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Abstract. A dynamically isotropic mechanism is useful for vibration isolation 

since such a mechanism can be used to attenuate the first six modes of vibration 

effectively and equally from a sensitive payload. A Gough-Stewart Platform 

(GSP) has been proposed, in literature, for six component vibration isolation. 

The conventional GSP, however, fails to give a dynamic isotropy; hence a 

Modified Gough-Stewart Platform (MGSP) is considered in this work. The 

force transformation matrix, together with a geometry-based approach, is used 

to obtain closed-form analytical solutions for dynamic isotropy in an MGSP. 

The more general case of variation of the centre of mass (COM) of the payload 

from the top platform is considered. The geometric approach presented in this 

work is easier, faster, and more systematic than the previously existing meth-

ods. The configurations obtained with the above approach were successfully 

validated with the simulation results obtained using ANSYS®.  
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1 Introduction 

 Several researchers have explored Stewart platform-based vibration isolator to attain 

desired micro-vibration isolation in spacecraft [1]. For effective vibration isolation, 

one of the primary design considerations is that the first six natural frequencies (trans-

lational and rotational) be nearly the same or ideally equal [1]. In such an ideal de-

sign, the first six modes (which contain a majority of the vibration energy) can be 

equally and effectively attenuated, thereby significantly reducing the vibration levels 

at the payload typically mounted on the top platform of a Stewart platform. In robot-

ics literature, this condition is known as ‘dynamic isotropy’. From a vibration isola-

tion standpoint, if there is dynamic isotropy, all the peaks corresponding to the differ-

ent degrees of freedom (DOF) would be very close to each other in the amplitude 

versus frequency curve. As a consequence, the vibration isolation of one DOF does 

not interfere with that of another DOF and destroys the overall isolator's isolator per-

formance.  

    Several researchers have worked on the geometric, stiffness, force, and velocity 

isotropies [1-7]. Unfortunately, the response of the control system cannot be evaluated 

by these performances [2]. Additionally, a dynamically isotropic Stewart platform can 



not only simplify controls but also give information about stability, the lowest value 

of the natural frequency plays a crucial role in dynamic stability [3]. Dynamic isotro-

py or ensuring all-natural frequencies to be nearly equal also implies that we maxim-

ize the lowest natural frequency, which is a favorable criterion for stability [3]. Also, 

the coupling among all the six DOFs of the Stewart platform complicates the control-

ler design leading to a reduction in control accuracy [4]. Dynamic isotropy will also 

ensure that we can use decoupled controllers because a MIMO system is ideally con-

verted into a SISO system. These added advantages of dynamic isotropy over other 

types of isotropies are due to its dependence on the payload's mass centre and inertia 

properties along with the geometric and stiffness parameters. 

       A considerable amount of effort has been invested in studying various isotropies 

in a standard 6 x 6 GSP [1,3,6] leading to the conclusion that the dynamic isotropy for 

a standard GSP is not practically feasible due to the practical restriction in satisfying 

the inertia conditions 𝐼𝑍𝑍 = 4𝐼𝑋𝑋 =  4𝐼𝑌𝑌 [2,5]. Pertaining to the above constraint, few 

researchers studied the isotropic conditions for a Modified Gough–Stewart Platform 

(MGSP) [2,5,7]. In MGSP, the attachment points are on two radii on the top and bot-

tom platform instead of a single radius in the conventional case (see Fig. 1(a)). Jiang 

et al. [5] described an MGSP using a pair of hyperboloids and investigated dynamic 

isotropy conditions. Yao et al. [6] explored spatial isotropy configuration for a MGSP 

based force sensor using a Jacobian matrix. Yi et al. [7] also introduced a two-

parameter class of six-strut orthogonal GSP leading to isotropy. But most of the pre-

vious works assume that the motion reference point/COM coincides with the top plat-

form's geometric centre.  

       To the best of our knowledge, a general well-defined analytical solution in closed 

form for a dynamically isotropic MGSP is yet to be established. Though a few re-

searchers have simplified the coupled dynamic equations for MGSP [2], their analyti-

cal expressions remain implicit and depend on multiple unknown variables that are 

themselves coupled. Hence, it is very tedious to calculate each of the unknowns' val-

ues and arrive a design. To overcome these problems, we have developed a geometry-

based method that will give a complete closed-form solution for MGSP in an explicit 

form and hence can even determine the unknown radius and angle parameters easily. 

The above procedure was also applied to the general case, where the location of the 

motion reference point is not at the geometric centre of the top platform but is with 

some offset.  

2 Formulation 

A Gough-Stewart Platform (GSP) consists of a movable top platform, a fixed base, 

and six linearly actuated struts. In a MGSP, the anchoring points are placed at two 

radii on each platform as shown in Fig. 1 (a). The three struts will be of equal length, 

and their anchoring points are uniformly spaced along the circumference forming a 

120° angle between them. The same holds for other set of three struts. We use 𝑅𝑏𝑜, 

𝑅𝑏𝑖 to denote the outer and inner radii of the bottom platform while 𝑅𝑡𝑜, 𝑅𝑡𝑖 are the 

outer and inner radii of the top platform, respectively. The quantity {𝑥𝑏 , 𝑦𝑏 , 𝑧𝑏} repre-

sents coordinates of a point on the base frame {𝐵} and {𝑥𝑝 , 𝑦𝑝′  𝑧𝑝} denote the coordi-



 

nates of a point on the top or moving frame {𝑃}, respectively. 𝑅𝑏𝑜 is chosen along 𝑥𝑏, 

and 𝛼𝑡𝑜, 𝛼𝑏𝑖, 𝛼𝑡𝑖 are angles made by respective radii with 𝑥𝑏. 𝐻 is the height between 

the two platforms. 

       Compared to other methods and the use of Jacobian matrix [2,6], we use the force 

transformation matrix [8]. The Jacobian matrix (𝐽) and the force transformation ma-

trix are related for an MGSP with the force transformation matrix (𝐵) being the 

transpose of an inverse Jacobian matrix [8] i.e., 𝐵 = (𝐽−1) 𝑇. Assuming each platform 

as a rigid body, the stiffness matrix [𝐾𝑇] in the task space is given by 

 [𝐾𝑇] = 𝑘[𝐵][𝐵]𝑇 (1) 

where 𝑘 is the elastic stiffness of the struts in the axial direction. In Fig. 1 (b), 
let 𝐻𝑐,𝑖 

 𝑃  be the height of the motion reference point (COM) with respect to the 

top platform, 𝑡𝑖 
𝐵  be a vector joining centers of two platforms and 𝑆𝑖 (= 𝑙𝑖𝑠𝑖) be a 

vector along the respective leg with length 𝑙𝑖 . Writing loop closure equation for 
this loop [OABP], we get  

𝑥𝑖 + [𝑅]𝑃 
𝐵 ( 𝑝𝑖 

𝑃  − 𝐻𝑐,𝑖 
  𝑃 )  − 𝑙𝑖𝑠𝑖 − 𝑏𝑖 

𝐵   = 0  

 

Taking the derivative with respect to time, then taking dot product with 𝑠𝑖 and using 

𝑥�̇� = 𝑣, 𝑠�̇� =  𝜔𝑜 ⨯ 𝑠𝑖 , [𝑅]̇ [𝑅𝑇] = 𝜔𝑜 ⨯, we get 

[𝑠𝑖
𝑇 ([R]( 𝑝𝑖 

𝑃  −  𝐻𝑐,𝑖 
𝑃 ) ⨯ 𝑠𝑖)𝑇 ] [

𝑣
𝜔𝑜

] = 𝑙�̇� 

 

with the definition of inverse Jacobian, (𝐽−1) [𝑣 𝜔𝑜]𝑇=𝑙�̇� and using 𝐵 = (𝐽−1) 𝑇, the 

force transformation matrix (6⨯6 for MGSP) is given by 

                                           𝐵 = [
𝑠𝑖

[R]( 𝑝𝑖 
𝑃  −  𝐻𝑐,𝑖 

𝑃 ) ⨯ 𝑠𝑖
] (2) 

where 𝑠𝑖 =
𝑡𝑖 

𝐵 + [𝑅]𝑃 
𝐵 𝑝𝑖 

𝑃  − 𝑏𝑖 
𝐵

𝑙𝑖
 . 

Let [𝑀] be the payload’s mass matrix in the task space, the coordinate system can be 

chosen to coincide with the orientation of the principal axes of the payload to obtain a 

diagonal structure of [𝑀] matrix without any loss of generality. If 𝑚𝑝 is the payloads’ 

mass and 𝐼𝑥𝑥, 𝐼𝑦𝑦, 𝐼𝑧𝑧  are its moment of inertia along each direction with respect to its 

COM, then, [𝑀] = 𝑑𝑖𝑎𝑔([𝑚𝑝  𝑚𝑝  𝑚𝑝  𝐼𝑥𝑥   𝐼𝑦𝑦  𝐼𝑧𝑧]). Our formulations are based on 

the neutral pose of the platform i.e., [𝑅]𝑃 
𝐵 = [𝐼]. This is a fair assumption for opera-

tions requiring precise control such as vibration isolation and for camera pointing [1]. 

This also means [𝐵] and [𝐽] matrix remain constant. For the dynamic isotropy, all six 

eigenvalues of the natural frequency matrix must be equal. Using Eqs. (1) and (2), we 

can write the natural frequency matrix [𝐺] in task space as: 

                             [𝐺] =  [𝑀]−1[𝐾𝑇] = [𝑀]−1𝑘[𝐵][𝐵]𝑇 = |
𝑃3⨯3 𝑅3⨯3

𝑅3⨯3
𝑇 𝑄3⨯3

| (3) 

𝑃3⨯3 = 𝑑𝑖𝑎𝑔(𝜆1,  𝜆2,  𝜆3) , 𝑄3⨯3 = 𝑑𝑖𝑎𝑔(𝜆4, 𝜆5, 𝜆6) , 𝑅3⨯3 = [

𝜇11 −𝜇12 0
𝜇12 𝜇11 0
0 0 𝜇33

] 



 

Fig. 1. a) Modified Gough-Stewart Platform b) Closed loop for MGSP c) Top view showing 

virtual circle and line 𝑅𝑏𝑖  intersections d) Tangency condition for virtual circle 

The relation between two set of legs, with 𝑎 being the leg ratio length, is given by  

                                                       𝑙2 = 𝑎𝑙1 (4)                                      

where   𝑙1 = |𝑆1| = |𝑆2| = |𝑆3| = √𝑅𝑡𝑜
2 +  𝑅𝑏𝑜

2 − 2𝑅𝑡𝑜𝑅𝑏𝑜 cos(𝛼𝑡𝑜) + 𝐻2  

𝑙2 = |𝑆4| = |𝑆5| = |𝑆6| = √𝑅𝑡𝑖
2 + 𝑅𝑏𝑖

2 − 2𝑅𝑡𝑖𝑅𝑏𝑖 cos(𝛼𝑏𝑖 − 𝛼𝑡𝑖) + 𝐻2  

with, 𝑡𝑖 
𝐵  = [0 0 𝐻]𝑇 and 𝐻𝑐,𝑖 

𝑃 = [0 0 𝑌]𝑇. 

If 𝜔 denotes the natural frequency, then for complete dynamic isotropy, 𝜆1 = 𝜆2 =
𝜆3 = 𝜆4 = 𝜆5 = 𝜆6 = ω2  and 𝜇11 = 𝜇12 = 𝜇33= 0. Hence, we can write 

 

𝜆1 =
3𝑘 (𝑙1

2(𝛹1)+𝑙2
2(𝛹2))

2𝑚𝑝𝑙1
2𝑙2

2    , 𝜆2 =
3𝑘 (𝑙1

2(𝛹1)+𝑙2
2(𝛹2))

2𝑚𝑝𝑙1
2𝑙2

2    ,    𝜆3 =
3𝑘𝐻2(𝑙1

2+ 𝑙2
2)

𝑚𝑝𝑙1
2𝑙2

2  

𝜆4 =
3𝑘𝑌2( 𝑙2

2(𝛹2)+𝑙1
2(𝛹1))+6𝐻𝑘𝑌 ((𝛹3)𝑙1

2+(𝛹4)𝑙2
2)  + 3𝑘𝐻2(𝛹5) 

2𝐼𝑥𝑥𝑙1
2𝑙2

2 ,  𝜆5 = 𝜆4
𝐼𝑥𝑥

𝐼𝑦𝑦
  

𝜆6 =
3𝑘(𝛹6

2 𝑙1
2+ 𝛹7

2𝑙2
2)

𝐼𝑧𝑧𝑙1
2𝑙2

2 ,   𝜇11 =
−3𝑘𝐻(−𝛹6𝑙1

2+ 𝛹7𝑙2
2)

2𝑙1
2𝑙2

2 ,   𝜇33 =
3𝑘𝐻(−𝛹6𝑙1

2+ 𝛹7𝑙2
2)

𝑙1
2𝑙2

2  

𝜇12 =
3𝑘𝐻((𝛹3)𝑙1

2+( 𝛹4)𝑙2
2)+3𝑘𝑌(𝑙1

2(𝛹1)+𝑙2
2(𝛹2))

2𝑙1
2𝑙2

2   

where, 

 𝛹1 = 𝑅𝑡𝑖
2 + 𝑅𝑏𝑖

2 − 2𝑅𝑡𝑖𝑅𝑏𝑖 cos(𝛼𝑏𝑖 − 𝛼𝑡𝑖), 𝛹2 = 𝑅𝑡𝑜
2 + 𝑅𝑏𝑜

2 − 2𝑅𝑡𝑜𝑅𝑏𝑜 cos(𝛼𝑡𝑜), 
𝛹3 = 𝑅𝑡𝑖

2 − 𝑅𝑡𝑖𝑅𝑏𝑖 cos(𝛼𝑏𝑖 − 𝛼𝑡𝑖),  𝛹4 = 𝑅𝑡𝑜
2 − 𝑅𝑡𝑜𝑅𝑏𝑜 cos(𝛼𝑡𝑜),  

 𝛹5 = 𝑅𝑡𝑖
2 𝑙1

2 + 𝑅𝑡𝑜
2 𝑙2

2,  𝛹6 = 𝑅𝑡𝑖𝑅𝑏𝑖 sin(𝛼𝑏𝑖 − 𝛼𝑡𝑖), 𝛹7 = 𝑅𝑡𝑜𝑅𝑏𝑜 sin(𝛼𝑡𝑜) 



 

3 Design of MGSP 

The number of unknowns is more than the number of equations, and it is difficult to 

obtain a simple closed-form solutions to the above set of equations. To obtain the 

solution, we propose a geometry-based method. This is discussed below. 

       We start with the observation that for dynamic isotropy, 𝜆1 = 𝜆2 = 𝜆3 and using 

Eq. (4), we can get 

𝑏2 = 𝑅𝑡𝑖
2 + 𝑅𝑏𝑖

2 − 2𝑅𝑡𝑖𝑅𝑏𝑖 cos(𝛼𝑏𝑖 − 𝛼𝑡𝑖) 

where 𝑏2 =
𝐻2(3𝑎2+1)

2
 .The above equation follows the law of cosine in a triangle with 

sides 𝑅𝑏𝑖, 𝑅𝑡𝑖 and 𝑏. On further extending our observation, if we project 𝑅𝑡𝑖 and 𝛼𝑡𝑖 in 

Fig. 1(a) to the bottom platform and visualized this from the top view, 𝑅𝑏𝑖 and 𝑅𝑡𝑖 can 

be seen making (𝛼𝑏𝑖 − 𝛼𝑡𝑖) angle between them as shown in Fig.1(c). This also com-

ply with the same triangle and cosine rule. Hence the initial variables can be estimated 

using triangle, Δoc𝒒𝟏 in Fig. 1(c). For a particular height 𝐻 and ratio 𝑎, variable 𝑏 

will be a constant. To fix this triangle, we need to find any intersection point (i.e., 

𝑞1, 𝑞2, 𝑞3 …). This is basically an intersection of a line 𝑅𝑏𝑖 having a slope 𝑚= 

𝑡𝑎𝑛(𝛼𝑏𝑖 − 𝛼𝑡𝑖) (𝑬𝒒. ⇾ 𝒀 = 𝒎𝑿) with a virtual circle of radius 𝑏, and center 𝑐 offset 

by (𝑅𝑡𝑖, 0) (𝑬𝒒. ⇾ (𝑿 − 𝑹𝒕𝒊)
𝟐 + 𝒀𝟐 = 𝒃𝟐), where {𝑋, 𝑌} are local coordinate system 

at 𝑜, and 𝑋 is along 𝑅𝑡𝑖 as shown in Fig.1(c). 

    The points 𝑞1, 𝑞2, 𝑞3.. are obtained by solving for intersections at different slopes 

𝑚. The solution exists when 𝑚 = tan(𝛼𝑏𝑖 − 𝛼𝑡𝑖) ≤ √𝑏2/(𝑅𝑡𝑖
2 − 𝑏2). It can be further 

seen that the maximum value of 𝑚 at equality corresponds to the tangency condition, 

which also implies that Δoc𝒒𝟏 is a right-angle triangle as shown in Fig.1(d). We 

choose this right-angle triangle case and later generalize it for other intersections.  

     Let  𝑹𝒕𝒊 = 𝒙 𝑯 (note: 𝑥 is a ratio which will be found later while 𝑋 was an ax-

is). Using Pythagoras theorem in Δoc𝑞1 in Fig. 1(d), we get 

𝑅𝑏𝑖 = √𝑥2𝐻2 − 𝑏2  = √(𝑥2 −
(3𝑎2+1)

2
)  𝐻, and  sin(𝛼𝑏𝑖 − 𝛼𝑡𝑖) =

√(3𝑎2+1)

2

𝑥
    

The above formulation is independent of payloads’ centre of mass (COM) variation 𝑌, 

and remains the same for both the cases, i.e., Case I) 𝑌=0 (Payload COM is on the 

top platform) and Case II) 𝑌≠0 (Payload COM is at some offset from the top plat-

form). We first investigate the case of 𝑌=0 and then extend to the general case of 𝑌≠0 

and in both the cases, we aim to find the value of the variable 𝑥. The payload proper-

ties are known with 𝐼𝑥𝑥 = 𝐼𝑦𝑦  a necessary condition for satisfying 𝜆4 = 𝜆5. This is 

also a valid assumption in many practical applications, especially in a symmetrical 

payload. Let 𝐾 = 𝐼𝑥𝑥/𝐼𝑧𝑧 and 𝑄 = 𝐼𝑥𝑥/𝑚𝑝, hence 𝐾 and 𝑄 are known. 

 

Case I: Closed-form solution for 𝒀=0  

Using equation 𝜆4 = 𝜆5 = 𝜆6, 𝜇11 = 0 and Eq. (4), on substitutions, we get 

𝑅𝑡𝑜 = √{2𝐾 (
𝑎2+1

𝑎2 ) (
3𝑎2+1

2
) (𝑥2 −

(3𝑎2+1)

2
) − 𝑥2}  

𝐻

𝑎
  

Using 𝜆1 = 𝜆2 = 𝜆3,  𝜇12 = 0 𝑎𝑛𝑑 Eq. (4) ,we get 

𝑅𝑏𝑜 = √{2𝐾 (
𝑎2+1

𝑎2 ) (
3𝑎2+1

2
) (𝑥2 −

(3𝑎2+1)

2
)  −  𝑥2 + (

7𝑎2

2
+ 

5

2
) }  

𝐻

𝑎
  



From 𝜇11 = 0,  𝑠𝑖𝑛(𝛼𝑡𝑜) = 𝑅𝑏𝑖𝑅𝑡𝑖𝑠𝑖𝑛((𝛼𝑏𝑖 − 𝛼𝑡𝑖))/(𝑎2𝑅𝑏𝑜𝑅𝑡𝑜) 

From 𝜇11 = 0,  𝜇12 = 0, and using the identity 𝑠𝑖𝑛2(𝛼𝑡𝑜) + 𝑐𝑜𝑠2(𝛼𝑡𝑜) = 1, on sim-

plification, we get the value for 𝑥 and then, using  𝜆3 = 𝜆4, we can obtain 𝐻 as  

                        𝑥 = √
𝐾 (𝑎2+3)(

3𝑎2+1

2
)

2

 

𝐾 (𝑎2+3)(
3𝑎2+1

2
)

 

−2𝑎2
   &  𝐻 = √

𝑄(𝐾 (𝑎2+3)(
3𝑎2+1

2
)

 

−2𝑎2)

{2𝐾(
3𝑎2+1

2
)

2

}

 (5) 

The above solutions for 𝐻 and 𝑥 are in an explicit form and 𝐻 can be easily chosen to 

satisfy our geometric constraint.  

        In summary, for 𝑌=0, the design procedure involves selecting desired 𝐻 from 

variable 𝑎 and then finding 𝑥 from Eq.(5) using the same 𝑎. Once 𝐻, 𝑎, and 𝑥 are 

known, substitute them to find 𝑅𝑡𝑖,  𝑅𝑏𝑖, (𝛼𝑏𝑖 − 𝛼𝑡𝑖),  𝑅𝑡𝑜,  𝑅𝑏𝑜, 𝛼𝑡𝑜 in the respective 

order. Also, for case 𝑎=1 (when legs are equal), it can be shown that 𝑹𝒕𝒐 = 𝑹𝒕𝒊 as 

shown by other reseachers after simplifications [6] which is consistent with our 

formulation. Fig. 2(a) and 2(b) shows plot for different parameters for a typical 

payload. As observed from the plots, for 𝑎=1,  𝑅𝑡𝑜 = 𝑅𝑡𝑖, for high value of 𝑎, 𝑅𝑡𝑖 is 

greater,  which makes 𝑙2 larger and for small value of 𝑎, 𝑅𝑏𝑜 is larger making 𝑙1 larger. 

 

        We can find a general solution in this case after all the variables corresponding 

to the tangency condition (𝑎 = 𝑎𝑜) are known. The virtual circle (as shown in Fig.1 

(c)) can be fixed keeping radius 𝑏 and offset (𝑅𝑡𝑖 , 0) same as the tangency condition 

and all other parameters including 𝑎 can change like before. The Intersection of line 

𝑅𝑏𝑖 with the virtual circle for a general slope 𝑚 revealed that the condition of tangen-

cy is the only solution, which is evident from Fig. 2(c) where the error (𝑙2 − 𝑎𝑙1)  is 

zero only at single 𝑎 value for which the circle was fixed initially (𝑖. 𝑒.  𝑎𝑜). Two cas-

es for 𝑎𝑜 = 1 and √2 nullify error only at 𝑎 = 1 and √2, respectively. Multiple solu-

tions arise from the tangency condition for different circles (different 𝑎𝑜  values). 

 

Case II: Solution for 𝒀≠0  

The calculation for variables 𝑅𝑡𝑖 , 𝑅𝑏𝑖  𝑎𝑛𝑑 (𝛼𝑏𝑖 − 𝛼𝑡𝑖) remains the same as shown 

earlier. Taking consideration of 𝑌 now and using the same sequence as in Case I, we 

can write: 

𝑅𝑡𝑜 = √{2𝐾 (
𝑎2+1

𝑎2 ) (
3𝑎2+1

2
) (𝑥2 −

(3𝑎2+1)

2
) − 𝑥2}

𝐻2

𝑎2 +
2𝑌2(𝑎2+1)

𝑎2   

𝑅𝑏𝑜     = √𝑅𝑡𝑜
2 +

𝐻2

𝑎2 (
7𝑎2

2
+  

5

2
) + 4𝐻𝑌 (

𝑎2+1

𝑎2 )  

Expression for calculating 𝛼𝑡𝑜 remains the same as before and variable 𝑥 and 𝐻 can 

now be given as  

 𝑥2 =  
2𝑄𝑎2

𝐾𝐻2(3𝑎2+1)
+ 

(3𝑎2+1)

2
                                         (6) 

                                          𝑌2 + 2𝑌𝐻 + 𝐻2 +  
4𝑄𝑎2

𝐾(3𝑎2+1)2 −
𝑄(𝑎2+3)

(3𝑎2+1)
= 0  (7) 

In summary, the design procedure for 𝒀≠0 is as follows:   



 

 

Fig. 2. a) variation of geometric parameter for case I, b) variation of angles for case I c) error 

(𝑙2 − 𝑎𝑙1) for case I for initial 𝑎 i.e., ao =1,√2  d) variation of 𝐻 and 𝑌 for case II 

a)  Select 𝑎 and 𝐻 (within our constraints), from where 𝑌 and 𝑥 can be obtained from 

Eqs (6) and (7).  

 b)   Substitute 𝐻, 𝑌, 𝑎, and 𝑥 to find 𝑅𝑡𝑖 ,  𝑅𝑏𝑖, (𝛼𝑏𝑖 − 𝛼𝑡𝑖), 𝑅𝑡𝑜, 𝑅𝑏𝑜,𝛼𝑡𝑜 respectively.  

       The variations of parameters in this case is given by Fig. 2 (d) and variation of 

other paramters are similar to that of case I. The inclusion of non zero 𝑌 provides 

more flexibility to our solution procedure and even intersections beyond tangency 

conditions are possible contrary to the previous case. Another interesting conclusion 

that can be drawn from Eq. (7) is that 𝐻 and 𝑌 can be interchanged due to the 

equation’s symmetrical nature. 

       In both the cases I and II, Natural frequency will depend only on 𝑘 and 𝑚𝑝. For 

the dynamic isotropy, 𝜔1 = 𝜔2 = 𝜔3 = 𝜔4 = 𝜔5 = 𝜔6 = √2𝑘/𝑚𝑝. Hence the [𝐺] 

matrix will be a diagonal matrix for every solution with a diagonal value of 2𝑘/𝑚𝑝. 

4 Validation through ANSYS® 

Simulations were carried out in ANSYS® with platforms treated as rigid bodies to 

verify the closed form solutions. The closed-form solutions were obtained for a typi-

cal payload with 𝐾 =3748/6343, 𝑄 = 5.089*10-3 𝑚2, 𝑚𝑝 = 5 Kg, and 𝑘= 105 N/m. 

Ideally, for dynamic isotropy, the ratio of the largest to the smallest natural frequency, 

denoted by DII, should be 1.0 and practically DII should be very close to 1. From 

Table 1, it can be concluded that 𝐻 and 𝑌 can be interchanged, and both will have at 

least one dynamic isotropic configuration. The DII obtained from closed-form expres-

sion and in the simulation are very near to one (dynamic isotropic) and the natural 

frequency is around 31.83 Hz as obtained theoretically using √2𝑘/𝑚𝑝. 



Table 1. showing DII comparison between results obtained using FEM (DII(s)) and closed-

form solution (DII(t)). Here s=FEM, t=theoretical (closed-from) 

 

5 Conclusion 

This paper deals with the design of a dynamically isotropic MGSP. Taking the varia-

tion in payloads’ centre of mass and using the force transformation matrix, the natural 

frequency matrix was derived analytically. The closed-form solution in an explicit 

form was established using a geometry-based approach and can be used to design 

MGSP. For the case, when the payloads’ COM is on the top platform, the tangency 

conditions for the virtual circle gives a complete set of solutions. When the COM is at 

some offset, the tangency condition is one of the solutions along with other intersec-

tion points of Rbi line with a virtual circle. The MGSP configurations obtained using 

the closed-form solution were validated via simulations using a finite element soft-

ware. In future, we intend to incorporate damping and controls in our designs. 
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