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A feedback controlled robot manipulator with positive con-
troller gains is known to be asymptotically stable at a set
point and for trajectory following in the sense of Lyapunov.
However, when the end-effector of a robot or its joints are
made to follow a time dependent trajectory, the nonlinear
dynamical equations modeling the feedback controlled robot
can also exhibit chaotic motions and as a result cannot fol-
low a desired trajectory. In this paper, using the example
of a simple two-degree-of-freedom robot with two rotary (R)
joints, we take a re-look at the asymptotic stability of a 2R
robot following a desired time dependent trajectory under a
proportional plus derivative (PD) and a model-based com-
puted torque control. We demonstrate that the condition of
positive controller gains is not enough and the gains must
be large for chaos not to occur and for the robot to asymp-
totically follow a desired trajectory. We apply the method
of multiple scales to the two nonlinear second-order ordi-
nary differential equations which describes the dynamics of
the feedback controlled 2R robot and derive a set of four
first-order slow flow equations. At a fixed point, the Routh-
Hurwitz criterion is used to obtain values of proportional
and derivative gains at which the controller is asymptoti-
cally stable or indeterminate. For the model-based control,
a parameter representing model mismatch is used and the
controller gains for a chosen mismatch parameter value are
obtained. From numerical simulations with controller gain
values in the indeterminate region, its is shown that for some
values, the nonlinear dynamical equations are chaotic and
hence the 2R robot cannot follow the desired trajectory and
be asymptotically stable.
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1 Introduction
The stability of dynamical systems is an important area

of study in nonlinear dynamics. A stable system is one which
for a bounded input, the output or the trajectories of the sys-
tem stay in bounded neighborhood of the equilibrium point.
A system is said to be asymptotically stable if in addition to
being stable, the trajectories approach the equilibrium point
as time tends to infinity [1]. In a robot following a desired
trajectory with a prescribed tolerance, simple stability is not
enough and the robot controller must ensure asymptotic sta-
bility. In the field of robotics, extensive research has been
done to design and implement controllers and asymptotic
stability of controllers has been demonstrated by numerical
simulation. References [2, 3] demonstrate asymptotic stabil-
ity of robot manipulators using PID control, whereas refer-
ence [4] demonstrates asymptotic stability for a robot ma-
nipulator based on PD control. Asymptotic stability has also
been shown for planar multi-link flexible manipulators [5]
and for a robot manipulator using adaptive fuzzy control [6].
Asymptotic stability has also been demonstrated experimen-
tally for PID control of robot manipulators [7, 8], PD con-
trol of closed chain mechanical systems [9] and Lyapunov-
based control of robot and mass-spring system undergoing
an impact collision [10]. It has also been shown theoreti-
cally, using Lyapunov stability, that a robot is asymptotically
stable when the desired velocity is zero (or set point control)
[11] and for a trajectory with non-zero velocity and accelera-



tion [12] when the controller gains are greater than zero. The
nonlinear equations modeling a feedback controlled robot
can, however, exhibit chaos. Chaos has been demonstrated
in a double pendulum (see, for example, [13, 14]) and in a
planar 2R robot (see, for example, [15–17]). In a chaotic sys-
tem, the trajectories fill up the entire state space [18] without
tracking the desired trajectory. In this paper, we study the
nonlinear equations modeling a simple 2R planar robot, un-
der feedback control following a desired trajectory and show
that the condition of positive gains is not enough and the
gains need to be large for asymptotic stability. We obtain
values of controller gains for which the robot equations show
asymptotic stability or chaos. We study two well-known con-
trollers, namely a proportional plus derivative and a model-
based computed torque controller.

In this paper, we propose a semi-analytical approach to
derive the ranges of proportional and derivative gains for
which the nonlinear dynamical equations modeling the feed-
back controlled 2R planar robot can be chaotic. The ap-
proach is based on the use of the method of multiple scales
(MMS) [19] to obtain slow flow equations whose existence
ensures a bounded solution of the nonlinear equations. The
fixed points of the slow flow equations are obtained and the
stability in the neighborhood of these fixed points is investi-
gated using the Routh-Hurwitz criterion [20]. The Routh-
Hurwitz criterion yields the values of controller gains for
which the 2R robot is asymptotically stable or indeterminate.
To resolve the indeterminacy, we resort to numerical simula-
tions and show that for certain values of the controller gains,
some of the indeterminate points result in chaos and hence
the planar 2R robot is not asymptotically stable at these gain
values. For the model-based computed torque controller, a
parameter is used to quantify the mismatch in the estimate,
and again MMS and Routh-Hurwitz criterion is used to ob-
tain controller gain values for which the model-based com-
puted torque controller results in asymptotic stability or inde-
terminacy. It is shown that chaotic behavior is observed for
small derivative gains and large under-estimation of model
parameters and chaos is not observed when the frequency
of the desired trajectory is large. Since the indeterminacy
is resolved using numerical computations, the approach pre-
sented in this paper is only partially analytical.

This paper is organized as follows: In section 2,
we present the dynamic equations of motion of the feed-
back controlled robot. We present an approach to non-
dimensionalize the nonlinear equations so as to reduce the
number of parameters. In section 3, we present the method
of multiple scales and its application to the planar 2R robot
under proportional plus derivative (PD) and a model-based
computed torque control, and derive the four slow flow equa-
tions. In section 4, we derive the conditions for asymptotic
stability and indeterminacy using the Routh-Hurwitz crite-
rion. In section 5, we present numerical results giving the
ranges of controller gains for which the 2R robot is asymp-
totically stable. We resolve the points in the indeterminate
region using numerical simulations of the slow flow equa-
tions, and by computing the Lyapunov exponents [21] we
show that some of the controller gains in the indeterminate

regions are chaotic. In section 6, we summarize the paper
and present the main conclusions.

2 Mathematical Modeling of the 2R Planar Robot

Fig. 1. A planar 2R robot

Fig. 1 shows the schematic of a two-degree-of-freedom
robot consisting of two rotary (R) joints actuated by two DC
servo motors which can generate torques Γ1 and Γ2 respec-
tively. The tip of the robot, point (x,y) traces a trajectory in
the horizontal plane as the R joints are rotated and the trajec-
tory is a function of time. The equations of motion of the 2R
planar robot are available in standard textbooks on robotics
(see, for example, [22]) and are a set of two non-linear ordi-
nary differential equations (ODEs) of the form

[I1 +m2(l2
1 + r2

2)+m1r2
1 +2m2l1r2 cosθ2]θ̈1 +[m2r2

2

+ I2 +m2l1r2 cosθ2]θ̈2 −m2l1r2 sinθ2[2θ̇1 + θ̇2]θ̇2 = Γ1

[m2r2
2 + I2 +m2l1r2 cosθ2]θ̈1 +[m2r2

2 + I2]θ̈2 (1)

+m2l1r2 sinθ2θ̇2
1 = Γ2

where m j, l j, I j, r j ( j = 1,2) are the masses, lengths, iner-
tia and position of center of mass of link j respectively, and
(Γ1,Γ2) are the joint torques. To trace a desired trajectory,
feedback control is used and a typical robot controller imple-
menting a proportional plus derivative (PD) control scheme
is given by

Γi = θ̈di +Kvėi +Kpei, i = 1,2 (2)

where Kp and Kv are the controller gains, ei = θdi −θi is the
servo error, ėi is the derivative of the servo error and θdi is
the desired trajectory to be traced. The controller gains for
the two motors can be different. However, in this work, as a
simplifying assumption, they are assumed to be same.

The desired trajectory θdi , i = 1,2 is assumed to be pe-
riodic and given by

θdi = A fi sin(Ωt), i = 1,2 (3)



where A fi is the amplitude and Ω is the forcing frequency.
Another well-known control scheme uses the dynamic

model of a robot and in this model-based control, the joint
torques are computed as

Γ = [α]Γp +β (4)

where Γp is the servo portion of the control scheme as given
by equation (2) and [α], β are determined from the dynamic
model [22]. Typically the dynamic model is not known ex-
actly and only estimates of the mass, inertia and other geo-
metric parameters are known. The estimated mass and other
parameters are assumed to be of the form

m̂i = (1+ e)mi, r̂i = (1+ e)ri,

Îi = (1+ e)Ii, l̂i = (1+ e)li, i = 1,2 (5)

where e > 0 implies an overestimated model and e < 0 im-
plies an underestimated model. Since the mass cannot be
negative, −1 < e < ∞.

The number of parameters in the above equations can be
reduced by non-dimensionalization as follows:

We define the non-dimensional time τ as Ωt, and get

dθ j

dt
=

dθ j

dτ
.
dτ
dt

= Ω
dθ j

dτ
= Ωθ′j

d2θ j

dt2 = Ω2 d2θ j

dτ2 = Ω2θ′′j (6)

where ”′” represents derivative with respect to τ.
Next we introduce the non-dimensional variables [23]

P1 =
m1r2

1 + I1

m2r2
2 + I2

, P2 =
m2l2

1

m2r2
2 + I2

, P3 =
r2

l1
(7)

Using equations (6) and (7) in equation (1) and di-
viding both sides of equation (1) by (m2r2

2 + I2), the non-
dimensionalized equations of motion of a 2R planar robot
are given by

[P1 +1+P2 +2P2P3 cos(θ2)]θ′′1 +[1+P2P3 cos(θ2)]θ′′2
−P2P3 sin(θ2)[2θ′1 +θ′2]θ

′
2 = Γ1n (8)

[1+P2P3 cos(θ2)]θ′′1 +θ′′2 +P2P3 sin(θ2)θ′21 = Γ2n

where Γ1n,Γ2n are the non-dimensional torques whose ex-
pressions depend on the controller.

PD control of a planar 2R robot
For a PD control, the non-dimensional torques are

Γin = Snθdi
′′+Kvne′i +Kpnei, i = 1,2 (9)

where Sn = 1/(m2r2
2 + I2), Kpn = Kp/Ω2(m2r2

2 + I2), Kvn =
Kv/Ω(m2r2

2 + I2) and θdi and its derivatives can be derived
from equations (3) and (6).

Model-based control of a planar 2R robot
To non-dimensionalize the equations, we use three non-

dimensional parameters in addition to those defined in equa-
tion (7) as

α1 =
m̂1r̂2

1 + Î1 + m̂2r̂2
2 + Î2 + m̂2 l̂2

1

m2r2
2 + I2

, α2 =
m̂2 l̂1r̂2

m2r2
2 + I2

α3 =
m̂2r̂2

2 + Î2

m2r2
2 + I2

(10)

Using the above non-dimensional parameters, Γ1n and
Γ2n can be obtained in a similar manner as in the PD control
and the non-dimensional feedback control equations of the
2R robot can be written as

[
P1 +1+P2 +2P2P3 cos(θ2) 1+P2P3 cos(θ2)

1+P2P3 cos(θ2) 1

][
θ′′1
θ′′2

]
+

[
−P2P3 sin(θ2)[2θ′1 +θ′2]θ

′
2

P2P3 sin(θ2)θ′21

]
= (11)

α1(θ′′d1
+Kpn(θd1 −θ1)+Kvn(θ′d1

−θ′1))
+α3(θ′′d2

+Kpn(θd2 −θ2)+Kvn(θ′d2
−θ′2))

+α2(cos(θ2)(2θ′′d1
+θ′′d2

+Kpn(2θd1 −2θ1 +θd2 −θ2)

+Kvn(2θ′d1
−2θ′1 +θ′d2

−θ′2))− sin(θ2)[2θ′1 +θ′2]θ
′
2)

α2(cos(θ2)(θ′′d1
+Kpn(θd1 −θ1)+

Kvn(θ′d1
−θ′1))+θ2θ′21 )+α3(θ′′d1

+θ′′d2
+Kpn(θd1

−θ1 +θd2 −θ2)+Kvn(θ′d1
−θ′1 +θ′d2

−θ′2))



where Kpn = Kp/Ω2 and Kvn = Kv/Ω.
The PD and model-based control were studied in ref-

erence [15, 16] and, using numerical search, values of con-
troller gains Kp, Kv and e were obtained for which the robot
control equations demonstrated chaos and hence not asymp-
totically stable. In section 4 we present a semi-analytical
approach to obtain the ranges of Kp, Kv and e for which the
trajectory following planar 2R robot is asymptotically stable.

3 The Method of Multiple Scales
The method of multiple scales (MMS) is a well-known

singular perturbation method which examines the behavior
of a nonlinear system of equations at various time scales to
obtain insight into the behavior of a nonlinear dynamical sys-
tem. There are several examples of analysis of nonlinear sys-
tems using MMS (see, for example, [24–27]). In this sec-
tion, we apply the method of multiple scales to the PD and
model based feedback control equations. We seek a uniform
expansion for the solution of the above equations in the form

θ1 =
2

∑
i=0

εi+1θ1i(T0,T1,T2), θ2 =
2

∑
i=0

εi+1θ2i(T0,T1,T2)

(12)



where, ε is a small dimensionless measure of the variables
θ1, θ2. The variable T0 (same as τ) is the fast scale asso-
ciated with changes occurring at the forcing frequencies Ω
and the natural frequencies ωn, and T1 = ετ and T2 = ε2τ are
the slow scales associated with the modulations of the ampli-
tudes and phases due to non-linearities. Also, the derivatives
are treated as

d
dt

= D0 + εD1 + ε2D2 + ..

d2

dt2 = D2
0 + ε(2D0D1)+ ε2(2D0D2 +D2

1)+ .. (13)

First we apply MMS to the PD controller and then to the
model-based controller.

Application of MMS to PD control
Before we apply MMS, we must resolve two problems.

First, an examination of the equation describing feedback
control of the 2R robot, reveals the presence of trigonometric
functions in the form of cos(θ2) and sin(θ2). It is not possi-
ble to apply MMS to sine and cosine terms, as MMS requires
the computation of natural frequencies at the first order and
trigonometric terms are not linearly reducible. To resolve
this, keeping in mind that the 2R robot equations given by
equation (1) have only one fixed point (0,0,0,0), we resort
to an expansion in Taylor series around the fixed point. We
expand these trigonometric terms as

cos(θ2) = 1− (θ2
2/2!), sin(θ2) = θ2 − (θ3

2/3!)≈ θ2 (14)

The expansion given in equation (14) represents the
common way available in literature to deal with trigonomet-
ric terms [28, 29]. It is also appropriate to neglect the cu-
bic term for the expansion of sin(θ2) since the highest or-
der of expansion according to equation (12) is three. An ex-
amination of use of sin(θ2) in equation of motion reveals
that it is coupled with a quadratic term. When the expan-
sion given by equation (12) is done, sin(θ2) coupled with the
quadratic term gives a cubic term (order three). If the cubic
term in equation (14) had been also considered, then cou-
pled with the quadratic term would have given a fifth-order
term – higher than highest order of expansion we consider in
equation (12).

Secondly, we need to consider how the terms have to
be ordered according to various time scales. We order the
inertial terms, stiffness terms (Kp) and the forcing terms
(A fi sin(τ)) at time scale T0 = τ, i.e., at the faster time scale.
We order the dissipative terms (Kv) at time scale T2 = ε2τ
which is the slower time scale. The non-linearities due
to the cubic terms in the equations automatically appear
at time scale T2. Lastly, the control equations also has
the terms sin(τ) and cos(τ). We rewrite them as sin(τ) =
(1/2i)(eiτ − e−iτ) and cos(τ) = (1/2)(eiτ + e−iτ).

The equations of motion of the planar 2R robot driven
by PD control with the ordering and other modifications de-

scribed above can be written as

[P1 +1+P2 +2P2P3

(
1− θ2

2
2

)
]θ′′1 +[1+P2P3(

1− θ2
2

2

)
]θ′′2 −P2P3θ2[2θ′1 +θ′2]θ

′
2 =−Kpnθ1 (15)

− ε2Kvnθ′1 + εA f1((iE1 +E2)eiτ +(−iE1 +E2)e−iτ)

[1+P2P3

(
1− θ2

2
2

)
]θ′′1 +θ′′2 +P2P3θ2θ′21 =−Kpnθ2

− ε2Kvnθ′2 + εA f2((iE1 +E2)eiτ +(−iE1 +E2)e−iτ)

where E1 = (Sn −Kpn)/2 and E2 = (Kvn/2).
Using equation (13) in equation (15) and equating coef-

ficients of like powers of ε, we obtain
Order ε

(P1 +1+P2 +2P2P3)D2
0θ10 +(1+P2P3)D2

0θ20+

Kpnθ10 = A f1((iE1 +E2)eiτ +(−iE1 +E2)e−iτ) (16)

(1+P2P3)D2
0θ10 +D2

0θ20 +Kpnθ20 =

A f2((iE1 +E2)eiτ +(−iE1 +E2)e−iτ)

where D2
n = (∂2/∂T 2

n ). The solution of equation (16) is of
the form

θ10 = A1eiω1T0 +A2eiω2T0 +F1(Ew1eiT0 +Ew2e−iT0)

+ c.c., θ20 = c21A1eiω1T0 + c22A2eiω2T0 (17)

+F2(Ew1eiT0 +Ew2e−iT0)+ c.c.

where Ew1 = iE1 +E2 and Ew2 = −iE1 +E2, ω1 and ω2 are
the natural frequencies of the system, c.c stands for complex
conjugate and the terms in equation (17) is given in the Ap-
pendix. The above equation is used in computing terms at
order ε2 and ε3 shown next.
Order ε2

(P1 +1+P2(1+2P3))D2
0θ11 +(1+P2P3)D2

0θ21

+Kpnθ11 =−2(P1 +1+P2(1+2P3))D0D1θ10

−2(1+P2P3)D0D1θ20 (18)

(1+P2P3)D2
0θ11 +D2

0θ21 +Kpnθ21 =

−2(1+P2P3)D0D1θ10 −2D0D1θ20

In the above equation on the right-hand side, the non-secular
terms are zero. Equating the secular terms on the right-hand
side to zero would give A1(T1) and A2(T1). Hence, substi-
tuting equation (17) into the right-hand side of equation (18)
and equating the secular terms to zero, we get

−2(P1 +1+P2 +2P2P3)
∂A1

∂T1
−2(1+P2P3)

∂A2

∂T1
= 0

−2(1+P2P3)
∂A1

∂T1
−2

∂A2

∂T1
= 0 (19)



Solving equation (19), we get

∂A1/∂T1 = 0, ∂A2/∂T1 = 0 (20)

From equation (20), we have A1=A1(T0,T2) and
A2=A2(T0,T2). Now at order ε3, we have
Order ε3

(P1 +1+P2(1+2P3))D2
0θ12 +(1+P2P3)D2

0θ22

+Kpnθ12 = P2P3(θ2
20
(
D2

0θ10 +(1/2)D2
0θ20

)
+θ20(2D0θ10 +D0θ20)D0θ20)−KvnD0θ10 (21)

(1+P2P3)D2
0θ12 +D2

0θ22 +Kpnθ22 =

P2P3(D2
0θ10(1/2)θ2

20 −θ20(D0θ10)
2)−KvnD0θ20

Equation (21) represents the third-order approximation for
the 2R planar robot system. Now, we must separate the secu-
lar terms in equation (21), to determine the solvability condi-
tions (or the slow flow equations). We do this by introducing
a detuning parameterσ1 [19] related to Ω as

3Ω = ω1 +3εσ1, Ω = (1/2)(ω1 −ω2)+ εσ1 (22)

To determine the solvability conditions, we seek a particu-
lar solution free of secular terms corresponding to the terms
proportional to eiωnT0 , in the form

θ12 =
2

∑
i=1

Gi(T1)eiωiT0 , θ22 =
2

∑
i=1

Hi(T1)eiωiT0 (23)

Substituting equation (17) and equation (22) into the right-
hand side of equation (21) and substituting equation (23)
into the left-hand side of equation (21), and equating the co-
efficients of the powers of eiω1T0 and eiω2T0 , we can deter-
mine the solvability conditions, thus eliminating the secular
terms [19]. Considering, after the above mentioned substitu-
tion into equation (21) at powers eiω1T0 and eiω2T0 , we get
At eiω1T0

A
′
1 = A1(−J121 + i(J122 + J123A2

1 + J124A2
2))+ (24)

A2(−J131 + iJ132)e2iσ1T1 + iJ14(iE1 +E2)3e3iσ1T1

At eiω2T0

A
′
2 = A2(−J221 + i(J222 + J223A2

1 + J224A2
2))+

A1(−J231 + iJ232)e−2iσ1T1 (25)

where the terms L11,J121,L21,J221, ... are given in the Ap-
pendix. Introducing the polar notation An = aneibn and using

in equations (24-25), we get

a
′
1 =−J121a1 +a2(−J131 cosγ− J132 sinγ)− J151 cosδ

− J152 sinδ, b
′
1 = J122 + J123a2

1 + J124a2
2+ (26)

a2(−J131 sinγ+ J132 cosγ)
a1

+
−J151 sinδ+ J152 cosδ

a1

a
′
2 =−J221a1 +a1(−J231 cosγ+ J232 sinγ)

b
′
2 = J222 + J223a2

1 + J224a2
2 +

a1(J231 sinγ+ J332 cosγ)
a2

where δ = 3σ1T1 − b1 and γ = 2σ1T1 + b2 − b1. Modifying
coordinates, using x = a1 cosδ, y = a1 sinδ, z = a2 cos(δ−γ)
and w = a2 sin(δ− γ), we have the final set of four slow flow
equations given by

x′ =−J121x− (3σ1 − J122)y+ y(J123(x2 + y2)+

J124(z2 +w2))+ J13(−2E1E2z+(E2
2 −E2

1 )w)

− J14E1(3E2
2 −E2

1 )

y′ =−J121y+(3σ1 − J122)x− x(J123(x2 + y2)

+ J124(z2 +w2))+ J13(−2E1E2w− (E2
2 −E2

1 )z)

− J14E2(E2
2 −3E2

1 )

z′ =−J221z− (σ1 − J222)w+w(J223(x2 + y2)+

J224(z2 +w2))+ J23(2E1E2x+(E2
2 −E2

1 )y) (27)

w′ =−J221w+(σ1 − J222)z− z(J223(x2 + y2)+

J224(z2 +w2))+ J23(2E1E2y− (E2
2 −E2

1 )x)

Equations (27) represent the slow flow equations and are the
solvability conditions for the feedback control equations to
have a bounded solution.

Application of MMS to model-based control
We now apply MMS to the equations of the 2R robot

driven by the model-based computed torque control as given
by equation (11). We order the terms in the case for PD
control. After following the same procedure as in the case
of PD control (from equation (16) onwards), the slow flow
equations are obtained as

x′ =−J121x− (3σ1 − J122)y+ y(J123(x2 + y2)

+ J124(z2 +w2))− Ja1z+ Ja2w− Ja3

y′ =−J121y+(3σ1 − J122)x− x(J123(x2 + y2)

+ J124(z2 +w2))− Ja1w− Ja2z− Ja4 (28)

z′ =−J221z− (σ1 − J222)w+w(J223(x2 + y2)

+ J224(z2 +w2))− Ja5x+ Ja6y

w′ =−J221w+(σ1 − J222)z− z(J223(x2 + y2)

+ J224(z2 +w2))− Ja5y− Ja6x

where σ1 is the detuning parameter of the same form (al-
though numerically different) as given by equation (22) for



PD control. The terms J121,J122, .... are different from those
in the slow flow equations for PD control (equation (27)) and
are given in the Appendix.

4 Asymptotic Stability Analysis
In this section, we derive the analytical conditions

for the asymptotic stability for the system given by equa-
tions (27), (28) for the PD and model-based controllers
respectively, at the fixed point of the both the systems.
Equations (27), (28) are autonomous systems having nine
fixed points. Although these fixed points cannot be explicitly
given, we can compute them numerically. We discuss the
stability of these systems at one of those fixed points, say
fs =(xs,ys,zs,ws) – f is different for equations (27) and (28).
To analyze the asymptotic stability of equation (27), (28),
we use the Routh-Hurwitz criterion [30, 31], the central
idea of which is that in order for any system of equations
to be asymptotically stable, all eigenvalues of it’s Jacobian
must have negative real parts. We apply the Routh-Hurwitz
criterion by following the sequence of steps:

STEP 1 - Compute the Jacobian of equations (27), (28) at
fixed point fs

J f =
∂f
∂η

(29)

where f = ( f1, f2, f3, f4)
T and η = (x,y,z,w)T

STEP 2 - Compute the characteristic equation of the Ja-
cobian J f as

Fc = |J f −λI|= 0 (30)

where I is 4×4 identity matrix. The characteristic equation
of (30) is of the form

Fc = a4λ4 +a3λ3 +a2λ2 +a1λ+a0 (31)

To apply the Routh-Hurwitz criterion, we write the Hurwitz
matrix [30] which for the above fourth-order system is given
by


a3 a4 0 0
a1 a2 a3 a4
0 a0 a1 a2
0 0 0 a0

 (32)

The principal diagonal minors ∆i i = 1, ..,4 of the Hurwitz
matrix are

∆1 = a3,∆2 =

[
a3 a4
a1 a2

]
,∆3 =

a3 a4 0
a1 a2 a3
0 a0 a1

 ,∆4 = a0∆3 (33)

From the Routh-Hurwitz criterion, the conditions for asymp-
totic stability require that all of the principal diagonal minors
∆i to be positive provided a4 > 0 [30, 31], i.e., we need

a4 > 0, ∆1 = a3 > 0, ∆2 = a2a3 −a4a1 > 0

∆3 = a1a2a3 −a4a2
1 −a2

3a0 > 0, ∆4 = a0 > 0 (34)

Simplifying the inequalities, the local asymptotic stability of
the system at the fixed point fs is guaranteed iff

h1 = ai > 0 ∀i = 0, ..,4, h2 = a2a3 −a4a1 > 0,

h3 = a1a2a3 −a4a2
1 −a2

3a0 > 0 (35)

We can make the following comments from (35):

If all of h1,h2,h3 > 0, then the system is asymptoti-
cally stable – all roots of the characteristic polynomial
in equation (31) lie in the left half plane.
If any of h1,h2,h3 < 0, then the system is unstable and
at least one root of the polynomial in (31) lies in the
right half plane. This case is not considered as the feed-
back controlled planar 2R robot is known to have simple
stability for trajectory following [11].
If ∆1, ∆2, ∆3 are positive, but ∆4 = 0, then the system
is at the boundary of stability. Since ∆4 = a0∆3, then
either a0 = 0 or ∆3 = 0. If a0 = 0, then one of the roots
of the characteristic equation is zero and the system is
on the boundary of aperiodic stability. If ∆3 = 0, then
the system has two complex conjugate imaginary roots
and the system is on the boundary of oscillatory stabil-
ity [20]. The condition of ∆4 = 0 is termed as marginal
stability or indeterminacy, and we cannot conclude on
asymptotic stability.

In the next section, we compute numerically the values of
controller gains Kp and Kv where the slow flow equations of
the 2R robot driven by PD and model based controllers are
asymptotically stable, i.e., the conditions in equation (35) are
satisfied. The values and ranges of controller gains where
equation (35) results in indeterminacy are computed and, in
the next section, we discuss the approach to resolve the inde-
terminacy.

5 Numerical Results
In this section, we present the numerical results for the

asymptotic stability analysis of the 2R planar robot. To per-
form the numerical study, we choose the physical parameters
of an existing robot [16]. These are as given in Table 1.

For purposes of numerical simulation, we use A f1 =
(π/2) rad, A f2 = (π/4) rad and the simulations were per-
formed in MATLAB 2012Rb [32] using in-built ode45
solver. The relative and absolute tolerances were kept at
10−6 and 10−9, respectively and the results were checked
for convergence using smaller values of tolerances. The pro-
cedure for computing the results shown in this section are as
follows:



Table 1. Physical Parameters of the 2-R robot

Parameter Link 1 Link2

Mass (kg) 20.15 8.25

Length (m) 0.5 0.4

C.G. (m) 0.18 0.26

Inertia (kg−m2) 6.3 1.64

Following STEP 1 and 2 in the previous section, we
compute the values of Kp and Kv at which the slow flow
equations given by (27) for the PD controller and equa-
tion (28) for the model-based controller are asymptoti-
cally stable and the values are plotted in (Kp,Kv) space,
also called the chaos map.
In the event that the Routh-Hurwitz condition given by
equation (35) yields indeterminacy, we resolve it by
computing the Lyapunov exponents [21] of the slow
flow equations of the PD and model-based controller.
Thus, amongst the indeterminate values and regions, we
get chaotic and non-chaotic values and regions. The
non-chaotic regions are asymptotically stable. The val-
ues for asymptotic stability derived from equation (35)
and the chaotic and non-chaotic values are plotted using
different markers in the same plots.
To verify whether the controller gains in the chaotic
and non-chaotic regions do indeed demonstrate chaos
and asymptotic stability respectively, we pick arbitrary
values of Kp and Kv in the chaos map in both chaotic
and asymptotically stable regions. We then use these
(Kp,Kv) values in the original differential equations
given by equations (8) and (11) for the PD and model-
based controller and compute the Lyapunov exponents
for the chosen (Kp,Kv) values. A positive Lyapunov ex-
ponent would indicate chaos and the lack of one would
indicate asymptotic stability.

We first present the results and observations for the slow
flow equations of the PD controller given by equation (27)
and then present the same for the slow flow equations of
the model-based computed torque controller given by equa-
tion (28).

Simulation results for PD control
Fig. (2) represents the plots of controller gains (Kp,Kv)

at various values of forcing frequency (Ω). In the figures,
the small dots represent asymptotic stability as determined
by the Routh-Hurwitz criterion given by equation (35). The
small circles represent asymptotically stable regions derived
by computing the spectra of Lyapunov exponents at these
(Kp,Kv) values in the slow flow equations – at these points
the largest Lyapunov exponent is negative. The dark black
dots in the plots represent chaotic regions characterized by a
largest positive Lyapunov exponent. We can conclude from
the plots that the ranges of controller gains (Kp,Kv) for which

the 2R robot driven by PD control is asymptotically stable
are those regions not represented by the dark black dots.

Fig. 2. Chaos maps in (Kp,Kv) space for PD control for various
values of forcing frequency Ω

To verify whether the results presented above indeed
show asymptotic stability, we pick two arbitrary points in
(Kp,Kv) space – one in the chaotic (from the dark black
dots) region and one in the asymptotically stable (from the
circles and small dots) region as shown in fig. 2b – and com-
pute the Lyapunov exponents. Fig. 3 shows that the largest
Lyapunov exponent corresponding to (Kp,Kv) = (54,1) is
positive indicating chaos and absence of asymptotic stabil-
ity, whereas the largest Lyapunov exponent corresponding to
(Kp,Kv) = (54,4) is negative indicating asymptotic stabil-
ity. We have performed similar tests for several other points
in the regions in the indeterminate and asymptotic stable re-
gions to verify the approach.

(a) (b)

Fig. 3. Spectra of Lyapunov exponents of the 2R robot equations
for PD control – (a) (Kp,Kv) = (54,1) – chaotic (b) (Kp,Kv) =
(54,4) – asymptotically stable

From the extensive numerical simulation studies, we can
make the following observations on the asymptotic stability
of 2R planar robot driven by PD control.

For large Kv, the 2R robot is asymptotically stable, ir-
respective of Kp and the forcing frequency Ω. For low



values of Kp and Kv, the 2R robot is asymptotically sta-
ble for higher values of Ω, but is chaotic for lower values
of Ω. It can be observed that the range of Kp and Kv val-
ues for which the robot is chaotic shifts towards the left
with reduction of Ω. For very low Ω (0.2 rad/s), chaos
is found near the origin of the chaos map, i.e. at Kp ≈ 0
and Kv ≈ 0 (first subfigure in figure 2).
For low values of Kv and high values of Kp, asymp-
totic stability depends on Ω. For lower values of Ω, for
mid-range Kp (30 < Kp < 75) and low Kv, the motion
of the 2R robot is chaotic. But for high values of Kp
(Kp > 100), the PD controller is found to be asymptot-
ically stable even for lower values of Kv. For higher
values of Ω (Ω >= 8), the PD controller of the 2R robot
is asymptotically stable for all values of Kp and Kv.
The results shown are similar to those in the purely nu-
merical studies presented in literature [15, 16]. These
results show that the theoretical condition obtained in
literature [12] that asymptotic stability exists for posi-
tive derivative gains does not take into account possible
chaotic motions.

It may be noted that the range of Kp, Kv is kept less than the
values for critical damping. The critical damping is given
by Kv = 2

√
Kp and hence, for Kp between 0 to 100, Kv val-

ues are from 0 to 20. The values for outside this range was
not obtained as it is intuitively well known that over damped
systems (Kv > 2

√
Kp) are not chaotic.

Simulation results for model-based control
For slow flow equations of the model-based controller,

we present results for an arbitrarily chosen forcing frequency
Ω = 2 (rad/s). Results for other Ω similar to the PD control
were also done but are not presented.

Fig. 4. Chaos maps in (Kp,Kv) space for model-based control for
various values of mismatch parameter e

Fig. 4 represents the plots of controller gains (Kp,Kv)
at various values of mismatch parameter e. As in the case
of PD control, the small dots represent asymptotic stability
as determined by the Routh-Hurwitz criterion given by

equation (35). The small circles represent asymptotic sta-
bility and the dark black dots represent chaos as determined
by the computation of Lyapunov exponents in the slow
flow equations of the model-based controller. Thus, the
dark black dot regions represent chaos whereas the regions
given by circles and small dots represent asymptotic stability.

To verify the above results, we again pick two arbitrary
points in (Kp,Kv) space – one in the chaotic (dark black
dots) region and one in the asymptotically stable (circles
and small dots) region as shown in Fig. 4c and substitute
these values of controller gains (Kp,Kv) in the original equa-
tions of the 2R robot driven by model-based computed torque
control (equation (11)). Fig. 5 shows that the largest Lya-
punov exponent corresponding to (Kp,Kv) = (46,1) (in the
dark black dot region in the chaos map) is positive indicating
chaos, whereas the largest Lyapunov exponent correspond-
ing to (Kp,Kv) = (46,8) (circles and small dot region in the
chaos map) is negative indicating asymptotic stability.

(a) (b)

Fig. 5. Spectra of Lyapunov exponents of the 2R robot equa-
tions (11) for model based control – (a) (Kp,Kv) = (46,1) – chaotic
(b) (Kp,Kv) = (46,8) – asymptotically stable

Observations
From the extensive numerical simulation performed, we

make the following observations on the asymptotic stabil-
ity of 2R planar robot driven by the model-based computed
torque control scheme.

Chaos exists for greater underestimation (e <−0.6) and
is asymptotically stable for e >−0.6.
Ranges of Kp and Kv for asymptotic stability vary with
the degree of underestimation in the model. For larger
underestimation, the ranges of Kp and Kv for asymptotic
stability are smaller. For smaller underestimation, the
ranges of Kp and Kv for asymptotic stability are larger.
Chaos exists for mid-range to higher values of Kp (de-
pending upon mismatch parameter e) and lower values
of Kv. But unlike PD control, chaos exists even for very
high values of Kp.
The results shown in this section are similar to those
presented in literature [15, 16]. These results, as in the
case of PD control, show that the condition obtained in
literature [12] that asymptotic stability exists for posi-
tive gains, does not take into account the possibility of
chaos in the nonlinear dynamical equations representing
model based control of a robot.



6 Conclusion
In this paper, the nonlinear dynamical equations of a 2R

planar robot driven by PD control and model-based com-
puted torque control following a desired trajectory was ana-
lyzed. An semi-analytical method is proposed and the range
of controller gains for which the 2R robot is chaotic or
asymptotically stable was obtained. The non-dimensional
nonlinear ordinary differential equations were analyzed at
different time scales by using the method of multiple scales
and four slow flow equations were derived. The Routh-
Hurwitz criterion was used on the slow flow equations, at
a fixed point, to derive analytical conditions for asymptotic
stability. The conditions for asymptotic stability were used
to compute the ranges of controller gains at which the 2R
robot is asymptotically stable or indeterminate. As the use
of Routh-Hurwitz criterion can also result in indeterminacy
for certain controller gain values, the slow flow equations
were further analyzed for the possibility of chaos using Lya-
punov exponents. The values of gains, in the indeterminate
regions, for which one of the Lyapunov exponent is positive
results in chaotic motion and hence for such gain values, the
planar 2R robot cannot follow a desired trajectory and be
asymptotically stable. The results obtained in this work im-
ply that results related to asymptotic stability of robots fol-
lowing a desired trajectory, available in literature, needs to
be re-looked.

The approach of using the method of multiple scales and
Routh-Hurwitz criterion is not limited to a planar 2R robot.
The number of slow flow equations and the dimension of
the Jacobian matrix in n degree-of-freedom robot manipula-
tors would be 2n and 2n× 2n respectively. This increase in
the number of equations and the dimension of the Jacobian
matrix would however make the task of obtaining controller
gains for asymptotic stability or chaos more difficult.
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Appendix

Terms in (17)

In (17), the values of ωi, i = 1,2 are given by

ωi =
√

1/2Lq3(Kpn(Lq2 ±
√

Lq1))

where

Lq2 = 2+P1 +P2 +2P2P3, Lq3 = P1 +P2 −P2
2 P2

3

Lq1 = 4+4P2P3(P1 +2)+(P1 +P2)
2 +4P2

2 P3(1+2P3)

Terms in (24, 25)

J12k = (1/ω1L11)L12k, J22k = (1/ω2l21)L22k, k = 1, ..,4,
J1k = (1/ω1L11)L1k k = 3,4, J23 = (1/ω2L21)L23

L1 j = R1 j(Kpn −ω2
1)+R2 j(1+P2P3)ω2

1 ∀i = 1,3,4

L12 j = R12 j(Kpn −ω2
1)+R22 j(1+P2P3)ω2

1 ∀i = 1, ..,4

L2 j = S2 j(Kpn −ω2
2)+S2 j(1+P2P3)ω2

2 ∀i = 1,3

L22 j = S12 j(Kpn −ω2
2)+S22 j(1+P2P3)ω2

2 ∀i = 1, ..,4
where R11 =−2(P1 +1+P2(1+2P3)+(1+P2P3)c21)

R122 =−P2P3F2
2 ω2

1(2+ c21)(E2
2 +E2

1 ),R121 =−Kvnω1

R124 =−P2P3c2
22ω2

1(2+ c21), R221 =−Kvnω1c21,

R123 = (1/2)(−P2P3c2
21ω2

1(2+ c21)),

S121 =−Kvnω2, S21 =−2(1+P2P3 + c22)

R13 =−P2P3(ω2 +2)(
F2

2 (2+ c22)ω2

2
+ c22F2(2F1 +F2)),

R21 =−2(1+P2P3 + c21)

R14 = (1/2)(−3P2P3F2
2 (2F1 +F2)), S221 =−Kvnω2c22

S11 =−2(P1 +1+P2(1+2P3)+(1+P2P3)c22)

S13 = P2P3(ω1 −2)(
−F2

2 (2+ c21)ω1

2
+ c21F2(2F1 +F2))

S122 =−P2P3F2
2 ω2

2(2+ c22)(E2
2 +E2

1 )

S123 =−P2P3c2
21ω2

2(2+ c22),

R223 = (1/2)(−P2P3c21ω2
1(2+3c21))

R224 =−P2P3(c21ω2
2(2+ c22)+ c22(c21ω2

2 + c22ω2
1)),

R24 = (1/2)(−P2P3F1F2(2F1 −F2))

R222 =−P2P3(E2
2 +E2

1 )(c21F1(2F1 +F2)+F2(c21F1 +F2ω2
1)),

R23 = P2P3(
F1c22(2F1 −F2)

2
+F2(2F1ω2 −

c22F1 +F2ω2
2

2
)),

S224 =−(1/2)(P2P3c22ω2
2(2+3c22))

S222 =−P2P3(E2
2 +E2

1 )(c22F1(2F1 +F2)+F2(c22F1 +F2ω2
2)),

S223 =−P2P3(c22ω2
1(2+ c21)+ c21(c21ω2

2 + c22ω2
1)),

S23 = P2P3(
F1c21(2F1 −F2)

2
−F2(2F1ω1 +

c21F1 +F2ω2
1

2
)),

S124 =−(1/2)(P2P3c2
22ω2

2(2+ c22))

where F1 =
(Kpn −1)A f1 +(1+P2P3)A f2

E f
,

F2 =
(1+P2P3)A f1 +(Kpn −P1 −1−P2 −2P2P3)A f2

E f

E f = (Kpn −1)(Kpn − (P1 +1+P2 +2P2P3))−

(1+P2P3)
2,c21 =

Kpn −ω2
1

(1+P2P3)ω2
1
,c22 =

Kpn −ω2
2

(1+P2P3)ω2
2



Terms in equation (28)

Considering the following terms

D11 = Kpnα3 −ω2
1, D21 = Kpnα3 −ω2

2

D12 = (1+P2P3)ω2
1 −Kpn(α3 +α2),E1 =

1−Kpn

2

D22 = (1+P2P3)ω2
2 −Kpn(α3 +α2),E2 =

Kvn

2

we have

Ja1 = 2J13E1E2 − J15E2, Ja2 = J13(E2
2 −E2

1 )+ J15E1,

Ja3 = J14E1(3E2
2 −E2

1 )− J16(E2
2 −E2

1 )

Ja4 = J14E2(E2
2 −3E2

1 )+2J16E1E2, Ja5 = 2J23E1E2

− J25E2, Ja6 = J23(E2
2 −E2

1 )+ J25E1

J12k =
L12k

ω1L11
∀k = 1−4, J1k =

L1k

ω1L11
∀k = 3−6

J22k =
L22k

ω2L21
∀k = 1−4, J2k =

L2k

ω2L21
∀k = 3,5

where L1k = Q1kD11 +Q2kD12 ∀k = 1,3,4,5,6
L2k = R1kD21 +R2kD22 ∀k = 1,3,5
L12k = Q12kD11 +Q22kD12 ∀k = 1,2,3,4
L22k = R12kD21 +R22kD22 ∀k = 1,2,3,4
where Q11 =−2(P1 +1+P2(1+2P3)+C21(1+P2P3))

Q15 = α2(2A f1 +A f2)E1C22F2,R121 =−Kvnω2(α1+

(2+C22)α2 +C22α3),Q121 =−Kvnω1(α1+

(2+C21)α2 +C21α3),Q16 = α2(2A f1 +A f2)E1
F2

2
2

Q14 = F2
2 (2F1 +F2)

(
α2(2+Kpn)−3P2P3

2

)
Q122 = (E2

2 +E2
1 )(P2P3(−F2

2 ω2
1(2+C21)−2C21F2(2F1

+F2))+(P2P3 −α2)(2C21F2(2F1 +F2)))−2α2C21

E2
1 F2(2A f1 +A f2)+Kpnα2(2F2

2 (2+C21)+4C21F2

(2F1 +F2))

(
E2

2 +E2
1

2

)
,Q123 = (P2P3 −α2)C2

21ω2
1

(2+C21)+P2P3

(
−3C2

21ω2
1(2+C21)

2

)
+Kpnα2(

3C2
21(2+C21)

2

)
,R15 = α2(2A f1 +A f2)E1C21F2

Q124 =−P2P3C2
22ω2

1(2+C21)−2α2C21C22ω2
2(2+C22)

+Kpnα2

(
2C2

22(2+C21)+4C21C22(2+C22)

2

)
,Q15 =

α2(2A f1 +A f2)E1C22F2,R11 =−2(P1 +1+P2(1+

2P3)+C22(1+P2P3)),R122 = (E2
2 +E2

1 )(P2P3(−F2
2 ω2

2

(2+C22)−2C22F2(2F1 +F2))+(P2P3 −α2)(2C22F2

(2F1 +F2)))−2α2C22E2
1 F2(2A f1 +A f2)+

Kpnα2(2F2
2 (2+C22)+4C22F2(2F1 +F2))

(
E2

2 +E2
1

2

)
R124 = P2P3

(
−3C2

22ω2
2(2+C22)

2

)
+(P2P3 −α2)

(C2
22ω2

2(2+C22))+Kpnα2(
3C2

22(2+C22)

2
),R123 =−P2

P3C2
21ω2

2(2+C22)−2α2C21C22ω2
1(2+C21)+Kpnα2(

2C2
21(2+C22)+4C21C22(2+C21)

2

)
R21 =−2(1+P2P3 +C22), Q21 =−2(1+P2P3 +C21)

Q13 =−P2P3

(
F2

2 ω2
2(2+C22)

2
+C22F2(2F1 +F2)

)
+

Kpnα2F2

(
F2(2+C22)+2C22(2F1 +F2)

2

)
−

(P2P3 −α2)(F2
2 ω2(2+C22)+(ω2 +1)C22F2(2F1 +F2))

Q26 = α2A f1 E1
F2

2
2
, R221 =−Kvnω2(α3 +α2 +C22α3)

Q25 = α2A f1 E1C22F2,R25 = α2A f1 E1C21F2,Q221 =

−Kvnω1(α3 +α2 +C21α3)

R13 =−P2P3

(
F2

2 ω2
1(2+C21)

2
+C21F2(2F1 +F2)

)
+

Kpnα2F2

(
F2(2+C21)+2C21(2F1 +F2)

2

)
+

(P2P3 −α2)(F2
2 ω1(2+C21)+(ω1 −1)C21F2(2F1 +F2))

Q223 = (α2 −P2P3)C21ω2
1 −3P2P3C2

21
ω2

1
2

+3Kpnα2
C2

21
2

Q222 =−2α2C21E2
1 F2A f 1 +(E2

2 +E2
1 )(2(α2 −P2P3)

C21F2
1 −P2P3(F2

2 ω2
1 −2C21F1F2)+

Kpnα2

2
(2F2

2 +

4C21F1F2)),R222 =−2α2C22E2
1 F2A f1+



(E2
2 +E2

1 )(
Kpnα2

2
(2F2

2 +4C22F1F2)−P2P3(F2
2 ω2

2−

2C22F1F2)+2(α2 −P2P3)C22F2
1 )

R224 = (α2 −P2P3)C22ω2
2 −3P2P3C2

22
ω2

2
2

+3Kpnα2
C2

22
2

Q24 =
F1F2

2
(F1(P2P3 −2α2)+F2Kpnα2),Q224 =

Kpnα2C22(C22 +2C21)−P2P3(C2
22ω2

1 +2C21C22

ω2
2)−2(α2 −P2P3)C21ω2

2,R223 = Kpnα2C21(C21 +2

C22)−P2P3(C2
21ω2

2 +2C21C22ω2
1)−2(α2 −P2P3)C22ω2

1

where

ω1 =

√
Kpn(Lq1 +

√
Lq2)

Lq3
,ω2 =

√
Kpn(Lq1 −

√
Lq2)

Lq3

where Lq1 = α1 +α3(P1 +P2 −1)−2P2P3α2,

Lq2 = P2
1 α2

34P1P2P3α2α3 −2P1P2α2
3 −2P1α1α3+

4P2
2 P2

3 α1α3 −4P2
2 P2

3 α2
3 −4P2

2 P3α2α3 +4P1α2
2+

P2
2 α2

3 +4P2P3α2(α3 −α1)−2P2α1α3 +4P2α2
2 +2P2α2

3

+α2
1 −2α1α3 +α2

3,Lq3 = P1 +P2 −P2
2 P2

3 +2P1α2
3

C21 =
ω2

1(1+P2P3)−Kpn(α3 +α2)

(Kpnα3 −ω2
1)

,

C22 =
ω2

2(1+P2P3)−Kpn(α3 +α2)

(Kpnα3 −ω2
2)

F1 =
1

E f
((Kpnα3 −1)(A f1α1 +A f2α3 +α2(2A f1 +A f2))

+(1+P2P3 −Kpn(α3 +α2))(A f1(α3 +α2)+A f2α3))

F2 =
1

E f
((1+P2P3 −Kpn(α3 +α2))(A f1α1 +A f2α3+

α2(2A f 1 +A f 2))+(Kpn(α1 +2α2)− (P1 +1+P2+

2P2P3))(A f1(α3 +α2)+A f2 α3))

where

E f = (Kpnα3 −1)(Kpn(α1 +2α2)−
(P1 +1+P2 +2P2P3))− (1+P2P3 −Kpn(α3 +α2))

2

Non-dimensional parameters Kpn and Kvn are

Kpn =
Kp

Ω2 , Kvn =
Kv

Ω
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