~ 700 & link 2 ~ 400 u-strains.
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EXPERIMENTAL SET-UP

GLASS TABLE
AR_BEARING FLEXIBLE LINK 2
L ¥ .
‘\‘ _:‘
L -
@ FLEXIBLE LINK 1
FIRST_JOINT LENIBLE LINK SECOND JOINT
é ASSEMBLY ASSEMBLY

Figure 33: Experimental set-up for planar 2R motion studies

@ Flexible Aluminum beams floating on air bearings on a horizontal glass
table and actuated by two springs.

@ Locking mechanism to lock after deployment.

@ Instrumented to measure rotation and strain.
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EXPERIMENTAL SET-UP

FIRST-JOINT ASSEMBLY

RIGHT FLANGE
RIGHT FLANGE
SUPPORT BLOCK
LINK 1 |
SUPPORT
BLock

——ROCKER ARM

t——MOUNTING PLATE ROCKER
SPRING

LINK 1

- { o ROCKER ARM

——ROCKER SPRING

TOP VIEW

Figure 34: First joint assembly at initial

configuration Figure 35: First joint assembly at locked

configuration

@ Rocker arm moves on cam and pressed by a spring.
e At 6; = m/2, the joint 1 is locked.
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EXPERIMENTAL SET-UP

INSTRUMENTATION

Strain gage circuit

STRAIN STRAIN e
A/D CONVERTER|

GAGE GAGE / COMPUTE!

OUTPUT AMPLIFIER

[:]

POTENTIOMETER

Figure 36: Instrumentation to measure rotation and strain

@ Potentiometer measures joint rotation.
@ Strain gages used to measure strains near the base of the links.
@ All readings stored on a PC.
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EXPERIMENTAL HARDWARE

Air bearing
Spring for actuation

Figure 37: Experimental set-up for planar 2R motion studies

Potentiometer to measure joint
rotation
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EXPERIMENTAL RESULTS

JOINT ROTATION
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Figure 38: Rotation at joint 1 in Stage 1 and Figure 39: Rotation at joint 2

Stage 2

@ Time to first lock — 3.07 sec

@ Time to second lock — 6.13 sec
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EXPERIMENTAL RESULTS

STRAIN IN LINK 1 AND 2
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Figure 40: Strain measurement in link 1 Figure 41: Strain measurement in link 2

e Maximum strain (Stage 1): link 1 and link 2 < 50 u-strains
@ Maximum strain (Stage 2): link 1 ~ 150 and link 2 ~ 600 u-strains.
@ Maximum strain (Stage 3): link 1 ~ 500 and link 2 ~ 300 u-strains.
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COMPARISON OF EXPERIMENTAL AND NUMERICAL

SIMULATION
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Figure 42: Comparison of joint rotations

@ Time for first locking — 2.92 sec(computed) Vs. 3.07 sec(measured).

e Time for second locking — 5.87 sec(computed) Vs. 6.13
sec(measured).
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COMPARISON OF EXPERIMENTAL AND NUMERICAL
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Figure 43: Comparison of strains near base of links

e Simulation ~ 700 u-strains Vs. experimental ~ 500 p-strains .

e Simulation ~ 400 p-strain Vs. experimental ~ 600 p-strains.

e Frequency after first lock: 1.95 Hz — good agreement with simulation.

e Two frequencies after second lock: 0.39 Hz and 2.73 Hz (simulation)
Vs. 0.49 Hz and 2.93 Hz (experiments).
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SUMMARY

@ Modeling of 2 link flexible system mimicking deployment of a two
element solar panel under zero gravity environment.
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SUMMARY

@ Modeling of 2 link flexible system mimicking deployment of a two
element solar panel under zero gravity environment.

@ Three stage motion — Stage 1: two link flexible, Stage 2: One link
flexible system and Stage 3: Vibrating cantilever.

@ Numerical simulation results based on finite element modeling of
flexible multi-link manipulators.

@ Modeling of locking to determine initial conditions in different stages
of motion.

@ Experimental hardware and results.

@ Experimental results match reasonably well — time for locking is
underestimated due to un-modeled friction.
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OUTLINE

© MODULE 8 — ADDITIONAL MATERIAL
@ Problems, References and Suggested Reading
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MODULE 8 — ADDITIONAL MATERIAL

o Exercise Problems

@ References & Suggested Reading
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