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Abstract

This paper presents the design of a novel two-radii Gough—Stewart platform (TRGSP) for multi-axis
vibration isolation with an arbitrary number of legs, capable of achieving uniform natural frequencies and
damping across the first six degrees of freedom (DOF). Conventional single-radii Gough—Stewart plat-
forms cannot achieve such uniform modal characteristics, limiting their effectiveness in six DOF isolation.
The proposed TRGSP is dynamically isotropic with complete modal decoupling and enabling representa-
tion as six independent single-input-single-output dynamical systems, thereby simplifying damper tuning
and controller design. For the first time, a general closed-form analytical framework is developed for
dynamically isotropic TRGSPs with more than six legs, and all design variables are derived using a novel
geometry-based approach that reduces the 3D dynamic isotropy problem to a 2D triangular geometry
problem An innovative, cost-effective transitional design strategy is further proposed to upgrade existing
platforms by adding legs to accommodate increased payloads while preserving dynamic isotropy. Under
stated modeling assumptions, the analytical results are validated numerically through finite element
method (FEM) simulations for multiple leg configurations and further confirmed experimentally using
a 6-leg dynamically isotropic TRGSP prototype developed for spacecraft micro-vibration isolation. The
framework provides a practical solution for next-generation multi-axis vibration isolation systems for
use in spacecraft and precision applications.

Keywords: Vibration isolation, Damping, Natural frequency, Modal decoupling, Dynamic isotropy,
Two-radii Gough-Stewart platform (TRGSP)

1 Introduction

Multi-axis vibration isolation technology is critical to ensure the high performance of precision equip-
ment [1, 2, 3] because even small disturbances can propagate through the structure, degrading system’s
functionality [4, 5, 6, 7]. In spacecraft applications, these low-level vibrations or micro vibrations are gen-
erated by various disturbance sources, including flexible appendages, reaction wheels, momentum wheels,
control moment gyroscopes, cyro-coolers, and other vibration devices [4, 5, 8,9, 10]. These micro vibrations
degrade the functionality of sensitive optical payloads such as imagers or cameras, as well as other vibration-

sensitive components such as inter-satellite communication links affixed to the spacecraft bus [5, 11]. The
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Hubble Space Telescope (with a 2.4m aperture) requires a pointing stability of 0.007” and an attitude
control accuracy of 0.025°, whereas the James Webb Space Telescope (with a 6.5m aperture) requires a
pointing stability of 0.004” and an attitude control accuracy of 0.001° [12, 13, 14], and in both telescopes,
vibration isolation plays a key role in their effective functioning. A significant number of researchers have
focused on Gough—Stewart platform (GSP)-based isolation systems [12, 15, 16, 17, 18, 19, 20, 21, 22] for
these purposes.

A six degrees of freedom (DOF) GSP consists of a fixed base, a moving platform for mounting payloads,
and six prismatic joints or dampers-based legs connecting these platforms. Researchers have used GSPs
both to locally isolate delicate and sensitive payloads [5, 7, 23] and to suppress disturbances from onboard
sources such as reaction wheels [24, 25]. To achieve vibration control, a variety of approaches, such as
passive [26, 27, 28, 29], semi-active [30, 31] and fully active control methods have been adopted. These active
control methods have been implemented with different actuators such as voice coils [25, 32, 33, 34, 35, 36],
electromagnetic actuators [33], piezoelectrics [37, 38, 39, 40], and magnetostrictive materials [41]. The
choice between passive [26, 42, 43, 44, 45, 46], semi-active [47, 48, 49|, active [50] or hybrid [51] systems
depends strongly on mission requirements [1]. Passive damping can limit amplification near resonance
but often compromises high-frequency attenuation. Active systems, on the other hand, can suppress
resonance and provide a steep roll-off at higher frequencies. The drawback is the added complexity of
control electronics, real-time computation, and the associated increase in mass and power demand—factors
that are critical in spacecraft applications.

Recent advancements have significantly diversified vibration isolation strategies beyond conventional ar-
chitectures with growing interest in machine-learning-optimized quasi-zero stiffness (QZS) metastructures,
multi-step broadband QZS isolators, origami- and tunable-inspired mechanisms, and bio-inspired negative-
stiffness metamaterials that provide adaptable stiffness — damping characteristics across wide frequency
ranges [52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68]. These approaches have demon-
strated substantial improvements in transmissibility curve slope and static—-dynamic stiffness trade-offs,
particularly for low-frequency isolation. Although QZS isolators utilizing negative-stiffness mechanisms
substantially improve low-frequency vibration isolation, they are still restricted to single-axis motion and
necessitate accurate nonlinear parameter calibration to prevent bistable behavior [69, 70, 71, 72, 73, 74, 75].
High-precision spacecraft payloads, however, require simultaneous vibration isolation in all six degrees of
freedom. These nonlinear single DOF strategies [48, 76, 77, 78, 79, 80, 81] thus motivate the need for
multi-axis architectures. There have been several attempts to employ alternative configurations of parallel
mechanisms, but these designs are not generally adopted for multi-axis vibration isolation either due to
practical limitations or because they provide vibration isolation in fewer than six DOF's [26, 82, 83, 84, 85].

In this context, GSP based architectures remain particularly compelling for multi-axis vibration isolation.



A conventional six-legged GSP cannot provide effective multi-axis vibration isolation because it cannot
achieve uniform natural frequency and damping across the first six modes corresponding to the first six
degrees of freedom [86, 87]. This shortcoming has led to the idea of dynamic isotropy, where the first
six natural frequencies are made nearly equal [88, 89, 90, 91, 92, 93, 94]. Dynamic isotropy ensures that
resonance peaks are aligned, preventing the isolation region of one mode from being disturbed by peaks
from other cross modes . The concept is effective and advantageous — the dynamic isotropy configuration
can simplify damper tuning in passive vibration control, and identical dampers can be used on the legs of
the GSP for the given frequency bandwidth. It also simplifies controller design in active systems due to de-
coupling of modes - an isotropic GSP can often be controlled as six independent single-input—single-output
(SISO) systems, rather than a coupled multi-input-multi-output (MIMO) system [95, 96, 97|, making use
of decoupled control strategies. The lowest natural frequency also plays a key role in defining system sta-
bility [98], making isotropy even more valuable as it maximizes the lowest natural frequency. While other
forms of isotropy—such as kinematic [99, 100, 101, 102], stiffness [103], and static isotropy [87, 104, 105]
have been studied and are useful for applications requiring precise pointing [95], they are not sufficient for
vibration isolation because the first six natural frequencies are not aligned. Unlike kinematic, stiffness and
static isotropy, dynamic isotropy explicitly incorporates mass distribution, inertia, and stiffness properties,
which makes it more suited to vibration problems. Recent studies show that enriched mass-matrix for-
mulations, structural modeling choices, and ANN-based surrogate prediction significantly influence modal
frequency and dynamic stiffness estimation in parallel mechanisms [106, 107, 108, 109].

In a conventional GSP, all the connection points lie on a single radius on both platforms, inherently
limiting its dynamic behavior. A two-radii GSP (TRGSP) has been demonstrated to exhibit dynamic
isotropy [90, 92, 110, 111]. In this configuration, joints are placed on two radii of each platform (see
Fig. 1(a)). While these works have been insightful, studies on GSPs with more than six legs remain
scarce [112, 113], and none have looked at the dynamic isotropy problem for TRGSPs with more than six

legs. Having more struts or legs (;, 6) can be useful in the following ways:

e It allows heavy loads to be distributed among several actuators, especially when individual actuator

capacity is limited [113].

e [t enables payload capacity upgrades without designing a new GSP. Instead of fabricating a new setup
to meet updated launch requirements for heavier payloads, additional legs can be added to an existing

system, reducing cost and build time while maintaining six DOF vibration isolation performance.

e Using more than six legs in a dynamically isotropic configuration could provide both uniform shock
distribution and higher stability. By comparison, a conventional six-legged GSP designs are vulnera-

ble to multi-directional shocks because the loads cannot be distributed evenly across all struts [114].

! A background discussion on modal coupling and the motivation for dynamic isotropy is provided in Appendix A.



Some multi-legged platforms are already in use— for example, the Airborne Laser system and the
Active Rack Isolation System (ARIS) aboard the International Space Station (ISS) both employ eight-leg
GSPs [113, 115]. They can retain full six-DOF functionality even if one or two legs fail. Other studies have
considered eight-leg GSPs for shock isolation [114, 116, 117]. While Yong et al. [113] proposed orthogonal
GSPs and extended them to even-legged platforms, their framework was meant for pointing accuracy, not
vibration isolation, and does not address dynamic isotropy or odd-legged designs. Drawing on literature,

the present work addresses these gaps and makes the following contributions:

e We propose a two-radii GSP (TRGSP) with an arbitrary number of legs that achieves uniform natural

frequencies and damping for the first time to the best of our knowledge.

e A novel geometry-based framework is developed that yields closed-form solutions for dynamic isotropy
conditions. This approach, valid for both even and odd numbers of legs, reduces the TRGSP design

problem to a set of relationships involving triangles.

e We demonstrate decoupling of all six modes, enabling a complex MIMO system to be analyzed as

six independent SISO systems, thereby simplifying multi-axis vibration isolation dynamic analysis.

e We show that multiple dynamic isotropic configurations are possible, allowing flexible designs that

respect interference limits, dimensional constraints, and actuator/leg count.

e An innovative transitional design strategy is introduced, where existing TRGSP hardware can be
upgraded by adding legs when payload demands increase. This makes the approach cost-effective
because actuators or dampers are expensive. This transition is facilitated by our closed-form solution

technique.

e Finally, isotropy in TRGSPs with more than six legs is validated using FEM simulations in ANSYS
APDL and verified experimentally with a 6 legged TRGSP hardware prototype developed in col-
laboration with the Indian Space Research Organization (ISRO). The analytical model is calibrated
against experimental modal characteristics, allowing for an accurate alignment between theory and

prototype response.

While the primary focus is on achieving uniform damping and natural frequencies through dynamic
isotropy, the framework remains flexible. The legs can be equipped with passive, semi-active, active, or
hybrid isolation technologies to further enhance performance.

The remainder of this paper is organized as follows. Section 2 introduces the nomenclature and pa-
rameters related to the TRGSP employed in this study. These design parameters represent the radii,

angular variables, and height parameters that define the connection or anchor points on a TRGSP, and the



nomenclature remains consistent for TRGSPs with any number of legs. Section 3 presents the analytical
framework and the novel geometry-based approach used to derive closed-form solutions for dynamically
isotropic designs with an arbitrary number of legs. These closed-form expressions provide a generic frame-
work for obtaining dynamically isotropic configurations for any chosen payload and any leg count. The
parameters derived from the closed-form expressions result in a system with equal natural frequency as-
sociated with the first six DOFs and decouple the dynamic equations into six independent SISO systems.
Section 4 addresses the design process and the practical considerations associated with TRGSPs. The
methodology ensures that the mechanical design is both practical and feasible by keeping the selected pa-
rameters within spatial constraints and ensuring that the legs do not interfere with one another. Section 5
validates the analytical results using FEM simulations in various TRGSP configurations. An FE model
consistent with the analytical assumptions is created in ANSYS for dynamically isotropic TRGSPs with
different numbers of legs. The obtained frequency response functions (FRFs) demonstrate uniform natural
frequency and damping along with mode decoupling, consistent with the analytical formulation. Section 6
proposes a cost-effective transitional design strategy across different TRGSP configurations while maintain-
ing dynamic isotropy. This transition involves adding extra legs when the payload increases, enabling the
use of a TRGSP with a larger number of legs to accommodate the enhanced load. This approach leverages
the closed-form solution and requires modifying only the anchoring points rather than manufacturing an
entirely new configuration for enhanced payload. Section 7 provides experimental validation using data
from a six-leg TRGSP prototype. The FRF curves obtained experimentally exhibit uniform damping and
natural frequency characteristics consistent with the analytical and FE results, thereby validating the gen-
eral framework. A model-calibration is done to align analytical and prototype responses to minimize minor
discrepancies. Finally, Section 8 summarizes and concludes the study while highlighting the significance of

the work and outlining future directions.

2 Geometry of TRGSP

This section defines the geometric framework and notation used to describe two-radii Gough—Stewart
platforms (TRGSPs). These design variables (radii, angular, and height parameters) influence natural
frequencies and damping characteristics of the system and are essential to deriving the dynamic isotropy
conditions discussed subsequently. As described in Section 1, TRGSP differs from the traditional GSP
with the anchoring points located on two radii on each platform instead of one radius in a traditional GSP.
In a TRGSP with more than six legs, the legs are organized into two distinct sets. Within each set, the
legs are placed with rotational symmetry along the circumference.

Let ny denote the number of legs in the first set (from A; to Bj in Fig. 1(a)). All legs in this set have

the same length, and each successive leg is rotated by 6; = i—’; Similarly, the second set contains ns legs
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Figure 1: (a) Geometry of a two-radii GSP (TRGSP) in its neutral position showing how the two sets of
legs are arranged on the inner and outer radii. (b) Representative of eight-leg TRGSP configurations, i.e.,
(4,4) and (3,5), and their corresponding top views depicting the resulting geometric differences between
equal and unequal leg sets.

of equal length (from Aj; to B; in Fig. 1(a), with j = n; 4+ 1), with each leg rotated by 0 = % Thus,
a TRGSP with n = ny + ng legs is denoted throughout this paper as (ni,ns). For example, a TRGSP
with six legs can be written as (3, 3), since it has three legs in each set, each arranged with a rotational
symmetry of ; = 6, = 120°. Similarly, Fig. 1(b) depicts two illustrative examples of eight-leg TRGSPs
— the (4,4) configuration and (3,5) configuration. In the former, each radius supports four evenly spaced
legs, while in the latter, the outer and inner radii accommodate three and five legs, respectively. The
associated top-views clearly show how changing the number of legs in each set alters the angular spacing as
well as the overall distribution of anchor points on the platform. These visualizations further highlight that
both configurations maintain the capacity to attain DOF motion while providing distinct geometric and
practical design alternatives. This geometric arrangement governs leg orientations and load distribution,
which affects stiffness coupling between translational and rotational modes.

The anchor points A; to A, on the mobile platform are distributed along two concentric radii, denoted
by Ry; (inner) and Ry, (outer), with C, as the center. Similarly, the base platform anchor points By to By,
are located on two radii, represented by Rj; (inner) and Ry, (outer), with O as the center. The notations
shown in Fig. 1(a) correspond to the neutral configuration, in which the fixed frame {B} and the moving
frame {P} are parallel to each other. The vertical distance between the mobile and base platforms in the
neutral configuration is denoted by H. The variable h. specifies the vertical offset of the payload’s center
of mass (COM) from the mobile platform. The coordinates expressed in the base frame {B} are written

as {xp, Y, 2p}, while those in the moving frame {P} are represented as {z;, yp, 2p}. The reference vector



OB, having magnitude Rp,, is aligned with the X3 axis. The angular parameters ap;, a0, and ay; are
defined as the angles subtended by vectors OBj, Cp A1, and C,Aj, respectively, with the X3 axis (refer to
Fig. 1(a)). Each leg is connected to the mobile platform through a spherical joint and to the base platform
through a spherical or universal joint.

For completeness, the anchor points illustrated in Fig. 1(a) are explicitly defined using the notation
introduced above. The anchor points on the bottom outer platform (By,..., By,) expressed in the fixed
frame {B} are given by B; = [Ry,cos((j — 1)01), Rposin((j — 1)61), 0]7, and the corresponding anchor
points on the top outer platform (Aj,...,A,,) expressed in the moving frame {P} are given by A; =
[Rio cos(auo + (j — 1)601), Riosin(ay + (5 —1)01), 017, where j = 1,...,n1. Similarly, the anchor points on
the bottom inner platform (By, 41, ..., By) are defined as By = [Ry,; cos(owp; + (¢ —n1 — 1)62), Ry sin(ow; +
(g—mn1—1)6), 0]7, and the corresponding anchor points on the top inner platform are A, = [Ry; cos(ay; +
(g—n1—1)82), Ry;sin(ag+(g—n1—1)6), 0]1, where ¢ = n1+1,...,n. These expressions define the anchor
locations for arbitrary (nj,ng) configurations. For clarity, the legs belonging to the outer set (j = 1,...,n1)
connect the outer anchor points of the bottom and top platforms (Ry, — Ryo), while the legs in the inner
set (¢ = n1 +1,...,n) connect the inner anchor points (Rp; — Ry;). This configuration represents the
nominal outer-outer and inner-inner leg TRGSP. However, feasible solutions may also occur for parameter
regimes where Ry, < Rp; and/or Ry, < Ry;. In these cases, despite the reversal in the relative magnitudes
of the radii, the leg connections remain associated with the same anchor sets, namely (R, — Ry) and
(Rpi = Ry)-

The design variables Ry,, Rio, Rpi, Rii, H, a0, and (ap; — ;) are determined such that the TRGSP
achieves uniform natural frequency and damping. The methodology for this determination is presented in

the next section.

3 Geometry-based analytical approach

This section develops the mathematical formulation that results in the closed-form solution using a novel
geometry-based approach. The analytical approach involves determining the first six natural frequencies
corresponding to the six degrees of freedom of the TRGSP. This requires finding the stiffness matrix [Kr]
and the mass matrix [M] in the task space. Each leg is assumed to have the same axial stiffness k in its
joint space. The force transformation matrix [B] [23, 40], which maps joint space forces to the task space
or cartesian space forces, is employed to derive the stiffness matrix [Kr| in terms of the system’s geometric

parameters. Consequently, the stiffness matrix in the task space [40] can be expressed as

[Kr]oxe = k[B][B]" , (1)

where the force transformation matrix for the TRGSP with n legs is given by



S1 Sn

Blgxn = . 2
Blocn = | BRIy~ PH)) x5 oo (P[RIp(Ppn - PHL) x s @
Bt B R P _B b
In the above equation, sq = + ]Il) Pq 9 ¢ = 1,...,n and the vector ©H, represents the
q

location of the combined center of mass (COM) of the mobile platform and the payload with respect to
the mobile platform. The vector Sq (= l;s,) lies along the gth leg of the TRGSP, whose length is [;. The
symbol Pt denotes the vector from the center of the base platform to the center of the mobile platform.
The quantities © Pq and B bg specify the coordinates of the anchor points on the mobile and base platforms,
expressed in their respective frames. In the neutral configuration, the two platforms remain parallel (so that
rotation matrix B[R], = [I]), and the payload’s COM, the center of the mobile platform, and the center of
the base are aligned along the same vertical line (i.e., Pt = [0 0 H]T and “H, = [0 0 h.]T). The analytical
formulation is developed under the assumption that the TRGSP operates at this neutral configuration.
This is reasonable for micro-vibration isolation and precise control applications, since the mobile platform
experiences only small displacements. This motion is typically limited to sub-millimetre displacements
(less than 0.1 mm, i.e., approximately 1-100 pm) and rotations below 0.5° [5, 13, 14]. Moreover, small
deviations of the platform from the neutral or dynamically isotropic configuration may slightly affect the
uniformity of the first six natural frequencies. A sensitivity analysis with respect to the design variables
has been carried out and is presented in Section 7.2. At this position, the matrix [B] remains constant,
although for a given [B], the connection points are not uniquely defined [93, 113], leading to multiple
solutions.

The mass matrix [M] takes a diagonal form when the principal axes of the payload are aligned with

the global coordinate system, and is expressed as

Mlexe = diag [ my, mp, My, Loy, Lyy, 1], (3)

where m,, denotes the mass of the payload (including the mobile platform), and I,,, I, and I, are the
principal moments of inertia about the X, Y, and Z axes with respect to the payload’s COM. The mass
and inertia of the legs are neglected, as they are expected to be negligible compared to the overall payload
mass. The natural frequency matrix in the task space [G] can be derived using Egs. (1), (2) and (3) and

is expressed as

(Gla = M K] = M) WBIBI = | & . (@
H11 —p12 0
with [P] = diag( /\1, )\2, /\3 ), [U] = diag( /\4, )\5, Aﬁ ), [T] = | H12 M1l 0 s
0 0 33



where expressions of ); and p;; are given in the B 2.

The sub-matrices [P], [U], and [T] separate translational, rotational, and cross-coupling terms. Dy-
namic isotropy is achieved when the coupling matrix [T] vanishes and all the six diagonal terms become
identical, leading to uniform natural frequencies across all six modes. The obtained matrix [G] is a function
of leg count (n; and ng), payload properties (from mass matrix), and all the design variables for an TRGSP,
i.e., Ryo, Rio, Rpi, R, H, a,, (ay; — ay) and aye. As can be observed, the term (ap; — o) effectively
acts as a single design variable since it represents the relative angular offset of the legs connecting Rp; and
R;;. Therefore, the difference between these angles is the parameter of interest, while the absolute value of
ay; may be chosen arbitrarily to obtain multiple feasible configurations. The zero entries in the matrix [G]
arise from the symmetry created by the equal angular spacing of legs of the same type. As stated, (ny, ns)
TRGSP has two sets of legs with lengths l,,; and [;, corresponding to the two radii on each platform.
The expressions for these leg lengths using TRGSP design parameters are provided in B. The relationship
between these two leg lengths is governed by the leg length ratio represented by a, thus

lin = a lout. (5)

All six eigenvalues of the natural frequency matrix in Eq. (4) must be equal to obtain dynamic isotropic

conditions and is given as

M=X=X3=M =)=\ =w?and ju11 = p12 = 33 = 0, (6)

where w is the natural frequency of the TRGSP and when p;; go to zero, A1 to Ag become the eigenvalues of
the matrix [G]. It can be observed from Eq. (6) that the variable A1, Ay and A3 corresponds to X, Y and
Z DOFs, while variable A4, A5 and Ag corresponds to Rot(X), Rot(Y) and Rot(Z) DOFs, respectively.

3.1 Development of closed-form solutions

To determine dynamically isotropic configurations analytically, the isotropy conditions in Eq. (6) are simpli-
fied to get geometrical observations. This subsection presents the step-by-step reduction of this observation
into closed-form expressions using a novel geometry-based approach. Furthermore, the present closed-form
dynamic isotropy formulation assumes an axisymmetric inertia distribution such that I, = I,,. These con-
ditions define the applicability domain of the analytical framework and are consistent with many practical
spacecraft payload configurations.

A (n1, ng) TRGSP with uniform natural frequency and damping will depend on where and how the

legs are mounted. The design involves finding unknown parameters from the known given parameters

2While the provided expression is simplified for clarity by considering h. = 0 (no variation in the center of mass), it’s
important to highlight that we can easily incorporate the variable h. as an input (as the payload is specified by us).



Table 1: Geometrical interpretations of a dynamically isotropic TRGSP with an arbitrary number of legs

for the case of h, = 0 (center of mass on the top platform).

Case Condition Simplified Equation Geometrical Interpre-
used tation in Fig. 2(a)
1 Moo= A b® = R% + R2 — AQ,PiRy : triangle with
and Eq. (5) 2Ry; Ry; cos (ap; — o) sides Ry;, Ry; and b; (cosine
rule)
2 Moo= A b,> = R}, + R}, — AQ,PR, : triangle with
and Eq. (5) 2Rt Rpo cos (o) sides Ryp,, Rto and b,
3 11 =0 Ry Ry;sin (ap; — ;) = Area of AQ,P1Ry = ”;LZQ X
% X RtoRbo sin ((ltg) (Area of AQOPQRQ)
4 piz =0 Ryi(Ry — Ry COQS(Oébi —  (QoR1)Pp = n#s?
o)) = " X (QoR2) Py
Rio(Rpo cos(ato) — Rio)
5 12 = 0 and tanf; = tané, ZQ R1 Py = 180°
H11 = 0 ZQORQPQ = Qi = 90 =0
where b = H/CT, b, = TV, €y = (me_Dizne ) ¢, - («Cmon)in )

and free/input variables. The unknowns (design parameters) for a TRGSP are Ry,, Rio, Rpi, Rii, H,
Qto, and (oy; — ay;) and the free variables will be the number of legs in each set (n; and ng) and leg
length ratio (a) alongside the given parameters like payload’s mass (my), inertia (Iys, Iyy, 1;2), and COM
height (h., which is assumed equal to zero for simplicity). In our formulations, the payload properties
are expressed in ratios where K (the ratio I,/I,;) and @ (the ratio I,;/m,). The necessary condition of
A4 = A5 (refer to Eq. (6)) is practically valid for axisymmetric wheel-like payload (I, = Iyy).

Simplifications of dynamic isotropy conditions in Eq. (6) give rise to several useful geometrical obser-
vations, which can be seen in Table 1 and Fig. 2(a) (for case h. = 0). If any set of geometries satisfies
conditions in Table 1, the design parameters obtained will represent a dynamically isotropic configuration.
Hence, a 3D dynamically isotropic TRGSP problem is simplified into a 2D triangle problem with this
approach. The challenge to obtain the sides for any general triangles (AQ,PiR;) in Fig. 2(b) is overcome
by obtaining sides of the corresponding right angle triangle AQ,P; Ry in Fig. 2(b) (denoted by subscript
‘r’ for right angle case).

To obtain analytical closed-form solutions for this right-angle triangle case in Fig. 2(b), we make use

of Pythagoras’ theorem in AQ,P;,Ri. Let Ry, = x H,, where x is a constant scaling Ry;, and H, then
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Figure 2: (a) Geometrical interpretation of the dynamic isotropy condition in Table 1, reducing the dynam-
ically isotropic TRGSP problem into sets of triangles (AQ,P;R1 and AQ,P>Rz). (b) A general triangle
(AQ,P1R;) can be obtained by using the corresponding right-angled triangle (AQ,P; R;1) to derive dif-
ferent TRGSP configurations.

Ryir =/ (22H2 —b2) = /(22— C1) H, ,
bir vien (7)

x H, x
where b;, = H,+/C and value of C'; and C are given in Table 1. Using the condition Ay = A5 = Xg, u11 =0

sin (abi,r - ati,r) =

(see expressions in B) and Eq. (5), on simplification, we get

1 (2n3KC; (a2 1
Rto,r:\/ 3 { n22 ! <a+ > (1'2—01)—71,21‘2} H,. (8)
nia a no ni

Using the condition A\ = Ay = A3, p12 = 0 (see expressions in B) and Eq. (5) on simplification, we get

1
Rbo,r = \/n 22 {n1a2Rt207T + HQCng + 2H3(n1a2 + ng)} . (9)
1

From the condition of p1; = 0, and Eq. (5), we get

no Ry Ryip sin (i — i)
ni a? Rbo,rRto,r

(10)

sin (oo r) =

Using the expressions for the variables obtained and the trigonometry identity sin? (auo,,-) +cos? (o) = 1

in 11 =0, p12 =0, and on simplification, we get
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a?(2n1— n2)+3n (n1(3a2—1)+2n9) 2
T = K ( TR 2) ( ) ) _ K G Cp? (11)
N K <a2(2n1— n2)+3n2) ((n1(3a2—1)+2n2)) _ a2 VKO Cy—a?’

(n1+n2) (n1+n2)

where C; and Cy are function of free/input variable a, n; and ng and their values are given in Table 1.

Using A3 = A4 and on simplification, we obtain the expression for H,. in its explicit form as
a?(2n1—n2)+3n (n1(3a? —1)+2n2)
am (K (“opmrne) () - )
(n1(3a2—1)+2ns) \ 2
{an (4(n1+’n2) ) } (12)

o in(KCng — CL2)
- KTLQ C% .

H, =

Using values of x and H, in Egs. (7), (8), (9)and (10), we get design variable for right angle triangle case
(AQoP1 Ry and AQ,P>, Ry in Fig. 2(b)), we get

/ C 1/ C 2
Ryir = le 25Rt07‘:7 n2Q laRbir: n Qa s
’ no ’ a ni ’ ny KCy

a

vV KOng - a2

ng QCl Q(K0102 — a2) 2n1a2
Rpor = C 2,
bo, \/ n1a2 + CL2K012 L ng *

0 = arctan ( ) and (o, . — auir) = 90° — 0, (13)

where the leg length ratio a, number of legs n; and ng can be taken as input (free variable) with K
and ) as known variable. The geometries, i.e., AQ,P;,R1 and AQ,P» Ry shown in Fig. 2(b) can be
constructed from the known results in Eq. (13) above. The variable 6; = 6 denotes the angle between the
sides PRy and QQ,R1, while 8, = 6 denotes the angle between the sides P,Ro and Q,Rs. These angles
are of practical importance, as their values remain unchanged during the scaling/perturbation operation
introduced subsequently.

Now, these geometries are perturbed to generate the new geometries, i.e., AQ,P1R1 and AQ,P>Rs as
shown in Fig. 2(b). The perturbations done along line Py Ry will keep the leg length ratio a constant. This
means such perturbations along line Py , Ry to generate Pi Ry (hence AQ, P Ry) also keeps design variables
such as Ryi(= Riir), Rio(= Rior) and 0; & 6, = 6 the same. Different a values generate new sets of triangles
corresponding to their respective right-angled triangle. The new height H for the general triangle case
(AQoP1 Ry and AQ,P>R2) will now be given as H = fH, (see Eq. (12)) because PiRy = f P;,R; (their

lengths are directly proportional to H, see Fig. 2(b)), where f is a ratio (free variable) whose value could
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be less than 1, equal to 1 (right-angle case as in Eq. (13)) or greater than 1 (extension of line) depending
on the design values we want for a TRGSP.

For intuitive understanding and proof of the perturbation concept, consider a perturbation where
the side P;,R; in Fig 2(b) (equal to b; for right angle case) is scaled by a factor f. Thus, under this
perturbation, the new variable b; = f b;- is also scaled by the same factor f. Since b; is a linear function
of the height parameter H (b; = H+/C}), the height H is correspondingly scaled by f. Consequently, b, is
also scaled by the same ratio (b, = H/Cs/a). Because the geometry still forms a valid triangle, the first
two cases in Table 1 remain satisfied with the same base radii R;; and Ry,. Furthermore, for fixed values
of Ry and Ry, identical angles 6; = 6, = 6, and preserved ratios of b; and b,, the ratio of heights of the
two new triangles after scaling in Fig 2(b) remain unchanged. This leads to identical triangle area ratio
between two new triangles and therefore preserves the condition for the case 3 in Table 1 before and after
the perturbation. Similarly, the ratio of P;; and Py in Fig. 2(b) remains unchanged under the scaling,
thereby satisfying the condition in case 4 of the table as well. It is important to note that this scaling
physically corresponds to changing the platform height and determining different dynamically isotropic
configurations for a given TRGSP height and the parameter a.

Interestingly, the new triangles due to scaling (AQ,P; R; and AQ,P>R») satisty all the isotropic/geometric
conditions in Table 1 and represents a dynamically isotropic design. The design variables for the general
case (Rp;, api — @i, Rpo, i) which are different from the right-angled triangle case can be computed
analytically in terms of ratios f, a, ni, no and payload properties (K, @). This can be done by making use
of geometrical relations in Fig. 2(b) using known variables (Ry;, Ry, 0; and 6,) and the new value of H. If
H, is the height of the platform for the right-angle triangle case and b;, b, represent sides of any general

triangles in Fig. 2 with values given in Table 1, the general solution can be obtained as

H:fH’I‘7

Ry = \/(th‘ — b; cos Qi)z + (b; sin 9i)2 )

Ry = \/(Rto + b, cos 90)2 + (bo sin 90)2 )
bi sin(0;) (14)
Ry — bicos(6;) )’

bo sin(6,)
Rio + bocos(b,) )

ap; — Oy = arctan (

oo, = arctan (

The above equations can be directly used to design a dynamically isotropic TRGSP with any number of
legs.
It should be noted that the geometric construction summarized in Table 1 is derived under the assump-

tion h. = 0, same stiffness in each leg, legs are massless, and for axisymmetric inertia distribution. The
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relations listed in Table 1 are obtained by enforcing a subset of the isotropy conditions in Eq. (6) together
with the leg-length ratio constraint l;;, = alyy. Under the assumed symmetry of the (ny,no) TRGSP con-
figuration, these relations are sufficient to satisfy the remaining isotropy equalities, thereby ensuring full
dynamic isotropy of the system. The construction also implicitly requires that the geometric parameters
yield a real and non-degenerate triangular configuration, and from Eq.(12), we find that C; Cy > a?. This

imposes feasibility conditions on (n1,n2,a) and the associated geometric constants C; and Cj.

3.2 Dynamically isotropic natural frequencies

In this subsection, we derive the closed-form expression for dynamically isotropic natural frequency. Once
the closed-form expressions for the design parameters are obtained, the corresponding natural frequencies
can be written explicitly. For dynamic isotropy, all the natural frequencies w (square root of the eigenvalues
of [G] matrix) must be equal, i.e., A = Ay = A3 = Ay = A5 = A\¢ = w?. It can be written in closed form

after substituting the values of all the design parameters as

k(m + TLQ)

S (15)

Therefore, we get a uniform natural frequency for all six modes, which is independent of the specific
TRGSP geometry. It should be noted that this holds only under the modeling assumptions adopted in this
work, including identical axial stiffness in each leg, negligible leg inertia, linearization about the neutral

configuration, and an axisymmetric payload inertia distribution.

3.3 Decoupling and damping in TRGSP

This subsection demonstrates that the resulting dynamically isotropic system can be reduced to six indepen-
dent SISO systems with identical damping characteristics. Having established uniform natural frequencies
across the first six DOFs, we now analyze how dynamic isotropy influences modal coupling and damping

behavior. The dynamic equation of a TRGSP [95] under free vibration is expressed as
X +[M]7[Cr] X + M| Ky] X =0, (16)

where X = [X;Y; Z; Rot(X); Rot(Y); Rot(Z)].

Similar to Eq. (1), the damping matrix [Cz] can be represented in task space as ¢[B][B]”, with ¢ being
the damping constant along each leg. Accurate prediction of the damping value in theory is challenging—
typically requiring experimental determination. Although approaches such as Rayleigh damping are possi-

ble, we focus here on structural (hysteretic) damping, consistent with our prototype. For a linear hysteretic

3Rot(X), Rot(Y) and Rot(Z) denote three rotational degrees of freedom about X, Y and Z axis, respectively.
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material subjected to uniaxial loading, the loss factor (n) is stress-independent and can be treated as a
material constant. An equivalent viscous damping representation can be derived using a single-degree-
of-freedom Kelvin—Voigt model [111], giving the equivalent damping constant as ¢ = kn/w,, where we is
the excitation frequency. Accordingly, for a dynamically isotropic design, Eq. (16) reduces to six identical
single-DOF systems of the form,

il twie=0, (17)

We

demonstrating that damping is uniformly distributed across all directions and the first six modes cor-
responding to the first six DOFs are decoupled. At resonance, the loss factor n and equivalent viscous
damping ratio ¢ are related by ¢ = n/2. The validation of all these results will be presented in Section 5.

Note that in practice, the excitation frequency w,. is selected near the dominant vibration frequency
of interest, which for vibration isolation applications typically corresponds to the natural frequency of the
system. Since the dynamically isotropic configuration ensures that the first six natural frequencies are
identical, the same effective value of w,. applies to all directions. Consequently, the resulting equivalent
viscous damping coefficients are also identical, leading to the uniform damping property observed in the
reduced single DOF representation. In the FEM model later discussed in Section 5, this equivalence is
implemented through constant structural damping assigned to each leg, corresponding to the same effective

damping level predicted by the analytical formulation.
4 Design of (n;, n,) TRGSP with uniform natural frequency and damp-

ing

This section discusses the closed-form solution for designing a (nj, ny) TRGSP with uniform natural

frequency and damping under the following overall considerations:

e Practical design: Ensures that the chosen parameters remain within the available spatial con-

straints, which is particularly critical in spacecraft applications.

e Feasible design: Guarantees that the legs do not intersect or interfere with one another in three-

dimensional space.

e Natural frequency consideration: The dynamically isotropic natural frequency sets the threshold

that marks the onset of the region of isolation.
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Figure 3: Variation of design parameters for dynamically isotropic (n;, ns) TRGSPs with an equal number
of legs in each set (n; = ng, for e.g., (3, 3), (4, 4), (5, 5)), (a) Variation of radii and height parameters
for n; = ng with f=1.5, (b) Variation of angle parameters for n; = ng with f=1.5, (¢) Variation of radii
and height parameters for ny = ny with f=1.0, (d) Variation of angle parameters for n; = ny with f=1.0.
For K = 0.5390, Q = 6.63 x 1073 m?, m,, = 10 kg, and k = 1.9 x 105 N/m.

4.1 Practical design

In this subsection, we will discuss the variation of design parameters with the number of legs and chosen
free variables. This will ensure that the chosen parameters remain within the available spatial constraints,
which is particularly critical in spacecraft applications. A very interesting observation that can be made
for a class of TRGSP with n; = ny (equal numbers of legs in both the set, such as (3, 3), (4, 4), (5, 5)) is
that all the geometric parameters remain invariant with n; or ng. This means that when we put n; = ns,
the expression for design variables becomes independent of ny and no. It is evident from the closed-form
expressions for design variables in Egs. (12), (13) and (14), which remain the same for this class. Hence,

a TRGSP with n; = no will have all design parameters the same for the given payload and input variable
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Figure 4: Variation of parameters for seven legged dynamically isotropic TRGSP where ny # no for f = 1.5,
(a) Variation of height and radii parameters for (4, 3) TRGSP, (b) Variation of angle parameters for (4, 3)
TRGSP, (c) Variation of height and radii parameters for (3, 4) TRGSP, (d) Variation of angle parameters
for (3, 4) TRGSP.

except the rotation angle of legs’ anchoring points 6; and 62 (61 = i—f and 0y = i—g) that depend on the
number of legs. Figure 3 shows the variation of parameters for a TRGSP with ny = no for a typical
payload of 10 kg. The properties considered are I, = I, = 0.0663 kg - m?, I,, = 0.1230 kg - m? (K =
0.5390, and @ = 6.63 x 1072 m?), m, = 10 kg, and k = 1.9 x 105 N/m.

When the design variables are plotted for configurations such as (3,3), (4,4), or (5,5), the parameter
values corresponding to a given value of the scaling variable f remain identical. Figure 3 illustrates this
variation for two different values of f, i.e., f =1 and f = 1.5. The case f = 1 in Fig. 3(c) corresponds
to the right-angle triangle configuration discussed earlier in Fig. 2(b), whereas scaling the side length by a
factor of 1.5 (f = 1.5) produces the set of design variables shown in Fig. 3(a). It can be observed that the

platform height H scales by the same factor of 1.5, as expected, while the design parameters R;; and Ry,
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remain unchanged after scaling, consistent with the closed-form solution. The remaining design parameters
adjust accordingly to satisfy the dynamically isotropic conditions.

If n1 # no, the TRGSPs will have different values of parameters depending on the value of ny and nao.
Figure 4 shows plots for one such case with seven leg TRGSP with (4,3) and (3,4) configurations for the
same 10 kg payload. The design parameters in the above cases vary despite the same total number of legs
and input parameters, due to different angular spacings between the two sets (61 # 2) inherently altering
the geometric conditions when nj # ns.

Hence, the parameter variation curves can be generated for different values of the free variables f and

a, and the appropriate solutions may be chosen based on space or dimensional constraints.

4.2 Feasible design

In this subsection, we will see how the feasibility of a design can be ensured before selecting a configuration

to avoid leg interference from two different sets in 3D space. This can be addressed in two ways:

e During the design stage: Understanding the transition point (a.) helps in preventing leg inter-
ference without the need for additional validation. This aspect will be discussed in detail in the

subsequent subsection.

e In the final stages: If interference occurs even after the design is finalized, the relative angles
(ap; — aui) can play a crucial role. By utilizing the free choice of the variable ay;, the connection points
can be rotated while maintaining the difference of angles as constant for an isotropic configuration.
It is to be noted that the design variable is (ap; — ;) in our case, where the choice of ay; is arbitrary.
The variable (ap; — ;) remains constant as before when «y; and «y,; are changed by the same amount
(angles). This means that the relative angular position of anchor points associated with variables Ry;
and Rp; are the same, but this leads to a relative rotation between the two sets of legs and can help

avoid interference without losing dynamic isotropy, as all the design variables are the same as before.

The presented feasibility approaches will ensure that the theoretically admissible designs remain me-
chanically realizable, as a dynamic isotropic configuration solution may be prone to leg collisions or unfa-

vorable actuator orientations.

4.2.1 Configuration transition point (a.)

Figure 3 shows an interesting observation that at a = 1, the two radii on the mobile platform coincide,
i.e., Ry = Ry;. Thus, TRGSPs with all legs of equal length (a = 1) and equal number of legs in each set
(n1 = ng) satisfy Ry, = Ry; in their dynamically isotropic configuration (with h, = 0) for any value of f.

This point also defines the configuration transition (a.):
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Figure 5: Configuration transition for (3, 4) TRGSP (n; # n2) with top views; when a < 1.3, there is an
outer-to-outer radius type leg connection; at a = 1.3, both the top radii merge, and a > 1.3, there is an
outer-to-inner radius type leg connection.

e a < ay: outer-to-outer and inner-to-inner radius connections.
e a =a, Ry, = Ry — both top radii merge.

e a > a,: outer-to-inner radius connections (cross-leg type).

The closed-form expression for a, is given by

n2(2n2 — nl) (18)

e = n1(2n1 — nz) ’

For n1 = no, a, = 1 and for ny # no, a, varies — but are independent of payload properties. For instance,
(3, 4) TRGSP has a, = 1.85 (refer to Figs. 4(c) and 5). Similarly, (4, 3) TRGSP has a, = 0.55 (refer to
Figs. 4(a)). When ny > 2n; or n; > 2ng, a, does not exist, though other isotropic configurations remain
possible for these cases. All TRGSP designs with a < a, are mechanically feasible, as the legs can never
interfere in 3D space and are always safe to be utilized. However, designs with a > a. require a feasibility

check. The radius at a, depends only on payload properties and is given as
Rio = Rii = /2Q . (19)
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Table 2: Comparison of analytical and FEM natural frequencies for different TRGSP configurations.

TRGSP  con- Natural Frequencies (Hz) DII
figurations
(3,3) FE 30.688, 30.720, 30.740, 1.010

30.963, 31.012, 31.042

Analytical ~ 31.025, 31.025, 31.025, 1.00
31.025, 31.025, 31.025

FE 33.127, 33.193, 33.225, 1.011

(4,3) 33.457, 33.486, 33.512
Analytical ~ 33.512, 33.512, 33.512, 1.00

33.512, 33.512, 33.512
(4,4) FE 35.368, 35.421, 35.440, 1.013

35.735, 35.815, 35.838

Analytical ~ 35.825, 35.825, 35.825, 1.00
35.825, 35.825, 35.825

4.3 Natural frequency consideration

In this subsection, we will discuss how the dynamically isotropic natural frequency (w), as derived in
Section 3.2, is a key design consideration. This is because the isolation region begins at v/2w, where the
payload or reaction wheel is intended to operate. The natural frequency depends on the total number
of legs (n1 + ng) (refer to Eq. (15)), so for a given k and my, a (n1, ng) TRGSP with more legs will
exhibit a higher natural frequency for the first six modes. For instance, (3, 4) and (4, 3) dynamically
isotropic TRGSPs have the same natural frequency despite differing design parameters as seen in Fig. 4.
Interestingly, TRGSPs with n; = ng (equal numbers of legs in both the set such as ({3, 3), (4, 4), (5, 5))
have distinct dynamically isotropic natural frequencies as compared to each other even when all other
design parameters are identical as seen in Fig. 3 (where the number of legs are different).

A (3, 3) (6-leg) dynamically isotropic TRGSP exhibits the lowest natural frequency among this class
for the same axial stiffness. However, for heavier payloads, increasing the number of legs may be necessary
due to actuator load limits or the maximum load capacity on which the dampers are designed. The next

section validates all these results and observations.

5 Validation using FEM model

In this section, we develop an FEM model using standard refined FEM tools ANSYS® to verify the

appropriateness of our assumptions and analytical model. The FE model was developed such that the
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assumptions remained the same as those employed in the analytical formulation, thereby facilitating a
direct comparison of natural frequencies, damping, and modal decoupling characteristics. The validation
results are presented in this section, while the detailed modeling procedure, element type definitions, and

the FE model configuration are provided in C, along with the corresponding FE model (refer to Fig. 10(a)).

5.1 Validation of uniform natural frequency

This subsection evaluates whether the first six natural frequencies corresponding to the first six DOFs
obtained from FE simulations align with the closed-form analytical results for dynamically isotropic TRGSP
configurations. FEM results for a (3, 3), (4, 4) and (4, 3) dynamically isotropic TRGSPs are listed in
Table 2. The closed-form solutions and simulation results are obtained for a typical payload of mass m, =
10 kg, Iz = I, = 0.0663 kg - m?, I, = 0.1230 kg - m? (K = 0.5390, and Q = 6.63 x 1072 m?), k = 1.9 x
10° N/m, and free input variables a = 1.3 and f = 1.5. These three configurations were selected because
they represent the smallest symmetric case ((3, 3)), an asymmetric case ((4, 3)), and the next symmetric
case ((4, 4)), allowing us to verify that all the observations and results from analytical formulation remain
valid across different dynamically isotropic geometric configurations and for any number of legs. The same
design parameters (radii, angles and height) are applied for (3, 3) and (4, 4) (n1 = n2) in the FE model as
derived in the closed-form analysis with only the change in their rotation angle. We evaluated the Dynamic
Isotropy Index (DII), defined as the ratio of the largest to the smallest natural frequency (ideally close to
one). The FEM results for all dynamically isotropic TRGSPs show close agreement with the closed-form
solution results derived in Section 3.2 (w = \/MngJTQ)), thereby validating our analytical approach for

designing TRGSPs with arbitrary leg configurations and having uniform first six natural frequencies.

5.2 Validation of uniform damping

In this subsection, we verify that the uniform damping characteristics derived from the analytical model
match the damping behavior observed in the FE based FRF results. All parts are assumed to be made
of Aluminum alloy 2024, which inherently provides structural damping. Each leg assembly is given an
equivalent viscous damping of ¢ = 2% (in the joint space), consistent with standard values for continuous
metal structures. The steady-state dynamics of the TRGSP were studied by exciting the base platform
nodes with unit displacement in all DOF's (rotations or translations one by one), respectively. The frequency
response function (FRF) curves represent the relationship between the response of the payload’s COM and
the excitations applied at the base platform.

The FRF curve of the dynamically isotropic TRGSP with a 10 kg payload is shown in Fig. 6(a), where
the three translational modes along X, Y, and Z are observed to overlap each other. Using the half-power

bandwidth method, it is evident that damping is uniformly distributed across the three translational axes,
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Figure 6: FRF plots for dynamically isotropic (3, 3) TRGSP — (a) overlapping of the X, Y and Z modes,
(b) comparing the X and ROT(X) modes, (c) comparing X mode in (3, 3), (4, 3) and (4, 4) TRGSP, (d)
decoupling when only Z mode is excited, (e) comparison of results for X mode obtained using simulation

in FEM and analytical model.

as discussed in Section 3.3. A similar trend is observed for the three rotational modes, and a comparison
between the translational and rotational FRF curves can be seen in Fig. 6(b). Overall, the system shows
an equivalent viscous damping of about ¢ = 2.01 % (loss factor n = 4.02 %) and a slope of ~ -16.72
dB/octave at the beginning of the region of isolation for the first six modes based on inputs validating
dynamic isotropy and uniform damping.

Similarly, for the same payload and stiffness values (m, = 10 kg and k = 1.9 x 10° N/m), the resonance
peaks of the (3, 3), (4, 4), and (4, 3) dynamically isotropic TRGSPs are shown in Fig. 6(c), consistent

with the natural frequency results in Table 2. For a given (n;, ng) configuration, all six DOF peaks overlap
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perfectly in the dynamically isotropic case. A comparison of slope and damping across different TRGSP

configurations for the same given input is summarized in Table 3.

Table 3: Comparison of slope and damping for different TRGSP configurations.

Configuration (3,3)  (4,3) (4,4)
Slope during region of isolation(in dB/octave) -16.72 -16.73 -16.77
Equivalent viscous damping (¢ in %) 2.01 1.87 2.08

5.3 Validation of decoupling

This subsection examines the extent of cross-DOF coupling by exciting individual modes and observing
whether non-excited DOF responses remain negligible, thus validating modal decoupling. As discussed in
Section 3.3, a dynamically isotropic TRGSP can be modeled as six independent SISO systems, achieving
decoupling across the first six modes corresponding to the first six DOFs. This implies minimal or negli-
gible cross-DOF interference when a particular DOF mode is excited— demonstrating decoupled behavior.
For instance, Fig. 6(d) shows the FRF when only the translational mode along the Z axis is excited and
the cross-mode responses remain comparatively negligible—an essential feature for simplifying controller
design for active vibration control application. The peak cross-axis response relative to the primary ex-
citation corresponds to coupling levels of approximately —65 dB (Z-Y) and —99 dB (Z—-X), indicating
that the cross-responses are several orders of magnitude smaller than the primary response and confirming
strong modal decoupling of the dynamically isotropic configuration. In contrast, conventional GSPs exhibit

significant surge—pitch and roll-sway cross-coupling.

5.4 Validation of damping model

This subsection validates the proposed analytical damping model with FEM simulation results for dynami-
cally isotropic TRGSP. The damping model introduced in Section 3.3, based on a single DOF Kelvin—Voigt
formulation, provides results that closely match the simulation outcomes across any (nj, ng) dynamically
isotropic TRGSP configurations for a given loss factor 7. As shown in Fig. 6(e), the X mode displays a
strong agreement between the FEM simulation and the analytical model. Similar consistency is observed
for other modes and for any (n;, ng) dynamically isotropic TRGSP configuration, thereby validating the
proposed theoretical model. The small discrepancy is due to the step size selection, as properties change
sharply across the resonance peak.

While FEM analysis provides an effective tool for verifying the dynamic behavior of a dynamically
isotropic TRGSP, the analytical formulation developed in this work offers several advantages for design

purposes. The closed-form expressions directly relate payload properties and geometric parameters to the
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conditions required for dynamic isotropy, allowing feasible configurations to be obtained without iterative
numerical optimization. In addition, the analytical model provides physical insight into the influence of
design parameters on natural frequencies, modal decoupling, and damping behavior, while FEM simulations

are used primarily to verify the analytically derived configurations.

6 Transition between different (n;, ns) dynamically isotropic TRGSP
designs

While the significance of dynamic isotropy for any (ni, ne) TRGSP has been discussed in the Introduction
(Section 1), it must be emphasized that dynamic isotropy is meant only for a specific payload. This section
addresses this limitation and outlines a cost-effective transition strategy when the payload changes.

As highlighted in the introduction, the advantage of TRGSPs with more than six legs becomes evi-
dent for heavier payloads, especially when the designed dampers or existing actuators cannot sustain the
increased load. For instance, consider a payload increase from 10 kg to 13 kg with different inertia prop-
erties. Assume that a 6-leg (3, 3) dynamically isotropic TRGSP has already been designed for the 10 kg
case. Two possible approaches are possible to maintain dynamic isotropy: (i) design a new 6-leg (3, 3)
dynamically isotropic TRGSP with stiffer legs and dampers for passive vibration control, or upgrade to
actuators of higher load capacity for active vibration isolation; or (ii) adopt a more cost-effective strategy
by reusing the existing legs, fabricating one or two additional identical legs, and simply modifying the
mounting points to restore dynamic isotropy.

During this transition, the key point to note is that I,y and [, remain constant—implying that a is
fixed according to Eq. (5). Our closed-form solution facilitates this transition process as it is based on the
input variable a, that remains constant between two designs. The free variable f can be adjusted to enable
this transition, since the payload properties are specified or fixed for the two designs. The leg length lyut

for dynamically isotropic (n1, na) TRGSP is expressed as

H, |3a%n;+3
N Ll (20)
a ni + n2

For a transition design (denoted by the subscript ¢) with a different (ni, ng) configuration but the same a

H, 3a? 3
lout.t = ftHry | 3a*ny + 3ng . (21)
a N1t + Nog

Hence, to achieve a valid transition, the value of f; must be determined such that

and [yyt, the relation becomes

lout = lout,t . (22)
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Figure 7: (a) Value of f; when transitioning from 6-legged TRGSP (f=1.5) to 7-, 8-, and 9-legged dynam-
ically isotropic TRGSP, (b) FRF curve for X mode for (3, 3) (m,= 10 kg), (4, 3) (m,= 13 kg) and (4, 3)
TRGSP (m,= 13 kg) involved in the transition corresponding to Table 4.

To continue using legs of an existing dynamically isotropic (3, 3) TRGSP (designed for a 10 kg payload)
with a heavier payload of 13 kg, with properties: m, = 13 kg, I, = I,, = 0.0792 kg - m?, I, =
0.1523 kg - m?, we consider a seven-leg or eight-leg TRGSP. By applying Eq. (22), we can calculate the
value of f; that maintains the same leg length, and the results are shown in Fig. 7(a) and the transitional
designs are summarized in Table 4. From the design parameters, it is evident that maintaining dynamic
isotropy when transitioning from a (3,3) TRGSP to a (4,3) or (4,4) TRGSP requires only adjusting the
connection points, which is significantly cheaper as compared to replacing the entire leg.

The FRF curves for the (3,3), (4,3), and (4,4) TRGSPs are shown in Fig. 7(b). It can be observed
that although the number of legs increases, the natural frequency of the dynamically isotropic TRGSP
decreases slightly for (4,3) and remains comparable for (4,4) relative to (3,3) TRGSP, and can also be
seen in the last row of Table 4. This indicates that the region of vibration isolation is not compromised,
as it begins around v/2 w, providing a similar scope for vibration isolation even with an increased number
of legs due to the enhanced mass.

It should be noted that the direction and magnitude of the natural frequency shift are governed by
Eq. (15). As the number of legs increases, the effective stiffness contribution in task space increases
accordingly. This stiffness increase competes with the corresponding increase in mass of the system.
Consequently, the ratio k(ni1+n2)/(3m,) becomes the key parameter determining how the natural frequency
varies with changes in both the number of legs and the effective system mass with each leg of the same
stiffness.

Considering center of mass variation (h.)

In the above discussions, the center of mass height from the top platform is not considered, as including
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Table 4: Design variables for different TRGSP configurations— (3, 3) (m,= 10 kg), (4, 3) (m,= 13 kg)

and (4, 3) TRGSP (m,= 13 kg).

Variable (3, 3) (4, 3) 4, 4)
my (in kg) 10 13 13
I, (in kg - m?) 0.0663 0.0792 0.0792
I.. (in kg - m?) 0.1230 0.1523 0.1523
k (in N/m) 1.9 x 10° 1.9x10° 1.9 x 10°
a 1.3 1.3 1.3

f 1.5 1.287 1.588
H (in m) 0.0803 0.0789 0.0803
Ry; (in m) 0.0950 0.0963 0.0960
Ry, (in m) 0.1905 0.1773 0.1857
Ry, (in m) 0.1091 0.0928 0.1046
Ry; (in m) 0.1247 0.1423 0.1195
ap; — oy (in deg.)  77.8153  69.2155  80.1655
i, (in deg.) 19.2415  20.2283  20.1378
lowt (in m) 0.1241 0.1241 0.1241
lin (in m) 0.1613 0.1613 0.1613
w (Hz) 31.025  29.391  31.421

it complicates intuitive understanding. However, in practical applications, this effect is inevitable and
can be easily incorporated into Eq. (2) for an axisymmetric payload by setting H, = [0 0 h.]”, which
introduces an additional known variable h. into the closed-form solution. While this adds complexity,
the overall observations remain unchanged, including the dynamically isotropic natural frequency. The
geometry-based approach discussion in Section 3 also remains the same, except sides of the triangle will
now be affected by the variable h.. Although the complete formulation and process required to incorporate
the additional known input variable h. is lengthy and mathematically involved, the main steps that lead

to the corresponding closed-form solution are outlined below.
e We include H. = [0 0 h.]? in Egs. (4) and (6), where h, is treated as a known design parameter.

e The overall dynamic isotropy problem is reduced to a pair of triangles, but the value of each side
now incorporates the additional known variable h., similar to Fig. 2(a). The major difference with

respect to the previous case is that here 6; # 6,.

e Similar to the case for h. = 0, using Pythagoras theorem in AQ,P; ,R; (refer to Fig. 2(b)), we get
all the variables for the right-angle triangle case as a function of payload properties (including h.),

number of legs (n1, ng) and variable a.

e Similar to the previous case, when h, = 0, we scale a right-angle triangle to a general triangle using

the free variable f, and obtain a general triangle pair to get a closed-form solution.
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Table 5: Comparison of natural frequencies of TRGSP obtained via analytical (A), FEM (F), and experi-
ment (E), along with experimental setup and damping extraction methods.

Mode A (Hz) F (Hz) E (Hz) Experimental setup Damping extraction
method
X 30.46 29.49 28.75 Base fixed on slip table, excited  Half-power bandwidth

with sine sweep (0.5 g, 5500 (frequency domain).
Hz), tri-axial accelerometers.
Y 30.46 29.51 29.00 Same as X mode. Half-power bandwidth.
VA 30.46 29.65 29.25 Mounted on 4-ton LDS shaker, Half-power bandwidth.
sine sweep (0.5 g, 5-500 Hz),
tri-axial accelerometers.
Rot. X 30.46 30.70 29.49 Impact hammer test (Kistler Logarithmic decrement
9722A500), two accelerometers  (time domain).
on diametric ends.

Rot. Y 30.46 30.71 29.58 Same as Rot. X mode. Logarithmic decre-
ment.
Rot. Z 30.46 30.17 29.10 Same as Rot. X mode. Logarithmic decrement

e Hence, all the desired dynamically isotropic design variables can be obtained from this approach with
input variables (a and f), known number of legs in each set (n; and ny), and known payload variables
Q, K, and h,..

7 Experimental validation

This section validates the proposed analytical and FE-based dynamic model through experimental testing
on a prototype of (3, 3) dynamically isotropic TRGSP. The experimental setup for dynamically isotropic
TRGSPs with more than six legs is planned for future work. For now, we validate our approach using data
from our previously developed dynamically isotropic (3, 3) TRGSP [111] that was designed for spacecraft
micro-vibration isolation applications and tested with a dummy reaction wheel payload at UR Rao Satellite
Center, Indian Space Research Organization (ISRO), Bangalore. The prototype carried a total payload
mass of 10.37 kg (wheel plus platform), and the leg stiffness was approximately & = 1.9 x 10> N/m as
shown in Fig. 8(a).

The comparison of analytical (theoretical), FEM simulations, and experimental measurements of nat-
ural frequencies is presented in Table 5, along with the corresponding test setups. The results show good
agreement across the first six modes, with experimental natural frequencies closely matching both the FEM
and analytical values, and all discrepancies lying within the expected tolerance arising from manufacturing
and material variations. Similarly, the damping for the first six modes was found to be around 4 % for
the first six modes using all approaches. The damping ratios for the translational modes were estimated
using the half-power bandwidth method applied to the frequency response functions obtained through Fast
Fourier Transform (FFT). It is known that the finite frequency resolution associated with FFT-based spec-

tral estimation can lead to a slight overestimation of damping for lightly damped systems. This explains

27



the small difference observed between the damping values obtained for the translational modes (using the
half-power bandwidth method) and those obtained for the rotational modes using the logarithmic decre-
ment method. Despite this methodological difference, the estimated damping values remain close to each

other, supporting the conclusion that the dynamically isotropic configuration distributes damping nearly

uniformly across the modes.

(a)

S Mobile
platform

~~Experiment
g —Simulation (FE)
oo 4 H - Theoritical
=
(=
m, 04
0.04 .

wn

50
Frequency (Hz)

50
Frequency (Hz)

(‘P 8.0 (e)

8.0

—Experiment —Experiment

-
o

Nm Nw dt:
“E ---Theoritical E‘ i ---Theoritical

: =D 3 ool

= = )

= é :

; b ' calibration

= -8.0 : -

0.19 0.39 0.59 0.79 0.19 0.39 0.59 0.79
Time (s) Time (s)

Figure 8: (a) Prototype of (3, 3) dynamically isotropic TRGSP, (b) Experimental FRF curves for the X, Y,
and Z modes, (¢) Comparison of the FRF curve for Z mode for analytical, FEM, and experimental results
for the (3, 3) TRGSP, (d) Dynamic response for Rot(X) mode before model calibration, (e) Dynamic
response for Rot(X) mode after model calibration.
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The experimental FRF plots for the X, Y, and Z modes are shown in Fig. 8(b), where the natural
frequency peaks appear at the same place. In the isolation region, the X, Y, and Z curves show slight
differences in slope, which can be attributed to variations in modal participation mass between the lateral
and longitudinal modes. On the other hand, the analytical and FEM results assume equal mass partici-
pation through a lumped mass model, leading to overlapping curves. Figure 8(c) presents a comparison of
the analytical, FEM, and experimental results for one of the modes (Z mode) in a dynamically isotropic
TRGSP — A similar trend is observed in other modes too. The local modes of the legs and platform
were kept sufficiently high so that they don’t interfere with the working range in the region of isolation.
The phase differences observed between the experimental and predicted FRFs are primarily attributed to
measurement uncertainties, sensor alignment errors, and structural compliance effects that are not fully
captured in the analytical model. These factors tend to influence the phase response more significantly
than the amplitude response in experimental modal measurements. Despite these small phase discrepan-
cies, the measured amplitudes and natural frequencies show good agreement with the analytical and FEM
results.

This confirms that our general framework, when applied with ny = 3 and ns = 3, converges to the
same results for the (3, 3) TRGSP prototype response and hence, validates our approach.

The performance of the proposed dynamically isotropic TRGSP can be compared with the well-known
cubic GSP isolator with voice-coil actuation (active control) developed at ULB [23]. From the transmissi-
bility curves reported in [23], the isolation-region slope is approximately 14 dB/octave without control and
about 12 dB/octave with active control. In comparison, the present dynamically isotropic TRGSP achieves
comparable isolation characteristics while operating purely as a passive system. Furthermore, the peak
transmissibility reported in [23] is reduced from approximately 23 dB (without control) to about 5 dB with
active control. This peak value is comparable to that observed in the present passive dynamically isotropic
TRGSP, indicating similar behavior in the low-frequency amplification region. These results highlight
that the proposed dynamically isotropic design can achieve competitive vibration isolation performance
while avoiding the additional mass, power, and computational requirements associated with active con-
trol systems. It is worth noting that although the referenced system employs active control, its isolation
performance is comparable to that of the proposed passive dynamically isotropic TRGSP. This is largely
due to the relatively large spread in natural frequencies, characterized by a DII of 2.2 in this referenced
system, indicating a non—dynamically isotropic design. Consequently, the resonance peaks associated with
one DOF influence the isolation region of the other cross-DOF. This observation highlights the importance

of achieving dynamic isotropy in multi-axis vibration isolation systems.
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7.1 Model calibration

Although the analytical, FEM, and experimental results demonstrate close agreement, small discrepancies
were observed in our prototype — typically within 0.5-1 Hz in natural frequency and around 1-2 %
in damping ratio. These differences come from a few assumptions in the analytical formulation, such
as neglecting the mass and inertia of the legs, assuming purely axial stiffness (no bending), and using
perfectly symmetric payload properties. In actual practice, each leg in the prototype has a non-negligible
mass of approximately 100-110 g (though small as compared to a 10.37 Kg payload), and the flexural joints
used introduce a bending effect. The difference in peak across analytical, FE, and experimental results
in 8(c) is due to differences in damping; for instance, damping due to friction at joints is only reflected
in the experimental results. Hence, its damping value determined experimentally can be used for model
calibration.

To refine the correlation between the analytical, FE, and experimental measurements, a model calibra-
tion process was performed. Parameters that significantly influence modal behavior and can be experimen-
tally quantified (like damping) were iteratively adjusted in the analytical and FEM models. In addition
to damping, the masses of the top platform and the legs were incorporated in the model. A sensitivity
analysis carried out later in Section 7.2.2 for the strut masses shows that a leg mass of approximately
110 grams has a negligible influence on the dynamic isotropy of the system. Moreover, since the model
includes flexural joints, the effect of bending compliance of the legs is inherently accounted for in the
formulation. In contrast, parameters such as payload mass and inertia, geometric design variables (radius,
angles, and height), and the number and arrangement of legs (n1,n2) were not altered during calibration.

The calibration process reduced the discrepancy in the dynamic response of each mode, and Figures 8(d)
and 8(e) illustrate a representative comparison of the rotational X mode before and after calibration,
showing greatly improved alignment. A similar trend is observed for other modes as well. This confirms
that the analytical closed-form model remains highly accurate, provided that damping effects, mass and
other parameters are appropriately incorporated. The overall calibration process adopted in this study is
summarized in Fig. 10(b), which outlines the steps from analytical design to experimental comparison and
parameter adjustment.

Overall, the strong agreement across analytical, FEM, and experimental results confirms the accuracy

and practical implementability of the proposed dynamically isotropic TRGSP design methodology.

7.2 Sensitivity Analysis

To evaluate the robustness of the proposed dynamically isotropic design, a sensitivity analysis is performed
by perturbing the key geometric parameters and the leg’s mass around their nominal values. The objective
is to examine how such deviations influence the Dynamic Isotropy Index (DII) and determine whether the

system maintains near-isotropic behavior under practical design variations.
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Table 6: Sensitivity analysis for dynamically isotropic MGSP in the FE model

—20% —10% Actual 10% 20%

H 1.278 1.128 1.028 1.122 1.217
he 1.114 1.055 1.028 1.059 1.118
Ry, 1602 1.277 1.028 1.254 1.574
Ry; 1.141  1.078 1.028 1.044 1.077
ap; 1245 1.103  1.028 1.099 1.195
ot 1136 1.076  1.028 1.037 1.086

7.2.1 With dynamically isotropic parameters

While the parameters derived from our analytical geometry-based approach can be accurately modeled
using finite element (FE) tools, real-world applications inevitably involve small deviations during hardware
realization and manufacturing processes. It is essential to ensure that these deviations do not significantly
compromise the MGSP’s dynamic isotropy, keeping the DII below a threshold (typically DII=1.1). A
sensitivity analysis was conducted in the FE model (design parameters corresponding to the (3, 3) TRGSP
prototype with a conventional joint type model) by varying parameters by +20%, which showed that any
deviations from the nominal values tend to increase the DII, as illustrated in Table 6. The observed trend
is approximately linear in most cases. We conclude that for deviations of up to £10% for most of the
parameters, the DII remains around 1.1, which is acceptable. Therefore, our dynamically isotropic design

demonstrates resilience to small design variations without significantly affecting its DII.

7.2.2 Incorporating mass/inertia in legs

In the FE analysis above, the strut masses were not considered. However, it is crucial to ensure that
incorporating strut masses does not significantly impact the system’s dynamic isotropy. In our hardware
setup, each strut weighs approximately 120 grams, while the payload is 10 kg, resulting in a strut-to-
payload mass ratio of about 0.012. When incorporating a 120-gram strut mass into the FE model, DII
slightly increases to 1.031 from 1.028 for massless struts, and the frequency bandwidth decreases marginally
from 29.76-30.60 Hz to 29.38-30.29 Hz.

Further analysis shows that increasing the strut-to-payload mass ratio to approximately 0.1 (with each
strut weighing 1 kg) results in a DII of 1.1, a frequency bandwidth of 26.13-28.77 Hz. Therefore, our
TRGSP design can maintain near dynamic isotropy, even with the inclusion of strut masses, without

significantly affecting its vibration isolation performance.
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8 Conclusions

This work presented a novel geometry-based analytical framework for the design of dynamically isotropic
two-radii Gough—Stewart platforms (TRGSPs) with arbitrary number of legs capable of achieving uniform
natural frequencies and damping across the first six degrees of freedom. Unlike conventional GSPs, which
exhibit modal coupling and different natural frequency across the first six modes, the proposed TRGSP
architecture enables dynamic isotropy. In a dynamically isotropic TRGSP, the natural frequencies for the
first six modes are equal, allowing modes to be decoupled and tuned identically. This significantly simplifies
controller design and improves passive vibration isolation performance, as the dampers can be easily tuned
to a specific frequency bandwidth in a dynamically isotropic configuration.

Closed-form analytical solutions for the design variables were derived using a novel geometry-based
approach that reduced a complex 3D TRGSP dynamic isotropic problem to a 2D geometric construction
based on a pair of triangles. These solutions for the design variable in their explicit form provide a direct,
and intuitive pathway to determine feasible and practical design parameters under geometric constraints
with an arbitrary number of legs and payload properties. The proposed formulation is applicable to both
even-and odd-legged TRGSP configurations. Closed-form expressions for the dynamically isotropic natu-
ral frequency, modal decoupling, and damping characteristics were derived for the dynamically isotropic
TRGSPs. It was also shown that, when the two leg sets contain an equal number of legs, the result-
ing design parameters remain invariant with respect to the number of legs in each set. Later a novel
transitional design strategy was also introduced when the payload requirement is enhanced, enabling cost-
effective upgradation of existing platforms by simply adding legs rather than redesigning the entire system
to accommodate the updated payload.

Under the stated modelling assumptions, i.e., same stiffness and equivalent damping in each leg, negligi-
ble mass of each leg, and axisymmetric paylaod, the proposed design approach was validated across various
dynamic isotropic configurations in six-, seven- and eight-legged TRGSP through FEM simulations, demon-
strating close agreement in natural frequencies, damping characteristics, and decoupling behaviour. While
development of a multi-legged prototype is planned for the future, experimental validation was performed
using a (3,3) TRGSP prototype, where the measured frequency response functions showed good agreement
with the analytical and FEM predictions. The observed discrepancies between analytical, FEM and ex-
perimental responses were addressed through model calibration. A sensitivity analysis was also performed
to evaluate the influence of key physical parameters such as leg mass and geometric variations on dynamic
isotropy, demonstrating that the proposed TRGSP design remains robust to slight parameter deviations. In
addition, the vibration-isolation performance of our (3,3) dynamically isotropic TRGSP protype was com-
pared with a representative state-of-the-art GSP-based isolator, demonstrating that comparable isolation

characteristics can be achieved while operating purely as a passive system.
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Future work will focus on (i) fabrication and testing of dynamically isotropic TRGSPs with more than
six legs, including odd-legged TRGSP configurations, and (ii) integration of passive, active, and hybrid
damping strategies within the leg system and evaluation of their damping performance in a dynamically
isotropic TRGSP with an arbitrary number of legs. Overall, the proposed framework establishes a foun-

dation for next-generation multi-axis vibration isolation systems.

A Background on Dynamic Isotropy

This appendix provides additional background on modal coupling in multi-axis vibration isolation systems
and explains the motivation for achieving dynamic isotropy in Gough—Stewart platforms. Isotropy refers to
the homogeneous behavior of certain kinetostatic properties exhibited by a robot across all directions within
its workspace [104]. Salisbury and Craig [118] were the first to introduce the concept of robot isotropy in
1982, focusing on manipulator hands with serial kinematics. Over the years, significant research efforts have
delved into GSPs, encompassing design and control aspects, such as geometry orthogonality [34, 113, 119,
120, 121}, kinematic isotropy [99, 100, 101, 102], stiffness isotropy [103] and static isotropy [87, 104, 105]. In
the context of vibration isolation applications, the first six modes ( three translational and three rotational
modes ) typically contain the majority of vibrational energy. For an efficient vibration isolation system,

equal attenuation across the first six modes is imperative.
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Figure 9: (a) The natural frequency peaks of all the modes are different, and the region of isolation for mode
X is affected by resonance peaks of other modes. (b) Dynamic isotropy condition— the natural frequencies
corresponding to the first six degrees of freedom are aligned, leading to effective vibration isolation.
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Coupling between modes remains a major obstacle for multi-axis vibration isolation applications. Dif-
ferent natural frequency peaks of the six modes could affect isolator performance due to coupling [122] of
the cross DOFs as depicted schematically in Fig. 9 — the usable isolation range (say, of the optical payload)
of the X mode (typically beyond /2w [70, 123]) in Fig. 9(a) is affected by peaks of the cross rotational
or translational modes. For effective isolation of all the first six modes, it is ideal if the resonance peaks
of the first six modes are aligned as shown in Fig. 9(b), as no mode interferes with other modes. This
condition is termed ”dynamic isotropy,” where the first six natural frequencies are nearly equal, resulting
in effective vibration isolation.

While kinematic or static isotropy in GSPs is advantageous for precise pointing applications [95], it
proves less suitable for passive vibration isolation. This is because the resonance peaks of the first six
natural frequencies are not aligned in these isotropies. For instance, the kinematically isotropic GSP
designed for precise pointing features six distinct natural frequencies: 80.4, 80.4, 80.4, 50.8, 50.8, and 35.9
Hz [95]. Consequently, the isolation region corresponding to the lowest natural frequency (35.9 Hz) is

compromised by the resonance peaks of the higher natural frequency modes.

B Supporting Mathematical Expressions for TRGSP for h, =0

This appendix provides the detailed mathematical expressions used in Sections 3 for deriving the dynamic
isotropy conditions of a (ni,n2) TRGSP. The complete symbolic forms of the diagonal terms \; and
coupling (non-diagonal) terms j;; in the natural frequency matrix [G], together with the full expressions
of the two leg lengths l,,; and [;,, are presented here for completeness. These formulations are omitted
from the main text to improve clarity and readability. For Section 3, the value of all A's and p's in Eq. (4)

are given as:

3k (nz 2 Wqi+nq lfn‘llg) 3kH2(n2 lgut-‘r ni l?n)

)\1 — AQ — out )\3 —
(2mpl§utllzn> ’ (mplzutlgn) ’
2 8k(no W2 12,4+ ny W2 12)
)\4 — 3kVsH )\5 — )\4 ([zz) )\6 — 6 ‘out 7 Yin
(ZITwlgutlfn) ’ (Iyy) ! (]Zzl?)utli?n> ’
—3kH(—n2 Wel2,+ n1 Uql2))
1n= 33 = —2/11
ILL (2lgutlz2n) ’ ILL M ’
B 3kH(ng W3l2,,+n1 Wal2))
12 = .
(2lgutlzzn)
where,

U, = Rz%z + Rl?z — 2Ry; Ry; cos (Oébi — Oétz')
Uy = R2 + Rzo — 2R Rpo cos (o)
W3 = RZ — Ry Ry cos (ap; — aui), Va = R2) — RioRpo cos (o)

\115 = N9 R?ilgut + Rgol?n, \I/G = Rtini sin (Oébz' — ati)7 \117 = RtoRbo sin (ato).

34



As stated, (ny, no) TRGSP has two sets of legs with lengths given by:

For the first set of legs, lou: = |Sp| = <\/R?o + Rgo — 2Ry, Rpo cos (ao) + H2) and similarly,

lin =184 = (\/REZ + RZ, — 2Ry Ry; cos (ow; — i) + HQ), where, 1 <p <ni,and n; +1 < j < ny + no.

The eigenvalue condition given in Eq. (6) thus leads to a set of transcendental equations, making it
challenging to solve them in closed form. Our geometry-based approach, presented in Section 3.1, simplifies

the problem through geometrical observation and facilitates a closed-form solution.
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Figure 10: (a) FEM model of (4, 4) dynamically isotropic TRGSP with eight legs created in ANSYS® to
validate the analytical results; (b) Flowchart of the model calibration procedure showing the steps from
analytical design to FEM verification, experimental comparison, and parameter adjustment.

C Finite Element Modelling Details

A finite element model of the TRGSP was created in ANSYS® in Section 5 to verify the appropriateness
of our assumptions and analytical model in Section 3. The modeling assumptions and element types were

chosen to closely match the conditions used in analytical derivations.

e The top and bottom platforms were modeled as rigid bodies using Shell181 elements.
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Each leg was represented as an ideal axial spring using Link180 elements to match the analytical

stiffness assumption. The legs have no mass and inertia.

The payload was modeled as a lumped mass with mass and inertia properties at its center of mass.
The multi-point constraint (MPC) beam was used to fix the payload (lumped mass) with the mobile

platform.

The model was analysed about the neutral configurations, assuming small displacement characteris-
tics. Since our focus is on the dynamic frequency response of the platform, the Coriolis, centripetal,

gravitational, and other nonlinear terms are assumed to be negligible in this analysis [93].

The FE model created is shown in Fig. 10(a) and results from FE analysis are presented in detail in

Section 5.
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